Non-classical features In general

probabilistic theories

‘ 1. Introduction |

General probabilistic theories (GPTs) describe physical
models, including classical and quantum systems, in the
framework of compact convex sets and their tensor prod-
ucts. GPTs share many non-classical features observed in
gquantum mechanics. We show how some of these features
arise from the structure of the tensor products, which yelds
their geometric characterization and explains some known
relations between them, [1, 2, 4]. See [3] for detalils.

‘ 2. Basic definitions |

e state space: compact convex subset K of a finite dimen-
sional vector space. Set of states of a physical system.

o effects: affine maps K — |0, 1|, yes/no experiments.

E(K) = all effects on K

A(K) = all affine maps K — R

A(K)* = the convex cone of positive maps in A(K)
V(K) = U)soAK ~ positive functionals on A(K).

A classical state space is an n— 1-dimensional simplex S,,.
A quantum state space is the set

S(H):={pe B(H)", Trp=1}, dim(H) < oo
of density operators on a Hilbert space, A(G(H)) = By, (H)
(self-adjoint operators), V(S(H)) ~ A(G(H))" = B(H)™.
e channels: affine maps K — K’, physical devices.

e measurements: channels into the simplex P(£2) of prob-
ability measures on a finite set ). Given by collections
m; € E(K), > ,m; =1, where m;(z) = m(z)(w;), w; € L.

e COMposite systems: the state space K|®K, satisfies
K1 ® Ky C K1®Ks C K1®Ko, Where
K1 ® Ky = {Z)\jaz}@)x?, ZC; c Kiv)\j > O,Z)\j =1}
J J
K1®Ky = {p € V(K1) @maz V(K2), (¢, 1K1®K2> =1}

e separable states: eIementsNof K1 ® Ky. All other states
of the composite system K|® K- are entangled.

‘ 3. Semiclassical state spaces |

A semiclassical state space is a product of simplices

S = Sll,...,lk L= Sl1 X - X Slk'

This is a convex polytope, with vertices

Sny, o = (s - .,efgk>, n; € {1,...,1;},

where ¢’ are the vertices of S;.

' Observation: Elements of S can be interpreted as con-
ditional probabilities. Each projection m* : S — 5,
i = 1,...,k is a measurement. The extreme rays of

A(S)™ are generated by the corresponding effects m.
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4. Incompatible measurements |

et M, ; (K) be the set of collections of measurements
M={f...,f*}, f': K —S;. We say that M is compati-
ble if there exists a joint measurement g : K — Sy, such
that all f* are its marginals:
=X

nl)"'vni—ljni—i—lv'":k

gnl7"'7ni—17]7ni+17°"7nk'

Observation: M € M;, ;(K) corresponds to a chan-
nel Ty - K — S;, ;.. Thereis some ¢, € V(S) ®naz

A(K)T, such that fi(z) = (Tps(x), m%) = (ppr, 7 @ m).

M is compatible if and only if T, is entanglement break-
ing if and only if o, € V(S) @pin AK) ™.

4.1 Incompatibility withesses

M is incompatible if and only if there is an incompatibility
witness: £ € A(S)" Qe V(K) such that (¢, &) < 0.

A geometric description of withesses: for any &, there |
IS a convex polytope in V(K'), which is the image of S un-
der an affine map Tf*. For a vertex s, .. n,, With adjacent

edges s = su,._j .. — Sm,..m § 7 i We have

(Con €)= (1 T (sny,my) Y + > D (FHTEGY)).

2 ]'79'%‘

Example 1. Any (2,2)-witness is a a parallelogram with ver-

tices dnyny = T¢ (Sny,ny), SALISTYING @11+ P22 = P12+ P21 =
¢. For the vertex ¢, o, we have

(oar &) = (1, d2.2) + ( ff,d10 — d22) + (ff, P21 — P2)

21 7s2,2 ¢1,2:;

P11 *

and £ Is a witness |ff

0&) = |lp12 — P22l K + P21 — D22l > (1K, @),

| - || is the base norm. Similarly for k£ two-outcome mea-
surements (the witnesses are k£ > k’-parallelepipeds).

4.2 Incompatibility degree

Let M, = {m,...,7.} be a collection of coin-tosses:
Ti(x) = u;, p; 1S the uniform distribution over €2;. The in-
compatibility degree of a collection M is defined as [2]

IDy(M):=inf{0 < A< 1, (1—-NM+ AM, is compatible}.

Let s, (M) := sup{—( s, &), § awitness , (¢ys, &) = 1}.
Then

IDy(M) = { Trsu@n " oulM) 20
0 otherwise

Maximal incompatibility degree for M/ € My o(K):

max  IDy(M)=1-— i, R = sup{/(¢)}.

..... 2(K) R &

The supremum in R is taken over all & > F-
parallelepipeds in V(K) such that ¢;1 1+ ¢2 2 € K,
¢(&) is the sum of || - || x-lenghts of edges adjacent to a
vertex. In the quantum (2, 2)-case, R = /2.

5. Steering |

ety € KQK'. A measurement f: K — S; maps y to a set
of conditional states ¢, Zj ¢; = yi. Conditional states for
a collection M € M, ; (K) form an assemblage

{¢h € V(K'), > ¢h = =y € K'Vi}.
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An assemblage does not certify steering [5] if there is a
(finite) set A of "classical messages”, p € P(A), z, € K’ and
conditional probabilities p(j|i, A) such that

o= pw(li Nzy, =1k =1,
A

Observation: (T); ® id)(y) € SRK'. There is a 1-1
correspondence between assemblages and elements of
S®K'. An assemblage defines a set {u'} of probability
measures on K’ with a common barycenter ¢.

Let 5 € S®RK'. The following are equivalent.
1. 3 certifies steering.

2. 7 is entangled.

3. {1} is not dominated in Choquet order.

Immediate consequences:
e Separable states are unsteerable.

o If M is compatible, T, is entanglement breaking and
(Ths ® id)(y) does not certify steering.

e Steering witnesses can be described in the same way
as incompatibility witnesses, replacing V(K) by A(K)™.

‘ 6. Bell’'s inequalities |

Observation: S®S’ ~ the set of conditional probabili-
ties satisfying the no-signaling condition. Separable el-
ements form the local polytope. For M € M, ; (K),

M' e My (K')andy € K&K', (Ty @ Tap)(y) € S®S’

17-..7

describes the corresponding conditional probabilities.

Immediate consequences:
e M or M’ compatible, or y separable, implies locality.
e Bell’s inequalities: locality is determined by inequalities

(1, (Tar @ Tog)(y) ) = (T @ Thyp) (1), ) >0,

where 11 € A(S)T @maxr A(S))T is an extremal steering wit-
ness - a Bell withess.

Example 2. Any (2,2), (2, 2)-Bell witness has the form

- , . y , .
Hijk =1s®m;+m) @ (m; —m;)+m) ®(my —mj)

where i, 5,5 kK" = 1,2, i #4, 7 # 4, k # k'. This gives
the CHSH inequality.

6.1 Bell’s inequalities and incompatibility
Let M be incompatible, 1. a Bell withess. We have

(s (T @ Tap)(y) ) = (& o ),
where ¢ is a witness, (£, ¢y, ) = 2 and
T¢ =TyoTyoT,. (1)
It follows that maximal violation of Bell's inequality satisfies

SU<M)
2

sup  sup  sup —{u, (Thy @ Tp)(y)) <
K" yeKoK' M’
For CHSH, T}; |, : V(Sa2) — A(S22)" is an affine isomor-
phism. If also A(K")" ~ V(K), any witness has the form
(1) and equality is attained (cf. [1]). But it is known that in

quantum case Bell's inequalities cannot detect some forms
of incompatibility [4].

' Observation: Unless S = S — So9, A(S)* # A(Y), so
that there might be incompatibility witnesses not of the
form (1).
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