Preprint 3/2009

December 28, 2009

000000000000000000000000000000

u^{Mathematical Institute}Slovak Academy of Sciences, Bratislava

000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000000000000000000000000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 000000 0000

Miloslav Duchoò

Peter Malièký

A Helly theorem for functions with

values in metric spaces

PREPRINT SERIES

A HELLY THEOREM FOR FUNCTIONS WITH VALUES IN METRIC SPACES

Miloslav Duchoň - Peter Maličký

Abstract. We present a Helly type theorem for sequences of functions with values in metric spaces and apply it to representations of some mappings on the space of continuous functions. A generalization of the Riesz theorem is formulated and proved. More concretely, a representation of certain majored linear operators on the space of continuos functions into a complete metric space.

1. Introduction

It is well known that the following theorem is true, (Na, [6]), (BDS, [1]),(W, [7]).

Riesz representation theorem. Every continuous linear functional L on the set of continuous functions f defined on [0, 1] has the form

(R) Lf =

∫_1 0 f(s)dg(s) with a function g of bounded variation on [0, 1].

This theorem has many extensions and generalizations with various proofs. One of the possible proofs is based on the Helly theorem [Na] and also on the moment problem theorem. It can be shown that the problem of determining the general continuous linear functionals on the set of continuous functions is equivalent to that of determining the set of all moment sequences. It is our purpose to extend this result for majored linear operators from continuous functions to Banach spaces.

Helly’s theorem had been of some importance a long time above all in the probability theory in connection with a problem of moments of distributions. Recall that in this connection, real-valued nondecreasing functions f on the interval [a, b] of the real line are considered and that the following facts are true.

(1) (First Helly’s theorem) Given a uniformly bounded sequence (f_n) of realvalued nondecreasing functions, there exists a subsequence (f_{nk} ) of (f_n) converging to a real-valued nondecreasing function f on [a, b].

1991 Mathematics Subject Classification. 28B99, 44A60.

Key words and phrases. metric space, vector space, vector function, bounded variation, majored operator.

Supported by grant agency Vega , 2/4137/07

Typeset by AMS-TEX 1

(2) (Second Helly’s theorem) Given a sequence (f_n) of real-valued nondecreasing functions on [a, b], converging to a real-valued nondecreasing function f, then, for every continuous function g on [a, b], we have lim_{n→∞} ∫_b a g(t) df_n(t) = ∫_b a g(t) df(t). More generally there are true the following facts ([1],[4],[6],[[7]).

(1) (First Helly’s theorem ) Given the sequence (f_n) of complex-valued functions of uniformly bounded variation on [a, b] such that for for some x_0 ∈ [a, b] the sequence (f_n(x_0)) is bounded then there exists a subsequence (f_{nk} ) of (f_n) converging to a some function f of bounded variation on [a, b].

(2) (Second Helly’s theorem) Given a sequence (f_n) of functions of uniformly bounded variation on [a, b], converging to a some function f of bounded variation, then, for every continuous function g on [a, b], we have lim_{n→∞} ∫_b a g(t) df_n(t) = ∫_b a g(t) df(t) .

2. A Helly theorem in metric spaces

In this section we shall prove some facts concerning Helly’s theorem in the context of metric spaces.

Definition. Let D be a subset of the real line, (X, d) be metric space and h : D → X be a function. If the set of all sums ∑_n i=1 d(h(t_{i−1}), h(t_i)), where (t_i)^n_{i=0} is an increasing sequence elements of D, is bounded then g is said to be a function of bounded variation on D. The corresponding least upper bound is a variation of function h on set D.

Proposition. Let D be a dense subset of the interval [a, b], (X, d) be a complete metric space and h : D → X be a function of bounded variation on D.

(i) For any t ∈ (a, b] (resp. t ∈ [a, b)) there exists limit h(t − 0) (resp. h(t + 0) ) (ii) Function f : (a, b] → X (resp. g : [a, b) → X) defined by f(t) = h(t − 0) (resp. g(t) = h(t + 0)) are functions of bounded variation on (a, b] (resp. [a, b)).

(iii) f(t−0) = g(t−0) = h(t−0) for all t ∈ (a, b] and f(t+0) = g(t+0) = h(t+0) for all t ∈ [a, b).

(iv) Function f (resp. g) is continuous at the point t ∈ (a, b) if and only if h(t − 0) = h(t + 0).

(v) For all t ∈ (a, b) except possibly countable set h(t − 0) = h(t + 0).

Proof. Let (t_i)^∞_{i=0} be an increasing (resp. decreasing) sequence elements of D. Since (X, d) is a complete metric space, it is sufficient to show that (h(t_i))^∞_{i=0} is a Cauchy sequence. To see this, note that series ∑_∞ i=1 d(h(t_{i−1}), h(t_i)) is convergent and d(h(t_n), h(t_m)) ≤ ∑_m i=n+1 d(h(ti−1), h(ti)) ≤ ∑_∞ i=n+1 d(h(ti−1), h(ti)) for any n < m. It proves (i). Let (t_i)^n_{i=0} be an increasing sequence elements of (a, b]. Take ε > 0 and a sequence (s_i)^n_{i=0} of D such that s_0 < t_0 < s_1 < t_1 < . . . < t_{n−1} < s_n < t_n and d(f(t_i), h(s_i)) <^ε_{2n} . Then ∑_n i=1 d(f(t_{i−1}), f(t_i)) ≤ ∑_n i=1(d(f(t_{i−1} ), h(s_{i−1}))+ d(h(s_{i−1}), h(s_i))+d(h(s_i), f(t_i))) ≤ ∑_n i=1 d(h(s_{i−1}), h(s_i))+ ∑_n i=1 d(f(t_{i−1}), h(s_{i−1}))+ ∑_n i=1 d(f(t_i), h(s_i)) < ε + ∑_n i=1 d(h(s_{i−1}), h(s_i)). It means that f is of bounded variation. Bounded variation of g may be proved analogously. It proves (ii). Now we prove f(t − 0) = h(t − 0) for t ∈ (a, b]. Let (t_i)^∞_{i=0} be an increasing sequence elements of (a, b] with lim_{n→∞} t_n = t. Take a sequence (s_i)^∞_{i=0} of D such that s_0 < t_0 < s_1 < t_1 < . . . < t_{n−1} < s_n < t_n < . . . and d(f(t_i), h(s_i)) <^1_n . Clearly f(t − 0) = lim_{n→∞} f(t_n) = lim_{n→∞} h(s_n) = h(t − 0). Equalities g(t − 0) = h(t − 0) for t ∈ (a, b], f(t + 0) = h(t + 0) and g(t + 0) = h(t + 0) for t ∈ [a, b) may be proved analogously. It proves (iii). Part (iv) follows from (iii). Let M be a variation of g on D and n > 0 be a fixed. Assume that there are m points t_1, . . . t_m, where m > nM, such that inequality d(f(t_i), h(t_i +0)) >^1_n is satisfied for all i = 1, . . . , m. There is ε > 0 such that d(f(t_i), h(t_i + 0)) > 2ε +^1_n for all i = 1, . . . , m. We may assume that (t_i)^m_{i=1} is an increasing sequence. There are sequences (s_i)^m_{i=1} and (u_i)^m_{i=1} in D such that s_1 < t_1 < u_1 < s_2 < t_2 < u_2 < . . . , t_{m−1} < u_{m−1} < s_m < t_m < u_m, d(f(t_i), h(s_i)) < ε and d(h(t_i + 0), h(u_i)) < ε for all i = 1, . . . , m. Now ∑_m i=1 d(h(s_i), h(u_i)) > ∑_m i=1(d(f(t_i), h(t_i + 0)) − 2ε) >>^m_n > M what is a contradiction. Therefore inequality d(h(t − 0), h(t + 0)) > 0 may be satisfied only for countably many t ∈ (a, b).

Helly theorem. Let (X, d) be a complete metric space and (g_n)_{n∈ N} a sequence of functions from [a, b] into X such that a) the set g_n(x) is relatively compact for any x ∈ [a, b] b) the functions (g_n)_{n∈N} have uniformly bounded variations. Then there exists a subsequence of the sequence (g_n)_{n∈N} converging pointwise in X to a function g : [a, b] → X of bounded variation.

Proof. Let D be a countable set dense in [a, b] and b ∈ D. By the diagonal procedure we obtain a subsequence (h_n)_{n∈N} of (g_n)_{n∈N} converging for every t ∈ D to a function h(t) which has bounded variation on D. Hence for every t ∈ [a, b) there exists the limit h(t + 0). Put g(t) = h(t + 0), for t ∈ [a, b) and g(b) = h(b). Let δ > 0 be given. We prove that

lim sup n→∞ d(h_n(t) − g(t)) ≤ δ for every t ∈ [a, b), except possible, finite number m ≤ 2M/δ, where M is the upper bound of variations of all g_n. So, assume that for some m > 2M/δ there are points t_1 < t_2 < . . . < t_m < b such that

lim sup n→∞ d(h_n(t_i) − g(t_i)) > δ for all i = 1, 2, . . . , m .

There is a subsequence (h_{nk} )^∞_{k=1} such that

d(h_{nk} (t_i) − g(t_i)) > δ for all i = 1, 2, . . . , m and k = 1, 2, . . .

Since g(t_i) = h(t_i + 0), there is a sequence (u_i)^m_{i=1} in D such that d(g(t_i), h(u_i)) < δ 4 for all i = 1, 2, . . . , m and t_1 < u_1 < t_2 < u_2 < . . . , t_{m−1} < u_{m−1} < t_m < u_m. Let k be so large that d(h_{nk}(u_i), h(u_i)) ≤ δ/4, for all i = 1, . . . , m . Then m∑ i=1 d(h_{nk} (t_i), h_{nk} (u_i)) = m∑ i=1 (d(h_{nk} (t_i), g(t_i)) − d(g(t_i), h(u_i)) − d(h(u_i), h_{nk} (u_i)))

>> m∑ i=1 (δ − δ/4 − δ/4) = mδ 2 > M . which is not possible. So,

lim sup n→∞ d(h_n(t) − g(t)) = 0

for every t ∈ [a, b), except possible, countable set A ⊂ [a, b). The last application of the diagonal procedure gives sequence convergent to ~g(t) on A. For some t ∈ A it may be ~g(t) ≠ g(t). Therefore g has to be redefined on A by g(t) = ~g(t).

Collorary of Helly theorem. Let X be a complete linear metric space and (g_n)_{n∈ N} a sequence of functions from [a, b] into X such that

a) the set {g_n(x)} is relatively compact for any x ∈ [a, b] b) the functions (g_n)_{n∈N} have uniformly bounded variations. Then there exists a subsequence of the sequence (g_n)_{n∈N} converging pointwise in X to a function g : [a, b] → X of bounded variation.

3. Integral representation theorem for majored linear operator

It is well known that every continuous linear form on the space of C(I), I = [0, 1], is presentable in the form

(3) f →

∫_1 0 f(t)dq(t) where q is a function of bounded variation.

From the preceding generalization of Helly theorem we obtain the result giving the representation of majored linear mapping ([4],Di). First we recall the definition of majored linear operator.

For each subset A of [a, b], let C([a, b], A) denote the space of continuous functions on [a, b] vanishing outside A. Let X be a Banach space.If F : C([a, b]) → X is a linear mapping, define for each A, |||F_A||| = sup ∑ i ||F (f_i)||, where the supremum is over all finite families {f_i} in C([a, b], A) with ∑ i |f_i| ≤ χ_A(t) for all t in [a, b]. If F : C([a, b]) → X is a linear mapping, then (see [4], §19, p. 380, 383), the mapping F is called majored (also dominated, ([4]), if (M) |||F_A||| < ∞ for all A in B([a, b]).

5. Riesz type theorem in some linear metric spaces

Let on the interval [a, b] a function g of bounded variation with values in Banach X be given. This function may it possible to every continuous function f(x) on [a, b] to associate the element of X of the form

(!) F (f) = ∫_b a f(x)dg(x). The following properties are true. Let f_1, f_2, f ∈ C[a, b]. Then

(a) F (f_1 + f_2) = F (f_1) + F (f_2)

(b) ‖F (f)‖ ≤ V^b_a M(f), M(f) = max |f(x)|, V^b_a = V ar^b_a(g) Theorem ( Riesz type). Let on the set C[a, b] the majored and compact linear mapping F (f) with values in a Banach space X be given. Then there exists a function g(x) of bounded variation with values X such that for every function f(x) ∈ C[a, b] we have

(1) F (f) = ∫_b a f(x)dg(x)

Proof. It is enough to consider the case a = 1, b = 1, because the general case can be reduced to this case by means of a linear transformation of argument.

Put φ_{n,k} = (_n k ) x^k(1 − x)^{n−k}. It is easy to see that for every x it is true n∑ k=0 φ_{n,k}(x) = 1.

Moreover, for x ∈ [0, 1] every member of this sum in nonnegative. Hence, if a_k = ±1, k = 0, 1, . . . , n, then

(2) | n∑ k=0 a_kφ_{n,k}| ≤ 1.

Note that the considered linear operator F (f) is defined for continuous on [0, 1] functions f(x). According to definition of compact linear operator there exists a compact subset C of X such that F (f) ∈ M(f)C, or, equivalently mapping the unit sphere in C[0, 1] into C. From this and (2) we obtain_n ∑ k=0 a_kF (φ_{n,k}) ∈ C.

Further from the majority of operator F we obtain

(3) n∑ k=0 ‖F (φ_{n,k})‖ ≤ sup ∑ i ‖F (f_i)‖ ≤ ‖|F_A‖| < ∞,

where the supremum is over all finite families f_i ∈ C([a, b], A) with ∑ |f_i(t)| ≤ χ_A(t) for all t ∈ [a, b], for all A ∈ B([a, b]).

Let us define the step function g_n(x) to put

g_n(0) = 0

g_n(x) = F (φ_{n,0}) (0 < x < 1 n ) g_n(x) = F (φ_{n,0}) + F (φ_{n,1}) ( 1 n ≤ x < 2 n ) ................................................. ................................................. g_n(x) = n−1∑ k=0 F (φ_{n,k}) ( n − 1 n ≤ x < 1)

g_n(1) = n∑ k=0 F (φ_{n,k}) By (3) the functions g_n(x) and their total variations are bounded with the one number. Moreover, because by assumption F (x) is compact operator on C[0, 1] into X , it takes unit sphere in C[0, 1] into a compact set C into X. Hence the set {g_n(x)}, n = 1, 2, . . . is contained in C for all x ∈ [0, 1].

Hence on the base of Helly principle of choice from the sequence {g_n(x)} it is possible to choose the subsequence {g_{ni} (x)} which converges in each point of [0, 1] to a function of the bounded variation.

If f(x) is a continuous function on [0, 1], then on the base of (& 6, Th 3, [Na]) it can be shown that ∫_1 0 f(x)dg_n(x) = n∑ k=0 f( k n )F (φ_{n,k}),

from where ∫_1 0 f(x)dg_n(x) = F (B_n), where

B_n(x) = n∑ k=0 f( k n ) ( n k ) x^k(1 − x)^{n−k}, is the Bernstein polynom for the function f(x).

By theorem of S. N. Bernstein (&5, ch. IV, [Na]) M(B_n − f) → 0, n → ∞, and by the definition of continuou linear operator we have ‖F (B_n) − F (f)‖ = ‖F (B_n − f)‖ ≤ KM(B_n − f). This means that F (B_n) → F (f), from where lim_{n→∞} ∫_1 0 f(x)dg_n(x) = F (f). But if n → ∞, going through values n_1, n_2, . . . , then by Helly theorem (cf. also &7, [Na], and [2]), we obtain lim_{n→∞} ∫_1 0 f(x)dg_n(x) = ∫_1 0 f(x)dg(x). Remark. We have derived here a representation theorem for majored operators using Helly theorem in linear metric spaces. To prove it by means of the Helly theorem from this paper we were able to do it for compact majored mappings. On the other hand, our approach is more ”constructive” In ([4]) this is done for Banach spaces without such an assumption.

References

1. BARTLE, R. G., DUNFORD, N., SCHWARTZ, J., Weak compactness and vector measures, Canad. J. Math. 7 (1955), 289–305.

2. DEBIEVE, C., DUCHOŇ, M., DUHOUX, M., A Helly theorem in the setting of Banach spaces, Tatra Mount. Math. Publications 22 (2001), 105–114.

3. DEBIEVE, C., DUCHOŇ, M., DUHOUX, M., A Helly’s theorem in some Banach lattices, Math. J. Toyama Univ. 23 (2000), 163–174.

4. DINCULEANU, N., Vector Measures, VEB, Berlin, 1966.

5. HAUSDORFF, F., Momentprobleme für ein endliches Interval, Math. Z. 16 (1923), 220–248. 6. NATANSON, I. P., Theory of Functions of a Real Variable, Frederick Ungar Publishing Co., New York, 1974.

7. WIDDER, D. V., The Laplace Transform, Princeton University Press, Princeton, 1946.

Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, SK-814 73 Bratislava, Slovakia

E-mail address: duchon@mat.savba.sk,

Faculty of natural sciences, University of Matej Bel, Podlavická, SK- Banská Bystrica, Slovakia

E-mail address: malicky@fpv.umb.sk

This preprint series was founded in 1996. Its purpose is to present manuscripts of submitted or unpublished papers and reports of fellows of the Mathematical Institute of the Slovak Academy of Sciences in Bratislava and its Koźice branch. The authors are fully responsible for the content of the preprints. Postal addresses:

Mathematical Institute Slovak Academy of Sciences ľtefánikova 49 SK{814 73 Bratislava SLOVAKIA

Tel./Fax (+421 7) 397316

Mathematical Institute Slovak Academy of Sciences Greźákova 6 SK{040 01 Koźice SLOVAKIA

Tel./Fax (+421 95) 6228291

PostScript ˛les of preprints are available at WWW address:

http://www.savba.sk/sav/inst/math/intro.html

Latest preprints of the series:

3/2009 Miloslav Duchoò, Peter Malièký: A Helly theorem for functions with values in metric spaces 2/2009 Miloslav Duchoò: Moments of vector measures and Pettis itegrable functions 1/2009 Dilna, Natalyia, Feèkan, Michal: Weakly nonlinear and symmetric periodic systems at resonance 4/2008 Battelli, F., Feèkan, Michal: On the chaotic behaviour of discontinuous systems 3/2008 Dilna, Natalyia, Feèkan, Michal: On the uniqueness and stability of symmetric and periodic solutions of weakly nonlinear ordinary di¸erential equations 2/2008 Feèkan, Michal, Gruendler, Joseph: The existence of chaos in in˛nite dimensional non-resonant systems 1/2008 Brandi, P., Ceppitelli, R., Holá, ě.: Boundedly UC spaces and topologies on function spaces 10/2007 Duchoò, Miloslav: Moments of vector-valued functions and measures 9/2007 Duchoò, Miloslav: Moment problem for double fuzzy sequences 8/2007 Feèkan, Michal: Homoclinic bifurcations in discontinuous di¸erential equations 7/2007 Holá, ěubica: Spaces of densely continuous forms 6/2007 Holá, ěubica, McCoy, R. A.: Relations approximated by continuous functions in the Vietoris topology 5/2007 Holá, ěubica, Holý, Duźan: Minimal usco maps densely continuous forms and upper semicontinuous functions 4/2007 Holá, ě., McCoy, R. A., Pelant, J.: Approximations of relations by continuous functions 3/2007 Duchoò, Miloslav: Moment problem for double fuzzy sequences 2/2007 Duchoò, Miloslav, Malièký, P.: Fourier transform of a measure with values in a ordered vector space 1/2007 Feèkan, Michal: Note on arithmetic convolution equations 6/2006 Papèo, Martin: On e¸ect algebras of fuzzy sets 5/2006 Dvureèenskij, A.: On n-perfect GMV-algebras 4/2006 Di Nola, A., Dvureèenskij, A., Tsinakis, C.: Perfect GMV-algebras 3/2006 Feèkan, M., Rotho, V. M.: Travelling waves in Hamiltonian system on 2D lattices with nearest neighbor interactions

(continued on inside back cover)

2/2006 Pulmannová, S.: E¸ect algebras with compressions 1/2006 Feèkan, Michal: Minimal periods of periodic solutions 19/2005 Pulmannová, S., Vinceková, E.: Remarks on the order for quantum observable 18/2005 Duchoò, Miloslav, Malièký, P.: A herglotz theorem in partially ordered vector spaces 17/2005 Duchoò, M.: On weakly compact operators 16/2005 Wimmer, G., Witkovský, V.: univariate linear calibration via replicated errors-in-variables model 15/2005 Strauch, O., Bla¿eková, O.: Distribution on the sequence p_n/n mod 1 14/2005 Holá, ě., McCoy, R. A.: relations approximated by continuous functions in the Vietoris topology 13/2005 Feèkan, M., Ma, R., Thompson, B.: Weakly coupled oscillators and topological degree 12/2005 Dvureèenskij, A., Holland, W. Ch.: Top varieties of generalized MV - algebras and unital lattice-ordered groups 11/2005 Dvureèenskij, A., Rachunek, J.: On Rieèan and Bosbach states for bounded non-commutative Rℓ-monoids 10/2005 Feèkan, M., Rothos, V.: Kink-like periodic travelling waves for lattice equations with on-site and inter-site potentials 9/2005 Buhagiar, D., Chetcuti, E., Dvureèenskij, A.: Loomis-Sikorski representation of monotone σ-complete e¸ect algebras 8/2005 Battelli, F., Feèkan, M.: Periodic solutions of symmetric elliptic singular systems: the higher codimension case 7/2005 Armas, S., Mimura, M.: A note on Serre’s condition for orientability of ˛bre bundles 6/2005 Dvureèenskij, A., Hyèko, M.: Algebras on subintervals of BL-algebras, pseudo BL-algebras and bounded residuated ℓ-monoids 5/2005 Dvureèenskij, A., Hyèko, M.: On the existence of states for linear pseudo BL-algebras 4/2005 Holá, ě., McCoy, R. A.: Relations approximated by continuous functions 3/2005 Holá, ě., Kupka, I.: Strong convergence on compact sets and ˛xed points 2/2005 Holá, ě., McCoy, R. A.: cardinal invariants of the topology of uniform convergence on compact sets on the space of minimal usco maps 1/2005 Aizicovici, S., Feèkan, M.: Forced symmetric oscillations of evolution equations 4/2004 Pulmannová, S.: Spectral theorem for σ-complete lattice e¸ect algebras 3/2004 Pulmannová, S.: A spectral theorem for σ − MV -algebras 2/2004 Pulmannová, S.: On fuzzy hidden variables 1/2004 Battelli, Flaviano, Feèkan, Michal: From transverse heteroclinic cycles to transverse homoclinic orbits 12/2003 Chetcuti, E., Dvureèenskij, A.: The state-space of the lattice of orthogonally closed subspaces 11/2003 Friè, Roman: Remarks on statistical maps and fuzzy (operational) random variables 10/2003 Feèkan, Michal: Periodically forced damped beam resting on nonlinear elastic bearings 9/2003 Feèkan, Michal: Forced oscillations of beams on elastic bearings 8/2003 Chetcuti, Emmanuel, Dvureèenskij, Anatolij : The existence of ˛nitely additive states on orthogonaly closed subspaces of incomplete inner product spaces