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The surgery obstruction?

Recall

The group L,(R) is the cobordism group of n-dimensional quadratic
Poincaré complexes.

Question

How to associate such a complex with a degree one normal map without
doing preliminary surgery below middle dimension?

Idea
Use stable homotopy theory.

Remark

The idea goes back to Browder, see 1.4 in Surgery on simply-connected
manifolds.
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The suspension maps |

Question
What is the behaviour of the structures under suspension?

Problem

Given an n-dimensional symmetric complex (C, ¢),
is there an (n + 1)-dimensional symmetric complex S(C, ¢)
which corresponds to the geometric situation?

Geometry

Given an n-dimensional symmetric complex (C(X), ¢x[X]),
there is an (n + 1)-dimensional symmetric complex (C(XX), pxxX[X]).

Idea

Use products
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The suspension maps |l
Recall the 1-chain w € W™(/) alias w: 1 — W?"(I) from Talk 1.

Given ¢ € W%(C) we have p @ w € W»(C ® 1).
Consider the collapse map c: C® | — X C

Recall the homotopy invariance map
o, —Rw 0, 0, —X)— 0, C% 0,
W%(C) @ I =22 W(C) o W?(1) =25 W(C® 1) < W(XC)

It factors as
W*(C)® I — TW%(C) 2 W(£C)
The other products give the suspension maps:
S:TW%(C) » W”(£C)
S:EWe,(C) = Wo, (XC)
S:TW%(C) = W*(XC)
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Properties of the suspension maps |

Proposition

For every space X there exists a natural chain homotopy I x as follows:

£C(X) —E, (s c(x))

[

C(XX) —————— W(C(ZX))

Prx
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Properties of the suspension maps |

Proposition

For every space X there exists a natural chain homotopy I x as follows:

¥ C(X) —2) s c(x)

|~ e

C(EX) ——— WH(C(EX))

We have (recall cup products on suspensions):

(S@)s+1==%ps (p-1=0)
(5%0)5 = i¢s+1
(Se)s-i-l = ies

Tibor Macko (Uni-Bonn) Algebraic L-theory Il

GKSS THDM 2013 5/29




Properties of the suspension maps |l
Proposition
The suspension map

S:TW*(C) = W*(XC)

is a chain equivalence.

Proof.

Let
0= CL DS Dfimf—0

be a cofibration sequence. The failure of

C®C % Do D 228 D/imf ® D/imf

to be short exact is kere ® e/imf @ f # 0 which is coinduced. O]

v
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Properties of the suspension maps ll|

Corollary

We have a chain homotopy equivalence

W% (C) ~ hocolimy_sooE KW (ZC)

Proof.
Study

00— s W%(C) ————— 5 W*(C) ———— T We, (C) ———— 0
skl 5{ skl
00— S FW%(EFC) —— T WH(SKC) —— 1 We, (TKC) —— 0

and observe
hocolimy 0o~ ¥ We,(Z¥C) ~ 0

O]

v
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The quadratic construction |

Recall
We have the cofibration sequence

We, (C) —— W%(C) —— W%(C)
And we know

W?(C) ~ hocolimy_ee = KW? (T C)

Recipe for quadratic cooking

To construct a quadratic structure it is enough to construct a symmetric
structure and find a reason for its vanishing after some suspension.

Tibor Macko (Uni-Bonn) Algebraic L-theory Il GKSS THDM 2013 8 /29



The quadratic construction Il

Important: The symmetric construction x is natural with respect to
maps of spaces, but not with respect to arbitrary chain maps.

Consider F:XPX — ¥PY for some p >0
We have the equation

F% o psox — psoy o Fo =0
but when we consider the composition chain map
pag _ Fi _ >—F
f:C(X) =— X PC(XPX) = X PC(XPY) — C(Y)

then we may have
f%opx —pyof #0.
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The quadratic construction Il
Therefore:

Given a cycle [X] € Cp(X) we have a cycle

(F% 0 px — oy o F)X] € WH(C(Y))
such that

Sp(f% opx —py o f)[X]~
(F" o pxex — pxrey 0 F)XPIX] ~ 0 € W(C(ZPY))

Specifying the null-homotopy (recall the recipe for quadratic cooking)
produces the quadratic construction map

YE: Ha(X) = Qn(C(Y)).
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The quadratic construction IV

More details:
T PC(EPX) TPC(EPY)
\ /
C(X) —— C(Y)
|
WP(C(X))  w*(C(Y))
Y PW(C(ZPX)) T PW(C(ZPY))
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S-duality |

Question

Degree one normal map ~~ stable homotopy theory?

Idea
S-duality

Definition

Let X, Y be pointed spaces. A map a: S¥ — X A Y is an N-dimensional
S-duality map if the slant product maps

a([SVD\=: EON* = E(Y) and  a.([S)\—: C(Y)"* = E(X)

are chain equivalences. We say the spaces X, Y are S-dual.
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S-duality Il
Example

Let X be an n-dimensional geometric Poincaré complex with the
k-dimensional Spivak normal fibration vx : X — BSG(k). Then Th(vx) is
an (n+ k)-dimensional S-dual to X.

Proof.

Embed X C RN with the regular neighborhood X ¢ W c RN.
Consider the collapse p: SN — W /OW ~ Th(vx)
Take

W a WxW

.cN P -
a:S —>Th(1/X)_aW—> WX W

~ Th(vx) A X,

Then

a([S"D\= = (IX] N =) o (u(vx) N =): C"=*(Th(rx)) = C(X)

O

v,

Tibor Macko (Uni-Bonn) Algebraic L-theory Il GKSS THDM 2013 13 /29



S-duality I

Proposition

@ For every finite CW-complex X there exists an N-dimensional S-dual,
which we denote X*, for some large N > 1.

@ If X* is an N-dimensional S-dual of X then its reduced
suspension X X* is an (N + 1)-dimensional S-dual of X.

© For any space Z we have isomorphisms
S:[X,Z]=[SN,ZAX] v S(v)=(yAidy)oa,
S:[X*,Z]1=2[SN.XAZ] v— S(7)=(idxAy)oa.

Q@ Amapf:X — Y induces a map f*: Y* — X* for N large enough via
the isomorphism

(X, Y] =[SV, Y AX*]=[Y*, X
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The quadratic signature of a degree one normal map |

A degree one normal map (f, b): M — X of Poincaré complexes ~~
Th(b): Th(vpm) — Th(vx) ~
F:=Th(b)*:TkX, — <M,
The map F induces the Umkehr map
fl: C(X) > = kC(zkX,) & =k c(zkm,) — c(m)
The quadratic construction gives an n-dimensional quadratic structure

Ye([X]) € Qu(C(M))
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The quadratic signature of a degree one normal map Il
Consider the mapping cone C(f') with e: C(M) — C(f").

Definition /Proposition

The n-dimensional quadratic complex over Z[mr1(X)]

(C(F), evoe(1X1))

is Poincaré and defines the quadratic signature of (f, b)

sign‘*(f, b) € L,(Z[m1(X)])

Remark

The quadratic signature sign'* (f, b) coincides with the surgery
obstruction defined in Spiros’ lectures, but the proof is beyond the scope
of these lectures. See Ranicki, The algebraic theory of surgery IlI.

v
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Algebraic surgery |

Recall
The groups L,(R) are the cobordism group of n-dimensional quadratic
Poincaré complexes.

Question
How to show that these are the same as the groups defined via forms and
formations? )
Ideas
@ Use algebraic surgery to replace (C, ) by (C’,4’) with C" highly
connected.

@ Show that highly connected complexes correspond to
forms/formations and highly connected cobordisms of such complexes
yield the same equivalence relations as are those given by hyperbolic
forms/boundary formations.

v
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Algebraic surgery Il

We concentrate on the symmetric case, the quadratic case is analogous.
The starting data in geometric surgery is x: Sk x D"k < M.

The effect of the surgery on M along x is
M’ = (M . int(x)) U D¥F1 x gn—k-1
and the trace of the surgery is the cobordism
W =M x [0,1] U DK x D"k
between M and M'.

From the homotopy theoretic point of view we have that
MU, DKt~ W ~ M U, D"F
for some embedding y: D1 x S"7k=1 s M/,
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Algebraic surgery Il

Remember: M U, D¥*1 ~ W ~ M' U, D"~k

T1C(W, M) c(M) c(W, M)

rlc(w,MuM) c(w) c(W,Mu M)

rtc(w, M) C(M) c(wW, M)
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Algebraic surgery IV

Ideas
@ Cone:
C.(W,MUM) ~C(x*: C(M) = C(W,M))
@ Duality:
—N[W]: C"H (W, M) S C(W, M)
© Fiber:
C(M') ~ X 'C(inclo (=N [W]): C"1*(W, M) — C.(W, ML M))
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Algebraic surgery V

Let (C, ) be an n-dimensional symmetric Poincaré complex.

The starting data for an algebraic surgery on (C,¢) is an
(n + 1)-dimensional symmetric pair (f: C — D, (dp, ¢)).

The effect of the algebraic surgery on (C, ) along (f: C — D, (dp,¢)) is
the n-dimensional symmetric complex (C’, ¢') defined as follows:

The underlying chain complex is defined by
C'=371C(evi (09, ¢))

so that we have the diagram
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Algebraic surgery VI

>ﬁ
>\

-1 Dn+1 * C
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The Algebraic Thom Construction |

To define the structure ¢’ is harder.
We need the algebraic Thom construction and its reverse.
Let f: C — D be a chain map.

Question
C(f”) versus W”(C(f)) ?

Remark/Idea/Slogan
This is like cap products in (X, A) versus cap products in X/A.
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The Algebraic Thom Construction [l

We have a cofibration sequence of chain complexes
c—rsp—25¢(f)
v
jref>~0

which induces

WH(C) = WH(D) ——C(F%)
|
W (e(f)

O (0, ) > €7(30) + j7(i0) =: Sp/p.
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The Algebraic Thom Construction Il
Proposition

We have a homotopy equivalence

C(f) ~ W%(C(f)) Xc(hyee(r) D ® C(f)

Proof.
Apply Homgzz,1(W, —) to the diagram

C(f ® f)

|

*P— 5 C(f)@ D@ D®C()

C(f)®C(f) ——C(f)@C(f) ® C(f) ® C(f)
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The algebraic Thom construction 1V
An (n+ 1)-dimensional symmetric pair (f: C — D, (0, ¢)) gives:

Ccn—* 9" C(f)n+1—* e* Dn+1—* f* Cn+1—*

o (S,
evw)l eV/(&P,w)l Ly f)" lew(wm) }W)

N
C————D———C(f)——3C
and
W*%(C) — W%(D) — C(f*) 2% s w*(C) - SW%(D)
with

proj: W%(C(f)) XC(f)®C(f) D® C(f) — ZW%(C)
6o/, (60/@)o,evr((dp, ) — (@)
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Algebraic surgery VII
The cofibration sequence
C/ f_/> Dn+1—* ev;(dp,¢) C(f)

gives
W%(C') — WD) = e((F)%) 2 sw%(C') — EW% (D)
with
proj: C((f)%*) = W (C(f)) xc(rymsc(r) D™ @ C(F) — TW*(C')
Note
(30/%, (5p/9)o, €) € C((F)%)
Define
¢ =X proj(dp/¢, (5p/¢)o, ).
Finally get
Fr .
(C/ — Dn+1 9 (6SOI7 ()0/))
GKSS THOM 20132772



Algebraic surgery VIII

Proposition
Let (C, ) be an n-dimensional symmetric Poincaré complex and

let (C 5 D, (6, ¢)) be data for algebraic surgery
with the effect the n-dimensional symmetric Poincaré complex (C', ¢').
Then there exists a cobordism

(CoC' EE E, (bpe, p @ —¢))

between (C, ) and (C', ¢’).

Proposition

The equivalence relation generated by surgery and homotopy equivalence
is the same as the equivalence relation given by cobordism.
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The boundary

Definition /Proposition

Let (C, ) be an n-dimensional symmetric complex.

View it as an n-dimensional symmetric pair (0 — C, (0, ¢)).

Let (OC, Op) denote the effect of algebraic surgery on th
(n — 1)-dimensional symmetric Poincaré complex (0,0) along
(0= C,(0,9)).

Then (0C,0y) is an (n — 1)-dimensional symmetric Poincaré complex,
it is called the boundary of (C, ).

Note that 9C = ¥~ 1C(pp: C"~* — C).
There exists B € W”(C"~*) such that

(0C = ", (%, 9¢))

is an n-dimensional symmetric Poincaré pair.
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