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Why incompatibility

▶ one of fundamental nonclassical features of quantum
mechanics, still not fully understood

▶ recognized as a valuable resource in quantum information
theory

▶ necessary to violate any Bell inequality

▶ important task: characterize, detect and quantify
incompatibility



Why in GPTs

General probabilistic theories (GPTs):

▶ an operational framework for description of physical theories

▶ contains both classical and quantum theory

▶ incompatibility exists in any nonclassical GPT

▶ convenient tools (convexity, ordered vector spaces, tensor
cones)

▶ relation of incompatibility to other problems in mathematics



Measurements

A g -tuple of measurements with k = (k1, . . . , kg ) outcomes:

1 2 k1

1 2 kiji

1 2 kg



Compatible measurements

The measurements are compatible if all can be obtained from a
single joint measurement:

1 2 k1 . . . kgl 1 ji ki

1 j1 k1

1 jg kg



Quantum measurements: POVMs and effects

A quantum measurement is represented by a POVM:

{M1, . . . ,Mk}, 0 ≤ Mi ≤ I ,
∑
i

Mi = I

Outcome probabilities - Born rule: for any state ρ

Prob(outcome = i |ρ) = Tr [Miρ], i = 1, . . . , k .

Binary measurements (two outcomes) are represented by effects:

0 ≤ A ≤ I , POVM : {A, I − A}.

Characterization of compatible POVMs or effects?



Qubit effects

Qubit effects are of the form

A =
1

2
(αI + a · σ), ∥a∥2 ≤ α ≤ 2− ∥a∥2

where

▶ σ = (σX , σY , σZ ) are the
Pauli matrices

▶ a ∈ R3, ∥a∥2 =
√∑

i a
2
i .



Compatible pairs of qubit effects

For qubit effects:

A =
1

2
(αI + a · σ), B =

1

2
(βI + b · σ)

▶ If A and B are compatible, then

1

2
(∥a + b∥2 + ∥a − b∥2) ≤ 1.

▶ If A and B are unbiased (i.e. α = β = 1), then also the
converse holds.

Observation:

1

2
(∥a + b∥2 + ∥a − b∥2) is a tensor cross norm.

Busch, Phys. Rev. D, 1986; Busch & Heinosaari, QIC, 2008



Tensor cross norms in Banach spaces

Let X and Y be Banach spaces. A cross norm is a norm ∥ · ∥ on
X ⊗ Y such that for all x ∈ X , y ∈ Y , φ ∈ X ∗, ψ ∈ Y ∗

∥x ⊗ y∥ = ∥x∥∥y∥, ∥φ⊗ ψ∥ = ∥φ∥∥ψ∥.

Injective cross norm:

∥z∥ϵ = sup{|(φ⊗ ψ)(z)|, φ ∈ X ∗, ψ ∈ Y ∗, ∥φ∥ = ∥ψ∥ = 1}

Projective cross norm:

∥z∥π = inf{
∑
i

∥xi∥∥yi∥, z =
∑
i

xi ⊗ yi}

For any cross norm we have

∥ · ∥ϵ ≤ ∥ · ∥ ≤ ∥ · ∥π.



Pairs of qubit effects and cross norms

For e1, e2 basis elements in R2, a,b ∈ ℓ32, put

φa,b := e1 ⊗ a + e2 ⊗ b ∈ ℓ2∞ ⊗ ℓ32

The two cross norms are

∥φa,b∥ϵ = max{∥a∥2, ∥b∥2}, ∥φa,b∥π =
1

2
(∥a + b∥2 + ∥a − b∥2)

For A = 1
2(I + a · σ), B = 1

2(I + b · σ):

▶ A, B are (unbiased) effects ⇐⇒ ∥φa,b∥ϵ ≤ 1

▶ A, B are compatible effects ⇐⇒ ∥φa,b∥π ≤ 1



The purpose of this talk

1. Compatibility of effects is characterized by a tensor cross
norm for any (finite) number of any effects.

2. The cross norm is a compatibility degree.

3. We can bound the compatibility degree of g effects by the
projective/injective ratio: (Aubrun et al., 2020)

ρ(ℓg∞,X ) := max
φ∈ℓg∞⊗X

∥φ∥π
∥φ∥ϵ

4. For measurements with more outcomes, we have to find other
characterizations.

We will work in the setting of general probabilistic theories (GPT).



General Probabilistic Theories



General probabilistic theories: definition

A GPT: (V ,V+,1)

▶ (V ,V+) an ordered vector space (dim(V ) <∞)

▶ 1 unit effect: a strictly positive functional on (V ,V+).

The set of states: base of V+

given by 1

K = {ρ ∈ V+, ⟨1, ρ⟩ = 1}.
V

V +

K

The base norm in V :

∥v∥V := inf{⟨1, v+ + v−⟩ : v = v+ − v−, v± ∈ V+}.

Lami, arXiv:1803.02902



General probabilistic theories: the dual space

The dual ordered vector space: (A,A+)

▶ A = V ∗ dual vector space

▶ A+ = (V+)∗ the dual cone of positive functionals

(V+)∗ := {f ∈ A, ⟨f , v⟩ ≥ 0, ∀v ∈ V+}

▶ 1 ∈ int(A+) - order unit in A

Order unit norm in A:

∥f ∥A := inf{λ > 0 : −λ1 ≤ f ≤ λ1}

the dual norm of the base norm ∥ · ∥V .



Classical systems

▶ V ≃ A ≃ Rd

▶ V+ ≃ A+ ≃ Rd
+ = {(x1, . . . , xd), xi ≥ 0} simplicial cone

▶ 1 = (1, 1, . . . , 1)

Classical state space: probability
simplex

∆d = {(p1, . . . , pd), pi ≥ 0,
∑
i

p1 = 1}

The norms:

∥ ·∥V = ∥ ·∥1, ∥ ·∥A = ∥ ·∥∞.

b

b

b

b

Rd
+

∆d



Quantum systems

▶ V ≃ A ≃ Msa
n self-adjoint complex n × n matrices

▶ V+ ≃ A+ ≃ M+
n psd matrices

▶ 1 = I identity matrix

Quantum state space: set of density matrices

Sn = {ρ ∈ M+
n , Tr ρ = 1}

The norms:

∥ · ∥V = ∥ · ∥Tr , ∥ · ∥A = ∥ · ∥ (operator norm).



General probabilistic theories: measurements and effects

Effects: f ∈ A, 0 ≤ f ≤ 1

▶ map states to probabilities:

K ∋ ρ 7→ ⟨f , ρ⟩ ∈ [0, 1]

▶ binary measurements

A+

0

1

Measurements with outcomes in [k] = {1, . . . , k}:
▶ f1, . . . , fk effects,

∑
i fi = 1

▶ Born rule: for any state ρ ∈ K

Prob(outcome = i |ρ) = ⟨fi , ρ⟩, i ∈ [k]

▶ map states to the probability simplex ∆k



Compatibility in GPT

Let f (1), . . . , f (g) be measurements in some GPT, with
k = (k1, . . . , kg ) outcomes.

The measurements are compatible if all f (i) are marginals of a
joint measurement h with outcomes in [k1]× · · · × [kg ]:

f
(i)
j =

∑
n1,...,ng

hn1,...,j ,...,ng , i ∈ [g ], j ∈ [ki ].

All measurements are compatible ⇐⇒ the GPT is classical

Plávala, Phys. Rev. A, 2016



Compatibility degree

A trivial measurement with k outcomes: τk = ( 1k1, . . . ,
1
k1):

For a tuple of measurements f = (f (1), . . . , f (g)) and s ∈ [0, 1]:

f (s) := (f (1)(s), . . . , f (g)(s)), f (i)(s) : sf (i) + (1− s)τki

Compatibility degree:

γ(f ) = sup{s ∈ [0, 1] :

f (s) is compatible}
b

bf τ

f(γ(f))

b

al
l

co
mpa

tib
le

γ(k ;V ,V+) := inf{γ(f ), f = (f (1), . . . , f (g)) measurements

on (V ,V+,1) with k outcomes}

Busch et al., EPL 2013; Heinosaari et al., PRA 2015



Compatible effects in GPT and tensor norms



Compatible effects and cross norms

f = (f1, . . . , fg ) a tuple of elements in (A, ∥ · ∥A):

φf :=
∑
i

ei ⊗ (2fi − 1) ∈ ℓg∞ ⊗ A

Interpretation of ∥ · ∥ϵ and ∥ · ∥π cross norms in ℓg∞ ⊗ A?

▶ f1, . . . , fg are effects if and only if

∥φf ∥ϵ = max
i

∥2fi − 1∥A ≤ 1

▶ what about the projective cross norm?

∥φf ∥π = inf{
∑
i

∥hi∥, φf =
∑
j

zj ⊗ hj , ∥zj∥∞ = 1, hj ∈ A}



Compatible effects and cross norms

We introduce another norm in ℓg∞ ⊗ A:

∥φ∥c := inf{∥
∑
j

hj∥A, φ =
∑
j

zj ⊗ hj , ∥zj∥∞ = 1, hj ∈ A+}.

Then ∥ · ∥c is a crossnorm, in particular

∥ · ∥ϵ ≤ ∥ · ∥c ≤ ∥ · ∥π.

Characterization of compatibility

f1, . . . , fg are compatible effects if and only if ∥φf ∥c ≤ 1.

The norm ∥ · ∥c can be computed by a conic program.



Compatibility degree and cross norms

The compatibility degree:

γ(f ) = sup{s ∈ [0, 1] : s∥φf ∥c ≤ 1} = ∥φf ∥−1
c

The smallest attainable compatibility degree:

γ(g ;V ,V+) := inf{γ(f ) : f = (f1, . . . , fg ), fi effects}

= min
φ∈ℓg∞⊗A

∥φ∥ϵ
∥φ∥c

≥ min
φ∈ℓg∞⊗A

∥φ∥ϵ
∥φ∥π

= ρ(ℓg∞,A)
−1



Lower bounds for compatibility degree

1. A first lower bound (tight if dim(V ) ≥ g + 1):

γ(g ;V ,V+) ≥ ρ(ℓg∞,A)
−1 ≥max{g−1, dim(V )−1}

↑
(Aubrun et al., 2020)

2. A lower bound for all g :

γ(g ;V ,V+) ≥ π1(V )−1

π1(V ) is the 1-summing constant: the least c > 0 such that:

g∑
i=1

∥zi∥V ≤ c sup
∥f ∥A≤1

g∑
i=1

|⟨f , zi ⟩|, ∀g ∈ N, z1, . . . , zg ∈ V

Aubrun et al., CMP, 2020



Centrally symmetric GPTs

(V ,V+,1) is centrally symmetric if:

K is isomorphic to the unit ball of some norm ∥ · ∥ in Rd .

Then

▶ V ≃ R1× Rd

▶ V+ ≃ {(λ, x), ∥x∥ ≤ λ}
▶ 1 = (1, 0)

The dual space: for ∥ · ∥∗ the dual norm to ∥ · ∥
▶ A ≃ R1× Rd

▶ A+ ≃ {(α, f̄ ), ∥f̄ ∥∗ ≤ α}

Important example: qubits

Lami et al., CMP, 2018



The tensor norms in centrally symmetric GPTs

For φ ∈ ℓg∞ ⊗ A ≃ ℓg∞ × (ℓg∞ ⊗ Rd):

φ = (y , φ̄) for some y ∈ ℓg∞, φ̄ ∈ ℓg∞ ⊗ Rd

▶ the injective norm:

max{∥y∥∞, ∥φ̄∥ϵ} ≤ ∥φ∥ϵ ≤ ∥y∥∞ + ∥φ̄∥ϵ

▶ the norm ∥ · ∥c :

max{∥y∥∞, ∥φ̄∥π} ≤ ∥φ∥c ≤ ∥y∥∞ + ∥φ̄∥π

▶ if y = 0 then

∥φ∥ϵ = ∥φ̄∥ϵ, ∥φ∥c = ∥φ̄∥π



Compatibility conditions in centrally symmetric GPTs

Let f = (f1, . . . , fg ), fi =
1
2(αi , f̄i ), i ∈ [g ].

▶ fi is an effect if and only if ∥f̄i∥∗ ≤ αi ≤ 2− ∥f̄i∥∗
▶ fi is unbiased if αi = 1

The corresponding tensor φf ∈ ℓg∞ ⊗ A:

φf = (yf , φ̄
f ), yf =

∑
i

(αi − 1)ei , φ̄f =
∑
i

ei ⊗ f̄i



Compatibility conditions in centrally symmetric GPTs

Compatible effects in centrally symmetric GPTs:

▶ If f1, . . . , fg are compatible, then

∥φ̄f ∥π ≤ 1.

▶ If all fi are unbiased then also the converse holds.



Compatibility degree centrally symmetric GPTs

Minimal compatibility degree is attained at a g -tuple of
unbiased effects:

γ(g ;V ,V+) = min
φ̄∈ℓg∞⊗Rd

∥φ̄∥ϵ
∥φ̄∥π

= ρ(ℓg∞, (Rd , ∥ · ∥∗))−1

From bounds on the π/ϵ-ratio: (Aubrun et al., 2020)

2−1/2 ≥ γ(g ;V ,V+) ≥ max{g−1, d−1}

Minimal compatibility degree for g → ∞:

γ(g ;V ,V+) ↓ π1(Rd , ∥ · ∥)−1



Centrally symmetric GPTs: examples

Cubic GPTs:

▶ ∥ · ∥ = ∥ · ∥∞
▶ the state space:

K = [−1, 1]d

V +

K

▶ attains the lower bound for compatibility degree:

γ(g ;V ,V+) = max{g−1, d−1}



Centrally symmetric GPTs: examples

Spherical GPTs:

▶ ∥ · ∥ = ∥ · ∥2
▶ the state space:

Euclidean ball

V +

K

▶ compatibility degree:

γ(g ;V ,V+) = g−1/2, if g ≤ d

d−1/2 ≥ γ(g ;V ,V+) ≥ max{g−1/2,
Γ(d2 )√
πΓ(d+1

2 )
}, if g ≥ d



Compatibility of qubit effects

Qubits (spherical GPT with d = 3):

▶ g = 2, 3:
γ(g ;Msa

2 ,M
+
2 ) = g−1/2

▶ g ≥ 4:
3−1/2 > γ(g ;Msa

2 ,M
+
2 ) ↓ 1/2

Is the lower bound 1/2 attained for some g ≥ 4?



Compatibility of quantum effects: matrix
convex sets



Matrix convex sets

Matrix convex set in g variables: g -tuples of self-adjoint matrices

C = ∪nCn, Cn ⊆ (Msa
n )g

▶ closed under directs sums:

(Xi )
g
i=1 ∈ Ck , (Yi )

g
i=1 ∈ Cn =⇒ (Xi ⊕ Yi )

g
i=1 ∈ Cn+k

▶ closed under application of ucp maps: for ϕ : Mk → Mm,

(Xi )
g
i=1 ∈ Ck =⇒ (ϕ(Xi ))

g
i=1 ∈ Cm.

Related to optimization (relaxation of linear matrix inequalities),
operator algebras (dilation of operators, operator systems)



Examples of matrix convex sets

Main examples: given by a g -tuple (Ai )
g
i=1 ∈ (B(H)sa)g

▶ Matrix range:

W(A) = ∪nWn(A)

Wn(A) := {(ϕ(Ai ))
g
i=1, ϕ : B(H) → Mn ucp map}

▶ Free spectrahedron:

DA = ∪nDA(n)

DA(n) := {(Xi )
g
i=1,

g∑
i=1

Ai ⊗ Xi ≤ I}

At level 1: DA(1) = {x ∈ Rg ,
∑

i xiAi ≤ I} - spectrahedron



Duality of matrix convex sets

The matrix dual:

for a matrix convex set C (in g variables): C• = ∪nC•
n ,

C•
n := {(Xi )

g
i=1 ∈ (Msa

n )g ,

g∑
i=1

Ci ⊗ Xi ≤ I , ∀(Ci ) ∈ C}

Duality of free spectrahedron and matrix range:

W(A)• = DA, D•
A = W(A).



Minimal and maximal matrix convex sets

Let K ⊆ Rg be a convex set.

▶ A matrix convex set over K : C = ∪nCn, C1 = K .

▶ Minimal and maximal matrix convex set over K :

Cmin
1 = Cmax

1 = K , Cmin(K ) ⊆ C ⊆ Cmax(K )

for all C with C1 = K .

▶ Duality: with K ◦ the polar of K .

Cmax(K )• = Cmin(K ◦), Cmin(K )• = Cmax(K ◦)

▶ If K is a polytope: there are some (Ai )
g , (Bi )

g such that

Cmin(K ) = W(A), Cmax(K ) = DB



Matrix convex sets and tensor norms

Let φ =
∑

i ei ⊗ f̃i ∈ ℓg∞ ⊗Msa
n

Unit ball of the injective norm:

∥φ∥ϵ ≤ 1 ⇐⇒ (f̃i )
g
i=1 ∈ Cmax

n (Bg ,∞).

Unit ball of ∥ · ∥c :

∥φ∥c ≤ 1 ⇐⇒ (f̃i )
g
i=1 ∈ Cmin

n (Bg ,∞).

Bg ,∞ = [−1, 1]g is the unit ball in ℓg∞



The matrix cube and the matrix diamond

Bg ,∞ - hypercube B◦
g ,∞ = Bg ,1 - cross polytope

The matrix cube:

Cmax
n (Bg ,∞) = {(Xi ) ∈ (Msa

n )g , ∥Xi∥ ≤ 1, i ∈ [g ]} =: D□,g (n)

The matrix diamond:

Cmax
n (Bg ,1) = {(Xi ) ∈ (Msa

n )g ,
∑
i

εiXi ≤ I , ε ∈ {−1, 1}g}

=: D♢,g (n)



Equivalent characterizations of compatible quantum effects

Let f1, . . . , fg be quantum effects, f̃i = 2fi − I .

f1,. . . , fg are compatible iff any of the following holds:

(i) (f̃i ) ∈ Cmin
n (Bg ,∞) = D•

♢,g (n)

(ii) free spectrahedra inclusion: D♢,g ⊆ Df̃

(iii) f̃i = ϕ(Ai ), i ∈ [g ], for a ucp map ϕ : M2g → Mn

(iv) (f̃i ) dilates to a g -tuple of commuting contractions

Ai = I ⊗ · · · ⊗ I ⊗
(
1 0
0 −1

)
⊗ I ⊗ · · · ⊗ I ∈ Msa

2g , i ∈ [g ].

Bluhm & Nechita, JMP, 2018



The compatibility degree and inclusion constant

Minimal compatibility degree:

γ(g ;Msa
n ,M

+
n ) = sup{s > 0, sD□,g (n) ⊆ D•

♢,g (n)}

Lower bounds:

1. For all n and g ,

γ(g ;Msa
n ,M

+
n ) ≥ g−1/2.

Equality holds for n ≥ 2
g−1
2 , attained by

anti-commuting s.a. unitaries.

2. Dimension-dependent bound:

γ(g ;Msa
n ,M

+
n ) ≥ 1

2n
.

Bluhm & Nechita, JMP, 2018



Compatible measurements and positive maps



Tensor cones and positive maps

(E ,E+), (F ,F+) - ordered vector spaces

Tensor cone: a positive cone C ⊂ E ⊗ F :

E+ ⊗min F
+ ⊆ C ⊆ E+ ⊗max F

+

▶ minimal tensor product (separable elements are positive)

E+ ⊗min F
+ := {

∑
i

vi ⊗ wi , vi ∈ E+,wi ∈ F+}

▶ maximal tensor product (separable effects are positive)

E+ ⊗max F
+ := ((E+)∗ ⊗min (F

+)∗)∗



Tensor cones and positive maps

Let ϕ : (E ,E+) → (F ,F+) be a positive map, (L, L+) an OVS:

▶ ϕ is completely positive with respect to the max or min cone:

(ϕ⊗ idL)(E
+ ⊗max/min L

+) ⊆ F+ ⊗max/min L
+

▶ ϕ is entanglement breaking if:

(ϕ⊗ idL)(E
+ ⊗max L

+) ⊆ F+ ⊗min L
+, ∀(L, L+)

⇐⇒
(ϕ⊗ idL)(E

+ ⊗max (F
+)∗) ⊆ F+ ⊗min (F

+)∗



Compatible measurements in a GPT

Let (V ,V+,1) be a GPT
f (1), . . . , f (g) measurements with k = (k1, . . . , kg ) outcomes

We define an affine map: f : K → Pk := ∆k1 × · · · ×∆kg

ρ 7→ (f (1)(ρ), . . . , f (g)(ρ))

Compatibility:

K
f //

h
##

Pk

∆k =
⊗

i ∆ki

J

OO



A GPT with state space Pk

We construct a subspace Ek ⊆ Rk :=
⊗

i Rki , with J : Rk → Ek
orthogonal projection, such that

▶ (Ek , J(Rk
+), 1k = (1, . . . , 1)) is a GPT with state space

K = J(∆k) ≃ Pk

▶ J|∆k corresponds to taking marginals

▶ The dual space is (Ek ,Ek ∩ Rk
+)

The affine map f : K → Pk extends to a positive map

f : (V ,V+) → (Ek , J(Rk
+)), f ∗ : (Ek ,Ek ∩ Rk

+) → (A,A+)



A GPT with state space Pk

We choose a suitable basis in Ek :

v := {1k, v
(i)
j , j ∈ [ki − 1], i ∈ [g ]}

The adjoint map f ∗ : Ek → A is determined by

f ∗(1k) = 1, f ∗(v
(i)
j ) = f̃

(i)
j := 2f

(i)
j − 2/ki1, j ∈ [ki − 1], i ∈ [g ]



Compatibility, ETB maps and extendable maps

Compatibility: for the extended (positive) maps

V
f //

h
  

Ek

Rk

J

OO
duality⇐⇒

Ek
f ∗

//
� p

  

A

Rk

h∗

OO

Equivalent compatibility conditions:

▶ f ∗ extends to a positive map (Rk ,Rk
+) → (A,A+).

▶ f (equivalently f ∗) is entanglement breaking.



The quantum case

Let f (1), . . . , f (g) be quantum measurements,

f ∗ : (Ek ,Ek ∩ Rk) → (Msa
n ,M

+
n ).

▶ Ek is an operator system, generated by diagonal matrices

A
(i)
j (k) = diag(v

(i)
j ), j ∈ [ki − 1], i ∈ [g ].

▶ f ∗ has a positive extension iff it is completely positive iff f ∗

has an ucp extension ϕ : Mk → Mn

▶ this means that

(f ∗(v
(i)
j )) = (f̃

(i)
j ) ∈ W(A(k)), A(k) = (A

(i)
j (k))

a matrix range.



The matrix jewel

The matrix jewel: a free spectrahedron in
∑

i (ki − 1) vari-
ables

D♦,k = DA(k) = Cmax(D♦,k(1)), D♦,k(1) ≃ P◦
k

Put f̃ = {f̃ (i)j := 2f
(i)
j − 2/ki1, j ∈ [ki − 1], i ∈ [g ]}.

Equivalent compatibility conditions:

▶ (f̃
(i)
j ) ∈ D•

♦,k(n) = Wn(A(k))
▶ Free spectrahedra inclusion: D♦,k ⊆ Df̃ .

Bluhm & Nechita, SIAM J. Appl. Algebra Geometry, 2020



Compatible measurements and generalized
spectrahedra



Generalized spectrahedra

(E ,E+), (L, L+), a tensor cone C ⊆ E ⊗ L, a1, . . . , aN ∈ E .

A generalized spectrahedron: a positive cone in LN ,

Da(L,C ) := {(v1, . . . , vN) ∈ LN ,
∑
i

ai ⊗ vi ∈ C}

Assume that {a1, . . . , aN} is a basis of E .

▶ Da(R,C ) ≃ C .

▶ Let (F ,F+), C ′ ⊆ F ⊗ L a tensor cone, ϕ : E → F . Then

ϕ⊗ idL : (E ⊗ L,C ) → (F ⊗ L,C ′)

is positive if and only if Da(L,C ) ⊆ Dϕ(a)(L,C
′).



The GPT jewel and compatibility

Let Ek ⊆ Rk be as before, with basis

v := {1k, v
(i)
j , j ∈ [ki − 1], i ∈ [g ]}

The GPT jewel: for (L, L+),

DGPT ,♦(k; L, L
+) := Dv (L,E

+
k ⊗max L

+)

f (1), . . . , f (g) are compatible measurements if and only if

DGPT ,♦(k;V ,V
+) ⊆ Df̃ (V ,A

+ ⊗min V
+),

with f̃ = {1, f̃ (i)j , j ∈ [ki − 1], i ∈ [g ]}.



The GPT diamond

For binary measurements (effects), k = (2, . . . , 2):

The GPT diamond:

DGPT ,♢(g ; L, L
+) := DGPT ,♦((2, . . . , 2); L, L

+)

= {(z0, . . . , zg ), z0 +
∑
i

εizi ∈ L+, ∀ε ∈ {±1}g}

DGPT ,♢(g ;V ,V
+) =

= {(z0, . . . , zg ), z0 ∈ V+, ∥
∑
i

ei ⊗ zi∥c∗ ≤ 1(z0)}

where ∥ · ∥c∗ is the cross norm in ℓg1 ⊗ V dual to ∥ · ∥c .



Relation to the matrix jewel

For quantum theory:

DGPT ,♦(k;M
sa
n ,M

+
n )

= {(Z0,Z
1/2
0 X

(i)
j Z

1/2
0 ), Z0 ∈ M+

n , (X
(i)
j ) ∈ D♦,k(n)}

At dimension 1: DGPT ,♦(k;R,R+) = R+(1,D♦,k(1))



The GPT jewel and compatibility degree

For (z0, z
(i)
j ) ∈ DGPT ,♦(k;V ,V

+) and s > 0, we define

s · (z0, z(i)j ) := (z0, sz
(i)
j ).

The compatibility degree as inclusion constant:

γ(k;V ,V+) =

sup{s > 0, s · DGPT ,♦(k;V ,V
+) ⊆ Df̃ (V ;A+ ⊗min V

+)

∀f (i)j ∈ A, such that DGPT ,♦(k;R,R+) ⊆ Df̃ (R,A
+))}



Lower bounds on compatibility degree

Let km = max{ki}, k̄ =
∑

i (ki − 1). From the relation

km
2
(km − 1)−1D♢,k̄(1) ⊆ D♦,k(1) ⊆

km
2
(km − 1)D♢,k̄(1)

From the lower bound for effects:

γ(k;V ,V+) ≥ (km − 1)−2γ(k̄ ;V ,V+)

≥ (km − 1)−2ρ(ℓk̄∞,A)
−1



In conclusion...

Incompatibility of measurements in GPT is related to

▶ tensor norms in Banach spaces

▶ inclusion problems for matrix convex sets

▶ properties of positive maps on OVS

▶ inclusion of generalized spectrahedra



Further results

Compatibility region: different coefficients in the mixture with noise

Γ(f ) = {s ∈ [0, 1]g ,

(si f
(i) + (1− si )τ

ki ) are compatible}
Γ(k ;V ,V+) = ∩ {Γ(f ),

(f (i)) are measurements with k outcomes}

Incompatibility witnesses: obtained from

▶ spectrahedra

▶ duality of maps

▶ duality of norms ∥ · ∥c , ∥ · ∥c∗
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