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POVMs and compatibility

We work with operators on a Hilbert space with dim(#) = d.

e A POVM with k-outcomes:

® A collection of POVMs:
M‘x = {Ml‘x,...,kam}, S [n] = {1,...,71}.

® The POVMs are compatible if all can be simulated by
post-processing of a single joint POVM

Ni,...,N,,.



POVMs and compatibility

® marginals: outcomes of N in [k1] X -+ X [ky]
N
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® more general post-processings: {p(¢|7,x)}, p(i|7,x) > 0,
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Characterizations of compatibility

e SDP

D. Cavalcanti, P. Skrypzcyk, PRA, 2016

® success probabilities in guessing games

C. Carmeli, T. Heinosaari, A. Toigo, PRL, 2019

® tensor product of convex cones

AlJ, PRA, 2018

® free spectrahedra, matrix convex sets

A. Bluhm, |. Nechita, JMP, 2018; Quantum, 2022

® tensor crossnorms

A. Bluhm, AJ, I. Nechita, CMP, 2022; A. Bluhm, I. Nechita, JMP, 2022

® Fisher information map
H. Zhu, Sci. Rep. 2015; H. Zhu, M. Hayashi, L. Chen, PRL, 2016;

T. Heinosaari, M.A. Jivulescu, |. Nechita, arXiv:2202.00725



Assemblages and quantum steering

PAB

Alice chooses a POVM from a
given set {Mz|az}:c€[n]

K\i
\VZ

Bob obtains an assemblage of
conditional states:

{pi|a: e TIA[(MZ|30 & IB)(IOAB)]}

with the same average state:

sz\m — PB; V.
7



Assemblages and quantum steering

® |n general, an assemblage is a set of ensembles with the same
average state

® The assemblage admits a LHS model if
@o\oo\k(lx\w‘es
gla\\-as
Pilz = ZQAQ ’)\ T IO>\
(.b'v\d-—- Honwd Ve el Qo dtes

® |n the steering scenario: If no LHS model exists, then psp
must be entangled and { M., } must be incompatible.

H. M. Wiseman, S. J. Jones, and A. C. Doherty, PRL, 2007



Assemblages and POVMs

There is another connection between POVMs and assemblages:

{M|x} & - {:0|x}
g-ffa . g" 2

® {M,,} is a set of measurements <= {p.,} is an
assemblage with average state p,

® the measurements are compatible < the assemblage
admits a LHS.

® many results can be transferred from (in)compatibility to
steering and back.

H. Y. Ku et al, Nature communications, 2022



Incompatibility and steering in GPTs

® General probabilistic theories: describing physical systems with
probabilistic features

® The quantum state space S is replaced by a compact convex
set K

® states = elements of K
® effects = affine maps f: K — |0, 1]
® measurements = collections fi,..., fi of effects, > . fi = 1k.

® Analogous notions of compatibility and steering exist in GPTs.

A. Bluhm, AJ, I. Nechita, CMP, 2022; AJ, arXiv:2202.09109



The post-processing preorder on POVMs

Let M = {Ml,. . ,Mk}, N = {Nl,. : .,Nl} be POV Ms.

We write M < N if M is a post-processing of IV:

for some conditional probabilities p(i|j).

POVMs { M., },c(n) are compatible if and only if they have a
common upper bound w. r. to <:

3aPOVM N, M,<N, Vaz



The post-processing preorder on POVMs

e < is a preorder on POVMs (reflexive, transitive)

® any preorder defines an equivalence relation:

M~N if M<N and N < M.

® < becomes a partial order on the equivalence classes

The induced partial order on POVMs|. fully characterizes
compatibility of measurements



A map on POVMs

Let S = S(H) be the set of states. We define a map

n: POVMs — P(S) = probability measures over S
T

g(%)

S

k
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- a simple probability measure (concentrated in finitely many points)



Properties of 7

I

SHL

® 15 has range in P-(S) = v € P(S) with barycenter i = 7 :=
e affine (with respect to a special convex structure):

for POVMs My, ..., M}, and Ny,..., Ny,

n()‘Mla . '7>‘Mk7 (1 o A)Nla SR (1 o )\)Nl)
— )‘U(Mla . 7M/€) + (1 o )\)77(N17 K 7Nl)'

® surjective onto P, (S) (if extended all POVMs on Borel
subsets of S):

for any p € P-(S), there is a POVM

n(My) =up,  Mu(B)= d/deu, BCS.



Post-processing preorder and Choquet order

Let M and N be POVMs. Then

® M ~ N if and only if n(M) = n(N);

® M < N if and only if n(M) < n(N), where < is the
Choquet order in P(S).



The Choquet order in P(S)

Definition
Let v, u € P(S). The Choquet order is defined as

v < if /fdyg/fdu

for all continuous convex functions f : & — R

A dual characterization

v<u <= ifv= Z)\Z‘Vi, then pu = Z)\z,uz: with u; = ;.
1 1

(& = | pdu(p) is the barycenter of u.)



The Choquet order for simple measures

Let v =28 Nid,., € P(S).

® We may restrict to functions of the form

1<i<k

® The condition becomes

k
SN T [Aip] < /fAdu, VA= (A1, Ay), A = AL
=1

® |f we assume U = [i, we may restrict to A = (Ay,..., Ax)

with Zz A;, = 0.



The Choquet order for simple measures

Let v =S \d,,, € P(S). Q

Dual characterization:

V== =y Al
)

with ; = p;.

—> [ is concentrated ‘closer’ to the set P(H) of pure states



Minimal and maximal elements

® minimal elements with respect to <
0o s o€eS
® maximal elements with respect to <
boundary measures, concentrated on the set P(H) of pure states

® every v € P(S) is upper bounded by a boundary measure.



Post-processing preorder on POVMs

Equivalent conditions for { My, ..., Mg} < {Ny,...,N;}:

For all f : & — R, continuous convex:

>l () < (g )

Forall Ay,..., Ay € B(H)**, >, Ai =0:

k
i=1 i



Compatibility of POVMs

Let M = {M.|;}.ex be a set of POVMs.

® M is compatible if and only if there is some p € P,(S), such
that

(M) < p
® M, is then a joint POVM

® ;, can be assumed concentrated on pure states

® {M,,} are compatible if and only if any finite subset is
compatible

® restrictions on u by unitary invariance.



Incompatibility witnesses

Let M = {M.;}.ex be a set of POVMs,

M.} are compatible if and only if
|

> Tr [Jc\fux]f( zlﬂ;x ) /fdu,

1

for some some y € P,(S) and all x € X, f : S — R
continuous, convex.

Incompatibility witnesses: functions f such that the inequalities are
violated.



Linear incompatibility witnesses

M = {M1|w, e 7ka|x}a:€[n] a set of POVMs.
Let A= {Ayz,. s Ak, |z taen) 2_i Aije = 0, same shape as M.

If {M.),;} are compatible, n(M.,,) < , then

éZTI‘ [AZ|$MZ|QC] < Z/fA.|de
< sup /ZfA-de:ZfA-Iw(T)’

V, V=T

A

f: S — Ris the upper envelope of f: S — R:

f(p) := inf{Tr [Bp], Tt [B-] > f} = sup / fdv.  pes.

vV, V=p



Linear incompatibility witnesses

® Linear incompatibility witnesses of shape k = (k1,...,k,):
Wiy = {{A1|az7 s 7Akx|az}a;€[n]v ZAZ|ZC = 0, Z fA.|$(7-) < 1}

® If {Myz,..., My, |z }zcin) are compatible, then

)

e A € Wy is sharp if the inequality is violated by some set of
POVMs of shape k <—

Z fA,|x(7') > 1.



Linear incompatibility witnesses

® The set Wy of linear witnesses is complete:

{Miz, .- - M, |z} zcn) compatible if and only if

A

1
{M;,} == sup —Tr [A;. M;,.] <1,
| (Ay }EW Z d | |

® all the quantities for {M;,} and {A;,} are computable by
SDP

A

® {M;,} has an interpretation as a compatibility degree.



Another choice of f

Quadratic incompatibility witnesses:

For C'=C*, let fc(p) = (Tr [Cp])* = (C|p){pIC).
Compatibility implies that

;Tr [Mz'|x]fC'<Tr [MZIa?]) < d/fcdu, Va,C

This can be rewritten as

601, = 3 < [ 1)l By v

()

H,, is a superoperator, Tr [H,| < d =
g({ My, }) == inf{Tx [H], G(M,,) < H, Yz} < d.

H. Zhu, M. Hayashi, L. Chen, PRL, 2016



A compatibility degree (robustness)

For A € |0,1] and a set {M;,} of POVMs, put

M7, =AM, + (1 — X)—1.

1

i|x k_:v
The compatibility degree:

s({M;|}) = sup{A € [0, 1], {M)“x} are compatible}.

Since » ; , Tr [M{\ Ajje) = A2 o Tr [M;, Ay, ], we see that

|

s({My}) = min{1, {M;,} }-



Compatibility degree for shape k

Compatibility degree for all POVMs of shape k:

Sk = Sup{)‘ S [07 1] { z\az
for all {M;,} of shape k}

} is compatible

— inf — min —
M |x}8({Mz!x}) AEW, Zx fA|5,;(7')




Compatibility degree for k-outcome POVMs

Universal compatibility degree for k-outcome POVMs:
s = sup{A € [0, 1], {Mﬁ‘x} is compatible for any

{M1|x, e 7Mk|az}x€[n]7 n < N}.



Compatibility degree for k-outcome POVMs

For 0 < A < si.:

® any finite subset of {{M?}, {M;} is a k-outcome POVM} is
compatible

® there is a boundary measure u € P.(S) such that

n({MP}) < p,  V{M}

e {{M2>}} is invariant under unitary conjugations = we may
assume that p is the Haar measure over P(H).

e forall Aq,..., Az, Zz A; =0 and all POVMs My, ..., My:

Y AT [AM]] = Ad Y Tr[AiM;] < / fadp



Compatibility degree for k-outcome POVMs

For A < sg.:
® Taking supremum over POVMs My, ..., M;:

Aa(r) < [ Fadn, falp) = max Tr [
We obtain

s = jnt [ (A () )

infimum over Ay,..., Ay € B(H), >, A; =0, fA(T) =



Compatibility of dichotomic POVMs

® Dichotomic POVMs:
{Mx,] — Mx}xe[n]a 0< M, <.
® Linear incompatibility witnesses for dichotomic POV Ms:

{Az, —Azteem), fa,(p) =[Tr[Azpl], p€S.

® The inequality becomes

EE VROV ES N O ik X} IO RS



Compatibility of dichotomic POVMs
We identify

® dichotomic POVMs = {F,},cn), | F2| <1

® dichotomic witnesses = { Az } e, (Zx | Tr [Ax]\) (1) <1

® the tuples { Ay} epn]: {F%fzecn) With elements in
R™ ® B(H)**.

Dichotomic witnesses and compatibility of dichotomic
POVMs are characterized by tensor crossnorms in R"

B(H)*.



Tensor crossnorms

Let X, Y be Banach spaces. A norm || - || in X ® Y is a tensor
crossnorm if and only if forallz € X, ye Y, o€ X*, ¢ € Y,
le@yll < llzllxllylly,  le®dl <llellx-[l]y-.

Minimal and maximal crossnorms: for z € X Y,

® |njective crossnorm

¥

<1

HZHE(X,Y) — Sup{<gp®¢, Z>7 ZBS X*vw S Y*a ngH}*a

® projective crossnorm

Il =t 3 el == 3 a1 0
7 7



Dichotomic witnhesses and crossnorms

® Let A= A", fa(p) =|Tr|Ap]|, then
fA( )=d~ 1HAH1 (the norm in the Schatten class Sl)

® For {Aw}xe[n] c R"® B(H)Sa
3 ar() = S Al = 4 AxH e s

® | et us define

{ A}l = d)  fa,(7)

this is a tensor crossnorm in /% @ S¢.



Dichotomic witnhesses and crossnorms

Let {A,} € R" ® B(H)*“.

e {A,} is an incompatibility witness if and only if
{Az Hlw < d.

o {A,} is a strict incompatibility witness if and only if

1{AcHlp(en 50y > d-



Compatible dichotomic POVMs and crossnorms

Put || - ||c := || - ||%, - the dual norm.

® || -]l is a tensor crossnorm in % ® S

® For {F,} e R"® B(H)**, F, =2M, — I for some effects M,
if and only if

HE e sy = max | Fo < 1

o [, =2M, — I for some compatible effects M, if and only if

{Fzie < 1.



Compatibility norms and matrix convex sets

The unit ball of || - [ ga y:

The matrix cube in dimension d:
Ca={(F1,....Fn), Fp =F;, ||F|| <1}

U, Ca - maximal matrix convex set over n-cube.

The unit ball of || - ||.:

Co{(Fr... Fo), Fo=Fr, |Fa| <1,
AV, V'V =1, {V*F,V} commute}

Uy CS - minimal matrix convex set over n-cube.



The compatibility degrees

Compatibility degree for n dichotomic measurements:

, HZHE(E?,Sil) : HZHw
827n — min — min .
ZeRr@B(H)* || Z]c ZeRm@B(H)* || Z ||z (on_ sd.)

Also obtained as inclusion constants for matrix convex sets

A. Bluhm, I. Nechita, JMP, 2018



The compatibility degrees

Universal compatibility degree for dichotomic measurements:

o= min [ 1A () 01
= 4" (2:), n=|d/2].

First obtained using inclusion constant for minimal and maximal
matrix convex sets. A. Bluhm, I. Nechita, Quantum, 2022



Compatibility of unbiased qubit effects
Unbiased qubit effects:

1
M, = §(I+ Ay.7),  dz €R3, ||d@z]2 < 1.

Then
{2M — I'tle = [{da H ren, )

® n = 2: Busch compatibility condition

S 7 L. 3 L 7
@ b}ix = S(lla+ bll2 + [|@ — b]|2)

P. Busch, Phys. Rev. D, 1986

® general case:
@}l = max (@, G)

|| Zx tx?joc”2§17
Vte{+1}"



Compatibility degrees for qubit effects

® Compatibility degree for n qubit effects

- {a@ale

So , = IMin

Y

~ = min max || Zt Ya| |2
(@) Haotle 5, lallostsefaiyn | &= %

- the €/m-ratio

® Solutions and bounds for some n

1 1 1 1
_ — _ > _ — | > 4.
52,2 V2’ 723 V3 V3 ~ S2m = 2 n1—>1moo S2.ny 102 4

® Universal compatibility degree for dichotomic qubit effects:

2= 5 = (¢3) 1-summing constant



