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History
@ 1930's Franz, Reidemeister - classical lens spaces

@ 1960’'s Browder, Livesay, Lopez de Medrano, Petrie, Wall
- fake lens spaces N odd, N = 2.
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Classical lens spaces
Let Ne N, N>2, G=Zpy, V fd. (cplx) G-representation, free on V . 0
Denote LV = SV /G

27”kl

We know V = @7, V), V; = C, the G-action z+— z-e ~ , (k,N)=1
L(N, ki, ..., ky) =LV
7T1LV§ G, 7T,'LV 271’,'5\/ for i > 2

Letrp- k=1 (mod N)
The ZG-chain complex C.(SV) = (LV) is

0—76 L7646 L4 ... "L —o

where G =(T), Z=1+T +---+ TN-1
The Z-chain complex C.(LV) is

Tn-1 Tr2—-1

0—2z%z%z%72%...%7 .9
Ho(LV,Z) 2 Han_1(LV.,Z) = Z,
H2,',1(LV,Z) = G, Hgi(LV,Z) Z0for0<i<n
T T b



Proposition
The lens spaces L(N, kq, ..., kn) >~ L(N, ki,...,k}) if and only if

ky---knp=c"-ki-- k, mod N

for some ¢ € Zy,.

Notice L(N, ki,...,kn) ~ L(N, k,1,...,1) for some k € Z.
L(5,1,1) and L(5,2,1) are not ~

Proposition (Franz, Reidemeister)
The lens spaces L(N, ki, ..., kn) = L(N, kq,...,k}) if and only if

ki = +c - kc'r(,-) mod N for all i

for some permutation o on n letters and some c € Zy,.

L(7,1,1) ~ L(7,2,1), but they are not =
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Fake lens spaces

Definition
A fake lens space is a space L(«) obtained as the orbit space
L(a) = SV /a of a free action « of a finite cyclic group G = Zy on SV.

Denote L(0) the standard lens space L(N,1,...,1). For i € N let L(0) be
its /-skeleton.

Lemma (Wall)

For any fake lens space L(«) there is a homotopy equivalence
h: L(e) — L(0)>" 2 U, 21
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Proof.
L(a) —— K(G,1)

Ry

L(0)2n—1

There exists g: L(0)2"2 — L(a)s. t. f-g:L(0)2""2 — L(0)>" ! is the
inclusion. Also g is (2n — 2)-connected and s. t. m2,-1(g) = ZG.
Attaching a (single) cell kills m2,—1(g). O

V.

Definition

A polarization of LV is a pair (T, e), where (T) € G and e: L(a) = SV.
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Homotopy classification

Proposition (Wall)

For fixed N,n € N there are p(N) = |Zy| polarized homotopy types of
polarized fake lens spaces L(«) of dimension 2n — 1. For any polarized
fake lens space L(«) there is a polarized homotopy equivalence

L(e) — L(N, k,1,...,1).

Use the k-invariant kp,_oL(a) € H?>"(K(G,1),Z) = Zy.
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Simple homotopy classification

D", St = 5"t yg, SO, STt prt

(D", S™ 1), (8", 5"=2) are CW-pairs, X a CW-complex
q:5"' — X a cellular map

Y = X Ug D" the pushout

jiX=Y, drrY—-X,r-j=id, j-r~id

J is called an elementary expansion

r is called an elementary collapse

Definition

A map h: X — Y of CW-complexes is a simple homotopy equivalence if it
is homotopic to a composition of maps

X = X[0] o X[1] ™ X[1] — - — X[n— 1] 5 X[ = ¥

such that each h; is an elementary collapse or an elementary expansion.

Any homeomorphism is a simple homotopy equivalence.
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Whitehead torsion
Theorem

A homotopy equivalence h: X — Y between connected finite
CW-complexes X, Y with G = m1 X = m Y is a simple homotopy
equivalence if and only if 7(h) = 0 in Wh(G).

Here the Whitehead torsion 7(h) is a certain well-defined element in the
Whitehead group Wh(G) = K1(ZG)/(£G).

For G = Zy we have Wh(G) = ZG* /(£G).
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Whitehead torsion

Theorem

A homotopy equivalence h: X — Y between connected finite
CW-complexes X, Y with G = m1 X = m Y is a simple homotopy
equivalence if and only if 7(h) = 0 in Wh(G).

Here the Whitehead torsion 7(h) is a certain well-defined element in the
Whitehead group Wh(G) = K1(ZG)/(£G).

For G = Zy we have Wh(G) = ZG* /(£G).

Proposition (Wall)

For any polarized fake lens space L(«) there exists a polarized simple
homotopy equivalence

h: L(a) =% L(0)>"2 Uy 2L,

Recall from homotopy classification the map g: L(0)?"~2 — L(«) with
mon—1(g) = ZG. One can choose ¢ so that 7(h) = 0 in Wh(G).
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Reidemeister torsion

Definition

Let X be a finite CW -complex with G = m1 X and a:ZG — R a ring
homomorphism for some ring R such that C' = C.(X) ®z¢ R is acyclic.
Then the chain complex C’ represents an element A,(X) in Ki(R)/(£G)
called the Reidemeister torsion of X.

Theorem

If h: X — Y is a homotopy equivalence between finite connected
CW-complexes with G = mX =m1Y and a:ZG — R is a ring
homomorphism such that A,(X) and A,(Y') are defined then

a.(1(h)) = As(Y)/Aa(X) € Ki(R)/(£G).
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Reidemeister torsion of fake lens spaces

Recall G =Zyn =(T). Let Z=1+ T+ T2 ... TN"L,
We have 0 — (Z) — ZG — Rz — 0.

We have QG = Q(Z) ® QRg.

We have C.(L(a)) ®z6 QRg is acyclic.

Hence A(L(a)) € Ki(QRg)/(£G) = QR6™/(£G)

We have C, (L( )

DY 7624726 75 ... 725726 £ 726 — 0

00— ZG
where U € ZG maps to u € R}.
We have C*(Lf(\o:)) ®z6 QR

0— QRe VY 0Re & QR =25 -+ T=4 QRe % QRg — 0

A(L(e)) = (T —=1)" v € QR /(£G)
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Simple homotopy classification of fake lens spaces

Theorem (Wall)

For a fixed N, n € N there is a one-to one correspondence between the
polarized simple homotopy types of polarized fake lens spaces L(«) of
dimension 2n — 1 and w1 L(o) = G = Zy and the units u € R} /(£G).
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Homeomorphism classification
S§%(X) = the simple structure set of a closed manifold X:

o elements are represented by (M, f), f: M =%
o (M, f) ~ (M, f') if there exists h: M = M’ such that f - h ~ f’
DIFF, PL, TOP version. In TOP version, S*(X) is an abelian group.
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Homeomorphism classification
S§%(X) = the simple structure set of a closed manifold X:

o elements are represented by (M, f), f: M =% X

o (M, f)~ (M, f) if there exists h: M = M’ such that f - h~ '
DIFF, PL, TOP version. In TOP version, S*(X) is an abelian group.
Theorem (Wall and others)

e If N is odd, S*(L()) = F, free abelian group of rank (N —1)/2.

o IfN =2K S5(L(a)) = F@ T, F free ab. group, rank N/2 (n even),
(N —2)/2 (nis odd), and T is a 2-primary torsion group.

Calculation (Wall and others, M.)

For the group T above we have:
TZTy® Ty, TyC @zZIZN, T, = @i:1Z2, a= |_(n = 1)/2J.

The order of Ty is N?/X where X < (N/4)(N/4).

v
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The surgery exact sequence

How to calculate S°(X)?

The surgery exact sequence for X (dim(X) = n > 5)
- Np(X x 1) % L544(6) 5 S5(X) - N(X) 2 L3(G)

Nj3(X) = normal invariants (generalized cohomology theory)
(f,b): (M, 0M) — (X,0X) of deg 1, b:vy — vx, (f,b)|gis a =.
(f,b) ~ (f', b') if there is a bordism between them

L*(G) = the surgery obstruction group, where G = m1(X) (algebra)

0: Let (f,b): (M,0M) — (X, 0X) represent an element in Ny(X)
(f,b) ~(f',b)rel Ost. flisa~s < 6(f,b)=0€ L,(G),n>5
0: Let x € Lp11(G). There 3 (F,B): W — X x I deg. 1 normal map
s.t. O(F,B) = x, 0o(F,B) = (id,id), d1(F, B) = (f, b), with f a ~;
f:01W = X represents an element in S5(X). Let 9(x) = (LW, f).
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Normal invariants

We have

N(L(a)) = P H*(L(0): Zz)) & D H**(L(a): Z2) & KO[5 1(L())

k>1 k>1
Hence if N is odd
N(L(0)) = KOLZJ(L()  AHSS: H*(L{a); KOL]) = KO[](L(a))
It is a torsion group of order N@ where a = |(n—1)/2].
Hence if N = 2K
L(n 1/2] /2]

a)) = @ H*(L(a); Zy) P H*?(L(a) @ ZN@@ Zo

k>1 k>1
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L-theory

For any G we have L;(G) = L} 4(G)
5,(G) is a Witt group of non-sing. (—1)"-quadratic forms over ZG

x € L3,(G) ~ A\:Hx H— Z a G-invariant (—1)"-sym. bilin. form,
H is a f.g. free based ZG-module, A(gx, gy) = A(x,y), g € G

~+ Ac:He x Ho — C

~ Sign(Ac) = [HE] — [He] € R(G), the complex representation ring.

~ G-sign: L3,(G) — R(G)

cplx conjugation ~ (£1)-eigenspaces RFV(G) = {x € R(G) | x = £x}
G-sign: L3, (G)[1/2] = 4RC-V"(G)

For G = Zy we have R(G) = ®Z ® ®Z[Z>] = (type |) @ (type II)

and 15, (G) =%, &%, &%y
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For G = Zy we have

WG =E XXy

where

0 nodd
rank(¥X;) = q1 neven, Nodd rank(¥y,)= {

2 neven, N even

(N—-1)/2 Nodd
(N—2)/2 N even

and

0 n even
Xy =
Z> nodd

L5(G) = L3(1) ® L3(G)
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The surgery exact sequence for fake lens spaces

If N =1 we have L$(1) =17, 0, Z, 0
If N is odd we have L3(G)=Z®%,0,Z, d L, 0

If Nis even we have L(G) =ZSZ B %, 0, Zr L, Zo
where ¥ = Z,,.
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The surgery exact sequence for fake lens spaces

If N =1 we have L}(1) =2, 0, Z, 0
If N is odd we have L3(G)=Z®%,0,Z, d L, 0

If Nis even we have L(G) =ZSZ B %, 0, Zr L, Zo
where ¥ = Z”.

CNo(L(a) x 1) B 13,(6) & 8°(L(0) L N(L(a)) & 15,.4(6)

Denote N (L(a)) = ker(N(L(a)) — L5, 1(G))
We have NV (L(«)) = N(L(«)) unless n and N are even.
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The surgery exact sequence for fake lens spaces

If N =1 we have L}(1) =2, 0, Z, 0
If N is odd we have L3(G)=Z®%,0,Z, d L, 0

If Nis even we have L(G) =ZSZ B %, 0, Zr L, Zo
where ¥ = Z”.

CNo(L(a) x 1) B 13,(6) & 8°(L(0) L N(L(a)) & 15,.4(6)

Denote N (L(a)) = ker(N(L(a)) — L5, 1(G))
We have NV (L(«)) = N(L(«)) unless n and N are even.

Hence we have

No(L(a) x 1) 5 13,(6) & (L)) & N(L(a)) — 0
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Definition of the p-invariant
G a finite group, 3: G ~ Y?", then G-sign(Y) € RED"(G).
Proposition (Atiyah-Singer,Wall)

If'Y is a closed manifold and (3 is free, then G-sign(Y) = m - Z where
m € Z and Z is the regular representation.

If Y smooth use ASGIT, if Y top use cobordism theory.

Proposition (Conner-Floyd)

Let : G ~ X?"~1 pe free. Then3 3: G ~ Y?" free and k € N, such that
oY = k- X.

V.

Definition
Let X271 have m X = G. Define

p(X) = 1 G-sign(¥) € QRCV'(6)/Q(2)

where X = k-0Y, mY = G.
V.
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p-invariant properties

If G = Zy then R(G) = ZG, R; = R(G)/(Z).

1. p(X) is an h-cobordism invariant

p:S°(L(e)) L CCN QRgl)n is a homomorphism

2. We have a commutative diagram

3n(6) —— S*(L(a))

o |

—1)" (=1)"
4RCV(G) —— QR
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p-invariant properties

If G = Zy then R(G) = ZG, R; = R(G)/(Z).

1. p(X) is an h-cobordism invariant

p:S°(L(e)) L CCN QRgl)n is a homomorphism

2. We have a commutative diagram

[5,(G) — L3,(G) —— S*(L())

Ce

—-1)" _1)n —-1)"
4REY" —— 4RCD(6) —— QRLY
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p-invariant properties

If G = Zy then R(G) = ZG, R; = R(G)/(Z).
1. p(X) is an h-cobordism invariant
p:S°(L(w)) P)plll), QRgl)n is a homomorphism

2. We have a commutative diagram

[5,(G) — L3,(G) —— S*(L())

Ce

—-1)" _1)n —-1)"
4REY" —— 4RCD(6) —— QRLY

The composition Z;n(G) — QR(E_U" is injective.
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The surgery exact sequence revisited

?——13,(6) —— S*(L(a)) ——— N(L(a)) ———0
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The surgery exact sequence revisited

0——13,(G) — S*(L(a)) ———— N(L(a)) ——0
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The surgery exact sequence revisited

0——13,(G) — S*(L(a)) ———— N(L(a)) ——0

ElG—sign lﬁ

(=" (="
0— 4Ra — (@Ra
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The surgery exact sequence revisited

0——13,(G) — S*(L(a)) ———— N(L(a)) ——0

EJG—sign lﬁ 7l[ﬁ]

0——4RCY —— @RUY —— @RUY"4REY —— 0

Strategies:
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The surgery exact sequence revisited

0——15,(G) —— S*(L(a)) ——— N(L(a)) ——0
QJG—sign Jﬁ 7l[ﬁ]
0——4RCY —— @RUY —— @RUY"4REY —— 0

Strategies:
o If [p] is injective, then S5(L()) = F = L5, (G)
o If [)] =0, then S5(L(a)) = F® T = 15,(G) & N(L(a))
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The surgery exact sequence revisited

/ T
0——13,(6) — &*(L(a)) ——— N (L(a)) —0
EJG—sign lﬁ 7l[ﬁ]
0——4RCY —— QRUY —— @RUY /4REY" 0

Strategies:
o If [p] is injective, then S5(L()) = F = L5, (G)
o If [)] =0, then S5(L(a)) = F® T = 15,(G) & N(L(a))
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The surgery exact sequence revisited

/ T
0——13,(6) —— &*(L() ——— N(L(a)) ———0
EJG—sign Jﬁ 7l[ﬁ]
0——4RCY —— QRUY —— @RUY /4REY" 0
Strategies:

o If [p] is injective, then S5(L()) = F = L5, (G)

o If [)] =0, then S5(L(a)) = F® T = 15,(G) & N(L(a))

o T = ker([p]), then S5(L(c)) = F& T, F = [5,(G). Find T!
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Results

Theorem (Wall)
If N is odd then the map [p] is injective, hence S°(L(a)) = Z;n(G) J

If N = 2K then N(L(a)) = ®3_,Zn ® ®2_,Zs, where a = |(n—1)/2].
We have ©}_;Z> C T. Further

[0): ®3-y Zn — efyZy < QRE Y /arCY'

where A= (N —1)/2 or N/2. Clearly Ty has order at least N?/NA.
Calculation
If N = 2K then the order of Ty is at least N?/X, where X = (N /4)N/4. J

If N =4 then the order of Ty is N°.
If N = 8 then the order of Ty is N?/2.
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Tools - more properties of the p-invariant

1 p(L(@) * (@) = p(L(a)) - p(L(e))
2. p(L(N, k)) = (%) € QRg, where G = (1).

Note (1 —t)~% = (—1/N)- (1 + 2t +3t2 +--- + NtV71),
3. Suppose 11 X2""1 = G, and 33:G ~ Y21, 9Y = X. Then

p(X):g— p(g,X) = G-sign(g, Y) — L(g, Y) € C

where L(g, Y) is the "right-hand side” in the ASGIT. When X = L(«) can
choose Y = DV.

When N is odd, the proof is by induction. One can calculate the
p-invariant for classical lens spaces, which exhaust the normal invariants in
a low-dimensional case. Then one uses the action of the L3,(G) and the
join to produce enough fake lens spaces in higher dimensions.
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4. The p-invariant can be defined for a: G ~ X271 free, where G is a
cpct Lie group (G = S1).

p(X):t— p(t,X) e CforteSt
Let h: Q = PV € 85(PV) ~ a: ~ Q = SV free. Wall gives the formula

p(h) = p(t, é) —p(t,SV) = 2854;((7‘”_2" )
k

where f = % adn s, € Z are the normal invariants of
h:Q 5PV eN(PV)=ai_Zodd_ 7.
Further S5(PV) — N (PV) — N(L(0)) is (almost) surjective.

The formula above is natural for G < S1. Hence we obtain a formula for
[p] in terms of ry € N(L(0)) = ®3_1Zn D ®F_1Zo.

The formula can be used to test when does [p] equal 0.
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Summary

The invarinats of fake lens spaces are: polarization, Reidemeister torsion,
p-invariant if N is odd. If N = 2K then we also need normal invariants.

More problems: study the join map, fibering over complex projective
spaces, the structure sets S5(L(a) x D).
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