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Classical statistical experiments and randomizations

» Statistical experiment:

E = (X,{Pl,--wpn})

probability distributions over a finite set X
Randomization of £: let pu: X x Y — [0,1] a Markov kernel,

(&) == (Y, {ulp1);---,1(pn)})

Suppose F = (Y,{q1,...,qn}), is it a randomization of £7

v

v

How far is F from a randomization of £7

6(E,F) = inf sup [1(pi) — aqillx

v

Le Cam distance

v

A(E, F) =max{d(&,F),o(F,E)}



Statistical decision problems

Decision problem: (&, D, w),
» & is an experiment
» D is a finite set of decisions
» w:{l,...,n} x D — R" loss function
» (D, w) - (classical) decision space
Decision rule: a Markov kernel i : X x D — [0,1],

u(x, d) - probability of choosing d if x was observed
Risk of p at i:

Re(i, w, p) Zp, x)p(x, d)w(i, d)



Deficiency of experiments

Let £ =(X,{p1,---,pn}) F=(Y,{q1,...,qn}), € > 0.

& is e-deficient w.r. to F, €& =, F, if:
for any (D, w) and any Markov kernel 11 : Y x D — [0, 1]
there is a Markov kernel v : X x D — [0, 1] such that

Re(iyw,v) < Re(i,w,u) + €max wj g, i=1,...,n
or, equivalently,

Z Re(i,w,v) < Z Rr(i, w, 1) + e|wll,
i i

where ||w|| = )" maxq w; 4.



The classical randomization criterion

Theorem (Blackwell, 1951)
E »o F if and only if F is a randomization of £ (6(€,F) =0).

Theorem (Torgersen 1970)

E »¢ F if and only if §(E, F) < 2¢: there is a Markov kernel
A X xY —[0,1], such that

IA(pi) — qill1 <2 i=1,...,n



Quantum experiments and randomizations

Quantum statistical experiment
€= (H.Ap1,- -, pn}),
dim(H) < oo, p; are states (density matrices):
pi € &(H)={pe B(H)*, Trp=1}
Randomization: a : §(H) — &(K) affine map,

Ea(€) ={alpr),...,alpn)}

> « extends to a positive trace preserving map B(H) — B(K).

> « is required to be completely positive:

a®id; : B(H®L) — B(K®L)— is positive for all dim(L) < oo



Quantum experiments and decision problems

Decision problem: (£, D, w),
» &= (H.{p1,-..,pn})
» (D, w) a classical decision space

Decision rule is a measurement (POVM)

{Mg,d € D}, My € B(H)*, Y My=1
d

probability of choosing d at i: Tr Mp;
Risk:
Re(i,w, M) =) widTr Map;
d



Classical deficiency of quantum experiments

Let £ = (H,{p1,---,pn}), F =(K,{o1,...,00}), €e>0.
£ is classically e-deficient w.r. to F, & =< F, if:

for any (D, w) and any POVM {M,,d € D} c B(K)™
there is a POVM {Ny,d € D} C B(H)™" such that

> Re(i,w,N) <> Re(i,w, M) + €||w],
0 i

where ||w|| =" maxq w; 4.



Quantum randomization criterion

We may define

§(€,F) = infsup|la(pi) — aill

inf taken over all channels. It is easy to see that
0E,F) <2 = & F

The opposite is not true, even for positive o (Matsumoto)



Some special cases

The equivalence holds for
» abelian F (all o; commute)
> pairs of qubit states: dim(H) =dim(K)=2,n=2,¢=0
an equivalent condition is

llp1 — tp2|l1 > ||lo1 — toa|l1, t>0

not true for dim > 2 or n > 2
(Alberti and Uhlmann, 1981)



Quantum Blackwell theorem

Theorem (Buscemi, 2012)
(&, F)=0ifandonly if E ® & =§ F ® &, where

g®€0:(H®K7{pf®7—j7i:17"'7n7.j:17

span({7j,j = 1,...,d%}) = B(K).

.., d2Y)



Quantum decision spaces

Quantum decision space is a pair (D, W), where
» D is a Hilbert space, dim(D) < oo
» W:{1,...,n} — B(D)" loss function
» (D, W) is classical if W has commutative range

Let £ = (H,{pi,---,pn})
Quantum decision rule is a channel ¢ : B(H) — B(D)
Risk:

Re(i, W, ¢) = Tr W;¢(p;)



Quantum deficiency and randomization criterion

£ is quantum e-deficient w.r. to F, £ =, F, if:

for every quantum (D, W) and any channel ¢ : B(K) — B(D),
there is a channel ¢ : B(H) — B(D) such that

D Re(i, W, ) <> Rr(i, W, ¢) + | W],

W =22, Wil

Theorem (Matsumoto 2010)
E = F ifand only if

(€, F) = infmax |[a(pj) — aill1 < 2,
[ed i



Possible extensions

> positivity requirements for randomizations ( positive,
k-positive, entanglement-breaking,...)

> positivity requirements for decision rules

» decision problems for quantum operations: channels, combs,
other protocols



Positive cones, bases and norms

v

(V, P) real finite dim. ordered vector space,

v

(V*, P*) - dual space with dual cone

P*={p* e V* (p*,p)>0,Vpec P}

v

base of P: S C P compact convex and such that for any
O#£pe P, p=tb t>0,peS uniquely

all bases of P have the form

56:{p€P7<e7p>:1}

for some e € int(P*)

v



Base norm and order unit norm

Let S = S, be a base of P

» base norm
[vlls = inf{\ 4+ p,v = As; — usz, \, u > 0, 51,5 € S}
» order unit norm

IFI% = [flle = inf{\ >0, e+ f € P*}



Base sections and norms

» base section: B=7T NS, S abaseof P, T CV a subspace,
T Nint(P) # 0
» dual section: B ={be P*,(b,b)=1, Ybe B}

b
» B is a base section in P*, é =B

We define

O ={p1—p2, p1,P2 € P, pr+p2€ B}

Theorem
Og is the unit ball of a norm || - ||g in'V. The dual norm is || - ||5.



Properties

» If B=S a base of P, then | - ||g is the base norm.
» If B={b}, then b € int(P) and |||l =] - |lp is the order
unit norm.
> In general,
s =, _ginf L lxls= s s

S is a base of P

v

If x € P, ||x||g = supjg( b, x)



Discrimination of elements of base sections

» Suppose by, by € B are given and b € {b1, b} with prior
probabilities A\, 1 — A.

test (measurement): m: B — [0, 1] affine maps,

v

m : b — Prob{by is chosen }

v

given by m € P*, such that b— m € P* for some b € B and

m(b) = (m, b)

v

Bayes error probability:

E(m)=Xm,by)+ (1 =X\ {(b—m,by)

v

minimum Bayes error probability

min E(m) = %(1 — |IAby — (1 = A)bas)



Decision problems for elements of base sections
Let £E={b1,...,bp} C B, A\1,..., A, prior probabilities
» (D, w) (classical) decision space

» decision function (measurement): affine map m: B — P(D)
m : b — {probabilities of choosing d,d € D}

> deP*,dedEB

> Bayes risk:
E(m)=> \> wia(mg,b)
i d
> minimum Bayes risk
min E(m) = ||w|| — max(m, by ) = |w|| — [[bw |5,

Bp = {(b,...,b),b € B} is a base section in PIPI,
b, € PIDI.



States

v

Y =By(H) = {X =X* € B(H)} =V*, (X,Y)=Tr XY
P = B(H)* = P*

B=6(H) =S5,

IXllg = [IX]lx = Tr |X|

X1 = [IX]]

- lleo = 1111

v

v

v

v

v



The space of linear maps

>V =L(H,K)={¢: B(H) = B(K), 6(A") = ¢(A)"}
» Define s: L(H,H) — R,

s(9) =) (end(lei){el)e), &€ L(HH)

> V' = L(K, H),
(¥, 0) =s(¥od)=s(dov), ¢€L(HK), eLK,H)
(o1, ¢) = (1, ¢oa)



Quantum channels

v

P = CP(H, K) completely positive maps
C(H, K) the set of channels is a base section in P

v

the dual section is the set

v

S(K,H) = {B + (Tt B)o,o € G(H)}

» measurements: (Ho, p, M), p € S(H ® Hp), M a POVM in
B(K ® Hp)
mq(¢) = Tr Ma(¢ © id)(p)

the base section norm

v

[6llo = sup [[(¢ @ id)(p)l1

PES(H®H)

v

the dual norm || - ||°



Optimality of tests with max. entangled input state

Choi matrix: C(¢) = (¢ @ id) (| ){Vul),

|ty ) maximally entangled state

Theorem (AJ, 2013)

Let d1,P, € C(H, K) and consider the symmetric hypothesis
testing problem. Then there exists an optimal test
(H, |¥u ){¥u|, M) with max. entangled input state if and only if

TI‘K‘C(CD;[) — C(¢2)‘ ox |



Quantum experiments and randomizations ||

Let &€= (H,{p1,---,pn})
» cg-channel g7 : B(C") — B(H),

A Z Aiipi
i

» randomization: o € C(H, K),

cq
®oe)

=ao oy
> if & = (H,{pll,...,p;,}),

|57 — DTllo = sup [lpi — pillx
1



Quantum channels and post-processigs

v

Let ® € C(H, K)
» post-processing: ao ®, a € C(K, K')
for W € C(H, K'),

v

dpost (P, V) = igf |ovo ® — W,
» post-processing Le Cam distance

Apost(cby \U) = max{dpost(d), \U), 5post(w7 CD)}

v

for experiments

bpost(PZ7, ®F) = 6(E, F)



Post-processing decision problems

Let ® € C(H, K)
D a Hilbert space

v

v

decision rule: post-processing 1 o ®, 1 € C(K, D)
loss function: affine map C(H,D) — Rt =T € CP(D, H),

(D, T) post-processing decision space, classical if I' is a
cg-map

v

v

> risk

(Yod )= (), o)



Post-processing deficiency

Let ® € C(H,K), W € C(H,K'), e > 0.

Definition
Post-processing deficiency: ® =, W if for every D, loss function
e CP(D,H) and ¥’ € C(K', D), there is some ¢ € C(K, D),
such that

(pod, M) < (¢ oW,l)+e|l°

B(H) —2—~ B(K)




Post-processing randomization theorem

Theorem
Let ® € C(H,K), V € C(H,K'), € > 0. The following are
equivalent.

» o=V
» Forevery T € CP(K', H),

[Woll® <|[®ol|®+e|l°
» There is a channel o« € C(K, K') such that

oo ® — W, <2



Quantum statistical experiments

Theorem
Let £ = (H,{p1,-.-,pn}), F =(K,{o1,...,0n}). The following
are equivalent.

» £ EG,PJT:
» forany Wy,..., W, € B(K)"

1Pw 7P < [Pwellp + el W,

where y £(A) = 3 Tr (WiA)p;, [[WI| =325 [IWill
> there is some o € Cp(H, K) such that

sup [la(pi) — oills < 2¢
1



Classical post-processing deficiency

Classical post-processing deficiency ® =, 4 W: Restrict to classical
decision spaces (I is a cq-map)

Theorem
The following are equivalent.

> O ts,cl v
» for any finite sequence W1, ..., W, C B(H)™",

105 1 1° < 195 I1° + el 551°

» For any POVM My, ..., M, C B(K) there is a POVM
Ni,..., N, C B(H) such that

INod® — Mo Wi, < 2e¢



Classical and quantum post-processing deficiency

Theorem
Let ® € C(H,K), W € C(H,K).
> Foranye>0, & =, WV if and only if

P ® idyk Ee,cl VU ® idk:
» Let £ € C(Ho, K') be surjective. Then ® = W if and only if

PRE g VRE



Pre-processing deficiency

pre-processings: ® o 3, for some channel 5.
Let ® € C(H,K), V € C(H', K).

Definition
Pre-processing deficiency: ® =€ WV if for every D, loss function
e CP(K,D) and g’ € C(D, H), there is some 3 € C(D, H'), such
that
(dof, Ty < (Wop T)+elll°




Pre-processing randomization theorem

Theorem
Let ® € C(H,K), V € C(H',K), e > 0. The following are
equivalent.

> b=y
» Foreveryl € CP(K,H’),

IToW|® <|[Fod|+¢|r°
» There is a channel 3 € C(H', H) such that

|®of— WV, <2



Classical pre-processing deficiency

» (D,TI) is classical if [ is a gc-map.
» classical pre-processing deficiency: ® =< ¥
> &= Fiff €D F

sup inf |[W(og)—® < 2e
Ueg(Hl)pGG(H)II (0) = ®(p)lx

Theorem
» & -0V iffd®E Do VW E for some injective £ € C(H', Ko)
> & =V implies ® R £ O, V& E for any channel £
» ®®id O W id implies ® = W, for ' = e+ /e



Cleannes of POVMs (Buscemi et al. 2005)

Let M = (My,...,My,) be a POVM on H.

» A qc-channel

PN A Zﬁ(M,-A)\iWy

- 500 = 0%

» Let N=(Ny,...,N,) be a POVM on H, &7 =¢ &/ iff M is
post-processing cleaner than N

» Let N = (Ni,...,Nn) be a POVM on H’, then &7 =0 &7
iff M is pre-processing cleaner than N.



Randomization criterion for POVMs

Theorem
Let My,...,M, C B(H), N1,...,N, C B(H'). The following are
equivalent.

» M =N
» For every Wy,..., W, C B(H)*,

[Pmwll® < [[Pnwll® + e Py °
» there is some 3 € C(H', H) such that

D5 4y — O3 < 2¢



