Preprint 2/2009

December 28, 2009

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miloslav Duchoò

Moments of vector measures and

Pettis itegrable functions

PREPRINT SERIES

MOMENTS OF VECTOR MEASURES AND PETTIS INTEGRABLE FUNCTIONS

Miloslav Duchoň

Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava; SLOVAKIA duchon@mat.savba.sk

Abstract. There are investigated conditions under which the elements of a locally convex vector space are the moments of a regular vector-valued measure and of a Pettis integrable function, respectively, both with values in a locally convex vector space.

1. Introduction

The Hausdorff moment problem [3Ha, 4HS, 5H, 8SC, 9Wi] is the following: given a prescribed set of real numbers {a_n}^∞_0 , find a bounded non-decreasing function u(t) on the closed interval [0, 1] such that its moments are equal to the prescribed values; that is, ∫

[0,1] t^ndu(t) = a_n, n = 0, 1, 2, . . . . The integral is a Riemann-Stieltjes integral. Equivalently, find a nonnegative measure μ on borelian subsets in [0, 1] with ∫ [0,1] t^ndμ(t) = a_n, n = 0, 1, 2, . . . .

We shall need the operator ∇^k (k = 0, 1, 2, . . . ) defined by

∇^0a_n = a_n, ∇^1a_n = a_n − a_{n+1},

∇^ka_n = a_n − ( k 1 ) a_{n+1} + ( k 2 ) a_{n+2} − · · · + (−1)^ka_{n+k}, n = 1, 2, . . . . for any sequence of real or complex numbers {a_n}^∞_0 .

Remark that we confine ourselves to interval [0, 1] for simplicity, this is, however, no limitation of generality, for any bounded interval [a, b].

2000 Mathematics Subject Classification. 44A60, 28B99.

Key words and phrases. locally convex vector space, vector valued measure, Pettis integrable function, moments of such measures and functions.

Supported by the Slovak grant agency VEGA, grant number 2/4137/07

Typeset by AMS-TEX 1

2 MILOSLAV DUCHOŇ

Definition. For each f ∈ L_1([0, 1]), the elements

a_n =

∫_1 0 f(t)t^ndt, n − 1, 2, . . . are called the moments of f. For a measure μ on [0, 1], the elements

(3) a_n =

∫_1 0 t^n(t)μ(dt), n = 0, 1, 2, . . . are called the moments of μ. Put l_{k,m} = ( k m ) ∇^{k−m}a_m, (k, m = 0, 1, 2, . . . ) See [9Wi] where Δ^ka_n = (−1)^k∇^ka_m is used.

For the sequence of (scalar, eventually vector) elements {a_n}, define an operator L_N (t)[a] by L_N (t)[a] = (1 + N)l_{N([Nt])}(a), (N = 1, 2, , . . . ) [Nt] means the largest integer contained in Nt.

We have ∫_1 0 |L_N (t)[a]|dt = N + 1 N N−1∑ m=0 |l_{N,m}(a)|, N = 1, 2, . . . If f is in L_1([0, 1]) and a_n are its moments, then lim N→∞ ∫_1 0 t^nL_N (t)[a]dt = a_n, n = 0, 1, . . . If a_n are moments of f, then

∫_1 0 L_N (t)[a]dt = (N + 1)

∫_1 0 ∫_1 0 ( N [Nt] ) s^{[Nt]}(1 − s)^{N−[Nt]}f(s)f(s)dsdt

(4) =

∫_1 0 ∫_1 0 K_N (t, s)dtf(s)ds (N = 1, 2, , . . . , 0 ≤ s, t ≤ 1) where K_N (t, s) = (1 + N) ( N [Nt] ) s^{[Nt]}(1 − s)^{N−[Nt]}. It is easy to show that

∫_1 0 K_N (t, s)ds = N + 1 N N−1∑ m=0 ∫_1 0 ( N m ) s^m(1 − s)^{N−m}ds ≤ M < ∞, and ∫_1 0 K_N (t, s)dt = N + 1 N N−1∑ m=0 ∫_1 0 ( N m ) s^m(1 − s)^{N−m}dt ≤ M < ∞, for N = 1, 2, . . .

At least part of the following theorem is already known (see [Widder], pp.100- 114, where the L_p case (1 < p ≤ ∞) and (iii)-(iii)‘ are explicitly given)

MOMENTS OF VECTOR MEASURES AND PETTIS INTEGRABLE FUNCTIONS 3

Theorem 1. Given a sequence a_n, n = 0, 1, 2, . . . , of complex numbers, there exists (i) a function f ∈ L_1 such that a_n are moments of f;

(ii) a function f ∈ L_p, 1 < p ≤ ∞, such that the a_n are the moments of f; (iii) a complex, regular Borel measure μ such that the a_n are the moments of μ; (iv) a nonegative regular Borel measure μ such that the a_n are moments of μ: if and only if the functions L_k(t){a_n} (i)‘ converge in the L_1-norm; (ii)‘ are bounded in the L_p-norm; (iii)‘ are bounded in L_1-norm. (iv)‘ are nonnegative

2.Vector-valued moments

Let X be a quasi-complete, locally convex topological vector space. For each N, let Φ_N : C([0, 1]) → X be a linear mapping. The set of maps Φ_N is said to be weakly equi-compact if there is a weakly compact subset W of X such that {Φ_N (ψ); ψ ∈ C([0, 1]), ||ψ|| ≤ 1, N = 1, 2, . . .} ⊂ W. Let B([0, 1]) stand for the σ-algebra of all Borel sets in [0, 1].

Definition. Given a sequence a_n, n = 0, 1, 2, . . . of elements of X, we say that a_n, n = 0, 1, 2, . . . are moments of a regular measure μ : B([0, 1]) → X if a_n are of the form defined by

a_n =

∫_1 0 t^nμ(dt). Theorem 2. Given a sequence a_n, n = 0, 1, 2, . . . of elements of X, there exists a regular measure μ : B([0, 1]) → X such that the a_n are the moments of μ if and only if the set of maps Φ_N : C([0; 1]) → X, N = 1, 2, . . . defined by

Φ_N (ψ) =

∫_1 0 ψ(t)L_N (t)dt, ψ ∈ C([0, 1]), is weakly equi-compact.

Proof of Theorem 2. Suppose that such a measure exists. Then, for each ψ ∈ C([0; 1])

Φ_N (ψ) =

∫_1 0 ψ(t) ∫_1 0 K_N (t, s)μ(ds)dt

= ∫_1 0 ( ∫_1 0 K_N (t, s)ψ(t)dt)μ(ds). Let R(μ) = {μ(A); A ∈ B([0, 1]), the range of μ, and let Q be the closed, absolutely convex hull of R(μ). Then R(μ) is relatively weakly compact in X (see [7]) and so by the Krein theorem (e.g. [7])), Q is weakly compact. Now, for all ψ ∈ C([0, 1])) with ||ψ|| ≤ 1, we have, | ∫_1 0 K_N (t, s)ψ(t)dt| ≤ ||ψ|| ∫_1 0 |K_N (t, s)|(t)dt ≤ M

4 MILOSLAV DUCHOŇ

But for all measurable φ with |φ(t)| ≤ 1 for all t ∈ [0, 1],

∫_1 0 φ(t)μ(dt) ∈ Q. Therefore, Φ_N (ψ) is in MQ for all N and all ψ ∈ C([0, 1]) with ||ψ|| ≤ 1. That is, the set of Φ_N is weakly equi-compact.

Suppose now that the set of Φ_N is weakly equi-compact. Then there exists a weakly compact subset W of X such that {Φ_N (ψ); ψ ∈ C([0, 1]), ||ψ|| ≤ 1, N = l, 2, . . . } ⊂ W . Take x^′ ∈ X^′, the dual of X^′. Then there exists a constant α_x0 such that | < Φ_N (ψ), x^′ > | ≤ α_x0 , for all N and all ψ with ||ψ|| ≤ 1. Therefore, for each N, sup ||ψ||≤1 | ∫_1 0 ψ(t) < L_N (t), x^′ > dt| ≤ α_x0 ;

that is ∫_1 0 | < L_N (t), x^′ > |dt ≤ α_x0 Therefore, part (iii) of Theorem 1 implies that there exists a scalar-valued measure μ_x0 such that

(8) < a_n, x^′ >=

∫_1 0 t^nμ_x0 (dt) and by (6) ,

(9) lim_N < Φ_N (ψ), x^′ >=

∫_1 0 ψ(t)μ_x0 (dt) for all ψ ∈ C([0, 1]). That is, for each fixed ψ, {< Φ_N (ψ), x^′ >} is convergent for all x^′ ∈ X^′. Thus Φ_N (ψ)} is weakly Cauchy and therefore weakly convergent since Φ_N (ψ); N = 1, 2, . . . } is in the weakly compact set ||ψ||W . Denote the weak limit by Φ(ψ). Then, for all ψ with ||ψ|| ≤ 1, Φ(ψ) ∈ W . Since W is weakly ompact, Φ is weakly compact (i.e., it takes the unit ball of C([0, 1]) to a relatively weakly compact set). So, by extensions [Deb, Groth., Lewis and Thomas] of a theorem of Bartle, Dunford and Schwartz ([6] Proposition l), to (quasicomlete) locally convex spaces, there exists a regular measure μ : B([0, 1)) → X such that

Φ(ψ) =

∫_1 0 ψ(t)μ(dt) for all ψ ∈ C([0, 1]). Taking ψ = t^n gives, for all x^′ ∈ X^′,

< Φ(t^n), x^′ >=

∫_1 0 t^n < μ(dt), x^′ >

MOMENTS OF VECTOR MEASURES AND PETTIS INTEGRABLE FUNCTIONS 5

But, by (8) and (9) < Φ(t^n), x^′ >=

∫_1 0 t^nμ_x0 (dt) =< a_n, x^′ > . Hence a_n =

∫_1 0 t^nμ(dt). q.e.d.

Recall that a function f(t) : [a, b] → X is called Pettis integrable if to every Borel set E in [a, b] there corresponds an element x_E ∈ X such that for all x^′ ∈ X^′ x^′(x_E ) = ∫ E x^′[f(t)]dt We then write ∫ E f(t)dt = x_E In particular, if the space is reflexive, then f(t) is Pettis integrable if and only if x^′[f(t)] ∈ L_1 for all x^′ ∈ X^′ Theorem 3. Given a sequence a_n, n = 0, 1, 2, . . . , of elements of X and a Pettis integrable function f, the a_n are the moments of f if and only if (7) lim_N

∫_1 0 ψ(t)(L_N (t) − f(t))dt = 0 for all ψ ∈ C([0, 1]) with ||ψ|| ≤ 1.

Proof of Theorem 3. Suppose that the a_n are the moments of f. Let V be an absorbent neighbourhood of 0 in X. For all ψ ∈ C([0, 1]), ∫_1 0 ψ(t)(L_N (t) − f(t))dt =

= ∫_1 0 ψ(t)( ∫_1 0 K_N (t, s)f(s)ds − f(t))dt = ∫_1 0 f(s)( ∫_1 0 K_N (t, s)ψ(t)dt − ψ(s)))ds Also, there exists a constant δ > 0 such that for all γ with |γ| < δ, ∫_1 0 γf(s)ds ∈ V. But for each ψ ∈ C([0, 1]) with ||ψ|| ≤ 1, there exists an integer N_0(ψ) such that that for all N > N_0(ψ), | ∫_1 0 K_N (t, s)ψ(t)dt − ψ(s)| < δ.

6 MILOSLAV DUCHOŇ

Hence, if ψ is in C([0, 1]) with ||ψ|| ≤ 1,N > N_0(ψ) implies ∫_1 0 ψ(t)(L_n(t) − f(t))dt ∈ V. Conversely, define

Φ_N (ψ) =

∫_1 0 ψ(t)L_n(t)dt, N = 1, 2, . . . , Φ(ψ) =

∫_1 0 ψ(t)f(t), ψ ∈ C([0, 1]), and suppose that lim_N Φ(ψ) = Φ(ψ) for all ψ ∈ C([0, 1]) with ||ψ|| ≤ 1. Then, for all x^′ ∈ X^′ and all such ψ, lim_N < Φ_N (ψ), x‘ >=< Φ(ψ), x‘ > .

So, for every x^′ ∈ X^′,

< a_n, x^′ >= lim_N l_{N[Nt]} < a_n, x^′ >= lim_N

∫_1 0 t^n < L_N (t), x^′ > dt =< ∫_1 0 t^nf(t)dt, x^′ > and hence

a_n =

∫_1 0 t^nf(t)dt. Theorem 4. Given a sequence a_n, n = 0, 1, 2, . . . . of elements of X, there exists a regular measure μ : B([0, 1]) → X of finite total variation such that the a_n are the moments of μ if and only if there exists a constant H such that ∫_1 0 ||L_N (t)||dt ≤ H, N = 1, 2, ... Recall a definition of a Bochner integrable function. If f : [a, b] → X is simple, i.e., f(s) = ∑_n i=1 χ_{Ei} (s)x_i, where χ_E denotes the indicator function of the set E ⊂ [a, b], x_i ∈ X, then for any E ∈ B([a, b]) ∫ E fdλ = n∑ i=1 λ(E ∩ E_i)x_i where λ is a probability measure on [a, b]. Such functions are λ-measurable. Any function f : [a, b] → X which is the λ-almost everywhere limit of a sequence of simple functions is (called) λ-measurable.

A λ-measurable function f : [a, b] → X is called Bochner integrable if there exists a sequence of simple functions (f_n) such that lim ∫ [a,b] ||f_n(s) − f(s)||dλ(s) = 0 In this case ∫ E fdλ is defined for each measurable set E in [a, b] by ∫ E fdλ = lim_n ∫ E f_ndλ A λ-measurable function f : [a, b] → X is Bochner integrable if and only if ∫ [a,b] ||f||dλ < ∞

MOMENTS OF VECTOR MEASURES AND PETTIS INTEGRABLE FUNCTIONS 7

Theorem 5. Given a sequence a_n, n = 0, 1, 2, .., of elements of X, there exists an X-valued Bochner integrable function f on [0, 1] such that the a_n are the moments of f if and only if lim N,J→∞ ∫_1 0 ||L_N (t)(a) − L_J (t)(a)||dt = 0.

Remarks If f : [0.1] → X is a Pettis or Bochner integrable function, then the members of the sequence a_n of elements in X are called moments of f if they are of the form defined by

a_n =

∫_1 0 t^nf(t)dt, n = 1, 2, . . . REFERENCES [1] BARGER, V., OLSSON, M.: CLASSICAL MECHANICS: A Modern Perspective, Second Edition, McGRAW-HILL, INC., New York 1995

[2] BARTLE, R., DUNFORD, N.,SCHWARTZ, J. C.: Weak compactness and vector measures. Canad. J. Math., 7, 1955, 289-305.

[3] DEBIEVE, C.: Intgration par rapport a une mesure vectorielle, Ann. de la Socit Scientif. de Bruxelles, 11,1973, 165–185.

[4] DUNFORD, N.-SCHWARTZ, J. T.: Linear Operators. Part I, Interscience, New York 1966.

[5] HAUSDORFF, F: Summations methoden und Momentenfolgen II, Math. Z., 9 (1921), 280–299.

[6] LEWIS, D. R.:Integration with respect to vector measures, Pac. J. Math., 33, 1970,157–165.

[7] TWEDDLE, I.: Weak compactness in locally convex spaces. Glasgow Math. J., 9, 1968, 123-127.

[8] WIDDER, D. V., The Laplace Transform. Princetom University Press 1946 [5] HAUSDORFF, F: Momentprobleme fuer ein endliches Interval, Math. Z., 16 (1923), 220–248.

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 397316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.savba.sk/sav/inst/math/intro.html

Latest preprints of the series:

2/2009 Miloslav Duchoò: Moments of vector measures and Pettis itegrable functions 1/2009 Dilna, Natalyia, Feèkan, Michal: Weakly nonlinear and symmetric periodic systems at resonance 4/2008 Battelli, F., Feèkan, Michal: On the chaotic behaviour of discontinuous systems 3/2008 Dilna, Natalyia, Feèkan, Michal: On the uniqueness and stability of symmetric and periodic solutions of weakly nonlinear ordinary di¸erential equations 2/2008 Feèkan, Michal, Gruendler, Joseph: The existence of chaos in in˛nite dimensional non-resonant systems 1/2008 Brandi, P., Ceppitelli, R., Holá, ě.: Boundedly UC spaces and topologies on function spaces 10/2007 Duchoò, Miloslav: Moments of vector-valued functions and measures 9/2007 Duchoò, Miloslav: Moment problem for double fuzzy sequences 8/2007 Feèkan, Michal: Homoclinic bifurcations in discontinuous di¸erential equations 7/2007 Holá, ěubica: Spaces of densely continuous forms 6/2007 Holá, ěubica, McCoy, R. A.: Relations approximated by continuous functions in the Vietoris topology 5/2007 Holá, ěubica, Holý, Duźan: Minimal usco maps densely continuous forms and upper semicontinuous functions 4/2007 Holá, ě., McCoy, R. A., Pelant, J.: Approximations of relations by continuous functions 3/2007 Duchoò, Miloslav: Moment problem for double fuzzy sequences 2/2007 Duchoò, Miloslav, Malièký, P.: Fourier transform of a measure with values in a ordered vector space 1/2007 Feèkan, Michal: Note on arithmetic convolution equations 6/2006 Papèo, Martin: On e¸ect algebras of fuzzy sets 5/2006 Dvureèenskij, A.: On n-perfect GMV-algebras 4/2006 Di Nola, A., Dvureèenskij, A., Tsinakis, C.: Perfect GMV-algebras 3/2006 Feèkan, M., Rotho, V. M.: Travelling waves in Hamiltonian system on 2D lattices with nearest neighbor interactions 2/2006 Pulmannová, S.: E¸ect algebras with compressions 1/2006 Feèkan, Michal: Minimal periods of periodic solutions

(continued on inside back cover)

19/2005 Pulmannová, S., Vinceková, E.: Remarks on the order for quantum observable 18/2005 Duchoò, Miloslav, Malièký, P.: A herglotz theorem in partially ordered vector spaces 17/2005 Duchoò, M.: On weakly compact operators 16/2005 Wimmer, G., Witkovský, V.: univariate linear calibration via replicated errors-in-variables model 15/2005 Strauch, O., Bla¿eková, O.: Distribution on the sequence p_n/n mod 1 14/2005 Holá, ě., McCoy, R. A.: relations approximated by continuous functions in the Vietoris topology 13/2005 Feèkan, M., Ma, R., Thompson, B.: Weakly coupled oscillators and topological degree 12/2005 Dvureèenskij, A., Holland, W. Ch.: Top varieties of generalized MV - algebras and unital lattice-ordered groups 11/2005 Dvureèenskij, A., Rachunek, J.: On Rieèan and Bosbach states for bounded non-commutative Rℓ-monoids 10/2005 Feèkan, M., Rothos, V.: Kink-like periodic travelling waves for lattice equations with on-site and inter-site potentials 9/2005 Buhagiar, D., Chetcuti, E., Dvureèenskij, A.: Loomis-Sikorski representation of monotone σ-complete e¸ect algebras 8/2005 Battelli, F., Feèkan, M.: Periodic solutions of symmetric elliptic singular systems: the higher codimension case 7/2005 Armas, S., Mimura, M.: A note on Serre’s condition for orientability of ˛bre bundles 6/2005 Dvureèenskij, A., Hyèko, M.: Algebras on subintervals of BL-algebras, pseudo BL-algebras and bounded residuated ℓ-monoids 5/2005 Dvureèenskij, A., Hyèko, M.: On the existence of states for linear pseudo BL-algebras 4/2005 Holá, ě., McCoy, R. A.: Relations approximated by continuous functions 3/2005 Holá, ě., Kupka, I.: Strong convergence on compact sets and ˛xed points 2/2005 Holá, ě., McCoy, R. A.: cardinal invariants of the topology of uniform convergence on compact sets on the space of minimal usco maps 1/2005 Aizicovici, S., Feèkan, M.: Forced symmetric oscillations of evolution equations 4/2004 Pulmannová, S.: Spectral theorem for σ-complete lattice e¸ect algebras 3/2004 Pulmannová, S.: A spectral theorem for σ − MV -algebras 2/2004 Pulmannová, S.: On fuzzy hidden variables 1/2004 Battelli, Flaviano, Feèkan, Michal: From transverse heteroclinic cycles to transverse homoclinic orbits 12/2003 Chetcuti, E., Dvureèenskij, A.: The state-space of the lattice of orthogonally closed subspaces 11/2003 Friè, Roman: Remarks on statistical maps and fuzzy (operational) random variables 10/2003 Feèkan, Michal: Periodically forced damped beam resting on nonlinear elastic bearings 9/2003 Feèkan, Michal: Forced oscillations of beams on elastic bearings 8/2003 Chetcuti, Emmanuel, Dvureèenskij, Anatolij : The existence of ˛nitely additive states on orthogonaly closed subspaces of incomplete inner product spaces 7/2003 Chetcuti, Emmanuel, Dvureèenskij, Anantolij : A ˛nitely additive state criterion for the completeness of inner product spaces 6/2003 Papèo, Martin: On measurable spaces and measurable maps