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Effect algebras

An effect algebra is a system (E,0,1,®), where 0,1 € E are
constants, @ is a partial binary operation on E such that:
(E1) if a® b is defined, then b@® a is defined and a® b= b D a;

(E2) if a® b and (a® b) @ c are defined, then a® (b® ¢) is
defined and a® (b® c) =(a® b) ® c;

(E3) for every a € E there is unique @’ € E such that a® a’ = 1;
(E4) if a1 € E, then a=0.

Foulis & Bennett, 1994
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An effect algebra is a system (E,0,1,®), where 0,1 € E are
constants, @ is a partial binary operation on E such that:
(E1) if a® b is defined, then b@® a is defined and a® b= b D a;

(E2) if a® b and (a® b) @ c are defined, then a® (b® ¢) is
defined and a® (b® c) =(a® b) ® c;

(E3) for every a € E there is unique @’ € E such that a® a’ = 1;
(E4) if a1 € E, then a=0.

Partial order: a < b if there is some c € E, suchthat b=a® ¢

Foulis & Bennett, 1994
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Effect algebras

An algebraic model of the algebra of Hilbert space effects:
E € B(H), 0<EL]

which represent measurements on a quantum system in the Hilbert
space formalism

Fundamental questions:

» What are the properties that characterize the algebra of
Hilbert space effects?

» How to derive quantum theory from some basic operational
postulates?
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Basic concepts of an operational theory:
» S - set of states: preparations of the system
» & - set of effects: yes/no measurements on the system

» F:E xS —[0,1]: probability of outcome "yes

Convex structure on S and &: states/effects can be chosen at
random from a given finite set:

S = ZPiSi, a= Z pia;j
i i

€ is represented as a convex effect algebra.



Convex effect algebras

A convex effect algebra (or an effect module): an effect algebra
(E,0,1,®) with an EA-bimorphism

[0,1] x E — E, (A, @) — Aa,

such that
pu(Aa) = A(pa), la=a.



Convex effect algebras

A convex effect algebra (or an effect module): an effect algebra
(E,0,1,®) with an EA-bimorphism

[0,1] x E — E, (A, @) — Aa,

such that
pu(Aa) = A(pa), la=a.

Representation of CEA

Every convex effect algebra is affinely isomorphic to an inter-
val [0, u] in an ordered vector space (V, V') with an order
unit u.

Gudder & Pulmannova, 1998
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Let E be a convex effect algebra. Then a € E is

» sharp if a € E such that ana’ =0
» indecomposable if b < a implies that b = ta for some t € [0, 1]
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Contexts

Let E be a convex effect algebra. Then a € E is

» sharp if a € E such that ana’ =0
» indecomposable if b < a implies that b = ta for some t € [0, 1]

Let S1(E) be the set of sharp indecomposable elements in E.

A context is a finite set A= {a1,...,a,} € S1(E) such that

a1ad---Pa,=1
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Spectral effect algebras

Let E be a convex effect algebra.

Spectral decomposition of a € E:
a= a1 D ---®D lpan,

where {a1,...,ap} is a context in E, p1,...,un € [0,1].

Spectral effect algebra

A convex effect algebra (E,0,1,®) where any a € E has a
spectral decomposition.

Gudder, 2018




Basic examples
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specified as spectral effect algebra with a single context:
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Basic examples

Classical theory
Let Q = {w1,...,wp}, E={f:Q—[0,1]} (fuzzy events). E is

specified as spectral effect algebra with a single context:

a’(wj):5l_]7 i;j:].,...,n.

Quantum theory

Let H be a Hilbert space, dim(#) = n, E = £(H) - Hilbert space
effects. Then E is a spectral effect algebra with uncountably many
contexts having the same number of elements:

- sets {e1, ..., en} of orthogonal minimal projections
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The number of contexts in a spectral effect algebra

Question: (Gudder, 2018)
What is the possible number of contexts in a spectral effect
algebra?

Answer:
Either one or uncountably many:

» if there is more than one context, there are a, b € 5;(E) that
are not summable

each ¢y := Aa+ (1 — \)b, A € [0,1], has a spectral
decomposition in some context Cy

we show that if Cy = C, for some X # p, then a,b € C,,

v

v

v

a contradiction, since a, b are not summable

v

hence Cy # C, if X # p € [0,1] - uncountably many contexts.
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Further examples: effects over a convex set

» K strictly convex and smooth, then E(K) is spectral, each
context has two elements

> K={(x,y,2),2* < (= y?*)1 - x)?,x € [0, 1] ly| < x}

"triangular pillow”

E(K) is spectral, one context
having 3 elements and
uncountably many contexts
having 2 elements.

Alfsen & Shultz, 2003
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Constructions with spectral effect algebras

Let E1, Ey be spectral effect algebras.

Direct product:

E1 x E; ={(a1,a2),a1 € E1,a» € E}, with
> (a1,a2) © (b1, b2) = (a1 @ b1, 22 @ bo)
> )\(31, 32) = ()\31, )\32)

is a spectral effect algebra.

Direct sum:

EidE = {[()\31, (l — A)ag)]w, ay € E,ae B\ € [07 l]}, where
» ~ is determined by (1,0) ~ (0,1)
> is a convex effect algebra

but not spectral (unless E; or E is isomorphic to [0, 1])



A non-example: effects on the square

Let K = [0,1] x [0,1] C R?. Then
> E(K) = E([0,1]) @ £([0,1])
» E([0,1]) ~ E({0,1}) is classical, hence it is spectral
» it follows that E(K) is not spectral



A non-example: effects on the square

Let K = [0,1] x [0,1] C R?. Then
> E(K) = E([0,1]) @ £([0,1])
» E([0,1]) ~ E({0,1}) is classical, hence it is spectral
» it follows that E(K) is not spectral

1

E(K) has exactly 2 contexts
{31, 32} and {bl, bz}, inherited
from the two classical spectral ef-
fect algebras




Sharply determining state spaces

> state space of an effect algebra
S(E) = {EA morphisms E — [0,1]}

» if E is convex, all s € G(E) are affine

» sharply determining &(E): for any sharp e € E and a € E,

s(a) = 0 whenever s € G(E), s(e)=0 = a<e

Gudder, Pulmannovd, Bugajski, Beltrametti, 1999
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Let E be a spectral effect algebra, G(E) sharply determining.

v

sharp elements = extremal elements

v

the set of sharp elements is a subalgebra

sharp elements = a1 @ -+ - @ ag, a1,...,ak € S1(E)
E is sharply dominating:

over any element there is a smallest sharp element

v

v

v

the set of sharp elements is an orthomodular lattice



Sharply determining state spaces

Uniqueness of spectral decomposition:

Theorem

Let E be a spectral effect algebra, G(E) sharply determining. Let
a € E have spectral decompositions in contexts {a1,...,an} and
{b1,...,bm}:

a = @,I‘V:]_Ai (@Jajl) = @llyzluk (@Ib;(> )

A1> > AN >0, ur > >uy >0 Then N= M, \j = p;
and . '
@ja}:@/b;.



Thank you for your attention.



