
Riešenia štvrtej ṕısomky - 4. skupina 1.ročńık VHVS
Upozornenie: Postupy tu uvedené sú jedným, ale nie jediným spôsobom riešenia!!!

1. Použit́ım ekvivalentných úprav dostávame:
Vyňatie 5 z s1 a 2 z r2, výmena r1 a r2, (-1)×x1+x2, 1× x1 + x3
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0 1 −1 1

∣∣∣∣∣∣∣
= 5

∣∣∣∣∣∣∣

1 3 2 4
2 2 −2 10
−1 6 8 5
0 1 −1 1

∣∣∣∣∣∣∣
= 10

∣∣∣∣∣∣∣

1 3 2 4
1 1 −1 5
−1 6 8 5
0 1 −1 1
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1 1 −1 5
0 2 3 −1
0 7 7 10
0 1 −1 1
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. Urob́ıme rozvoj poďla s1.

= −10 · 1 · (−1)(1+1)
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2 3 −1
7 7 10
1 −1 1
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2 3 −1
7 7 10
1 −1 1
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. Ďalej už možno použǐt Sarrusovo pravidlo,

alebo pokračovať ďalej v eliminácii.
a) Sarrusovo pravidlo: −10 · [2 ·7 ·1+3 ·10 ·1+(−1) ·7 · (−1)− (−1) ·7 ·1−10 · (−1) ·2−1 ·3 ·7 =

14 + 30 + 7 + 7 + 20− 21] = −10 · 57 = −570.
b) Ďaľsie eliminácie: −3× r1 + r2,−2× r3 + r1,−1× r3 + r2.

= −10
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2 3 −1
1 −2 13
1 −1 1
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0 5 −3
1 −2 13
1 −1 1
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0 5 −3
0 −1 12
1 −1 1
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Rozvoj poďla s1.

= −10 ·1 ·(−1)(3+1)

∣∣∣∣
5 −3
−1 12

∣∣∣∣ = −10
∣∣∣∣

5 −3
−1 12

∣∣∣∣ = −10 · [5 ·12−(−1) ·(−3)] = −10 ·(60−3) = −10 ·57 =

−570.
2. Aplikujeme nasledujúce úpravy:

(−1)× r1 + r4, (−1)× r5 + r4, (−1)× r5 + r1, (−1)× s1 + s3, (−1)× s1 + s4

h




3 1 1 1
1 2 1 1
1 1 4 1
5 4 6 3
2 −1 0 0
1 1 2 1




= h


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3 1 1 1
1 2 1 1
1 1 4 1
2 3 5 2
2 1 0 0
1 1 2 1


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3 1 1 1
1 2 1 1
1 1 4 1
0 2 5 2
2 1 0 0
1 1 2 1


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1 0 1 1
1 2 1 1
1 1 4 1
0 2 5 2
2 1 0 0
1 1 2 1
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=
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1 0 0 1
1 2 0 1
1 1 3 1
0 2 5 2
2 1 −2 0
1 1 1 1


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
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1 0 0 0
1 2 0 0
1 1 3 0
0 2 5 2
2 1 −2 −1
1 1 1 0




.

Upravili sme maticu na dolnú trojuholńıkovú.
Má lineárne nezávislé st́lpce, preto sa jej hodnosť rovná 4.

3. Zostav́ıme si maticu sústavy:




4 3 −1 1 1
1 −1 1 −1 1
3 −2 1 −1 −2
2 0 3 0 0
0 1 0 1 0

15
2
5
0
0




Eliminujeme neznámu x4 pomocou posledného riadku t.j. 1× r5 + r3, 1× r5 + r2, (−1)× r5 + r1

∼




4 3 −1 1 1
1 −1 1 −1 1
3 −1 1 0 −2
2 0 3 0 0
0 1 0 1 0

15
2
5
0
0


 ∼




4 3 −1 1 1
1 0 1 0 1
3 −1 1 0 −2
2 0 3 0 0
0 1 0 1 0

15
2
5
0
0


 ∼




4 2 −1 0 1
1 0 1 0 1
3 −1 1 0 −2
2 0 3 0 0
0 1 0 1 0

15
2
5
0
0


 ∼

Vymeńıme r1, r2 a pomocou r1 eliminujeme prvky v prvom st́lpci, t.j. −4×r1+r2,−3×r1+r3,−2×r1+r4

1



∼




1 0 1 0 1
4 2 −1 0 1
3 −1 1 0 −2
2 0 3 0 0
0 1 0 1 0

2
15
5
0
0


 ∼




1 0 1 0 1
0 2 −5 0 −3
0 −1 −2 0 −5
0 0 1 0 −2
0 1 0 1 0

2
7
−1
−4
0


 ∼

Vymeńıme riadky r2, r3 a pomocou riadku r2 eliminujeme zvyšné riadky pod ńım t.j. 2×r2+r3, 1×r2+r5.

∼




1 0 1 0 1
0 −1 −2 0 −5
0 2 −5 0 −3
0 0 1 0 −2
0 1 0 1 0

2
−1
7
−4
0


 ∼




1 0 1 0 1
0 −1 −2 0 −5
0 0 −9 0 −13
0 0 1 0 −2
0 0 −2 1 −5

2
−1
5
−4
−1


 Výmena r3, r4 + eliminácia:

∼




1 0 1 0 1
0 −1 −2 0 −5
0 0 1 0 −2
0 0 −9 0 −13
0 0 −2 1 −5

2
−1
−4
5
−1


 ∼




1 0 1 0 1
0 −1 −2 0 −5
0 0 1 0 −2
0 0 0 0 −31
0 0 0 1 −9

2
−1
−4
−31
−9




Výmena r4, r5, vydelenie r5 č́ıslom (-31), eliminácia posledného st́lpca pomocou r5.

∼




1 0 1 0 1
0 −1 −2 0 −5
0 0 1 0 −2
0 0 0 1 −9
0 0 0 0 −31

2
−1
−4
−9
−31


 ∼




1 0 1 0 1
0 −1 −2 0 −5
0 0 1 0 −2
0 0 0 1 −9
0 0 0 0 1

2
−1
−4
−9
1


 ∼




1 0 1 0 0
0 −1 −2 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

1
4
−2
0
1


.

Vid́ıme, že x5 = 1, x4 = 0, x3 = −2. Elimináciou prvkov v 3. st́lpci pomocou 3. riadku t.j. 2 × r3 +
r2, (−1)× r3 + r1 dostávame:

∼




1 0 0 0 0
0 −1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

3
0
−2
0
1


, t.j. (3, 0,−2, 0, 1) je riešenie sústavy.

4. Použit́ım napr. Sarrusovho pravidla dostávame, že matica B :=




2 7 3
3 9 4
1 5 3


 je regulárna, preto na

vyriešenie úlohy stač́ı nájsť k nej inverznú maticu B−1.


2 7 3
3 9 4
1 5 3

1 0 0
0 1 0
0 0 1


 ∼




2 7 3
1 2 1
1 5 3

1 0 0
−1 1 0
0 0 1


 ∼




0 3 1
1 2 1
0 3 2

3 −2 0
−1 1 0
1 −1 1


 ∼

∼



1 2 1
0 3 1
0 3 2

−1 1 0
3 −2 0
1 −1 1


 ∼




1 2 1
0 3 1
0 0 1

−1 1 0
3 −2 0
−2 1 1


 ∼




1 2 0
0 3 0
0 0 1

1 0 −1
5 −3 −1
−2 1 1


 ∼

∼



1 2 0
0 1 0
0 0 1

1 0 −1
5
3 −1 −1

3
−2 1 1


 ∼




1 0 0
0 1 0
0 0 1

−7
3 2 −1

3
5
3 −1 −1

3
−2 1 1


.

Operácie: (−1)× r1 + r2; (−2)× r2 + r1, (−1)× r2 + r3; r1 ↔ r2; (−1)× r2 + r3; (−1)× r3 + r2, (−1)×
r3 + r1; 1

3 × r2; (−2)× r2 + r1.

Preto sa B−1 = 1
3



−7 6 −1
5 −3 −1
−6 3 3


 a X =




1 0 2
0 1 0
0 0 1


 ·B−1.

X = 1
3




1 0 2
0 1 0
0 0 1


 ·



−7 6 −1
5 −3 −1
−6 3 3


 = 1

3



−19 12 5
5 −3 −1
−6 3 3




2


