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Preface

The probability theory and classical measure theory are based on sigma-additivity, re-
flecting genuine properties of the related objects such as areas and volumes. Humani-
ties, economics and related sciences focus on interaction which cannot be modelled by
(sigma-)additivity and thus require several generalizations of probability (measure) and
related mean values (integrals). While the standard mean values deal with the standard
multiplication (this is forced by the distributivity with respect to the addition necessary
for a sound definition of the Lebesgue-Stieltjes integral), this is no longer the case when
the (sigma-)additivity of measures is relaxed or modified. Therefore the study of inte-
grals based on commutative associative functions on the unit interval is indispensable for
development of generalized theory of probability.

The introduction of statistical metric spaces (probabilistic metric spaces as they are
called today) by Menger in [54] and exploration of related concepts has initiated a deep
study of triangular norms and related operations on [0, 1]. In particular, commutative and
associative binary functions on [0, 1], including t-norms, t-conorms, uninorms, nullnorms
and other special functions were considered and applied in many theoretical and applied
fields, for example in probability, statistic, many-valued logic, decision theory, artificial
intelligence, neural networks, image processing, data fusion, however, also in economics,
social sciences, and many others.

Due to the associativity, t-norms can be comprehended as special semigroups on the
unit interval (special topological semigroups called I-semigroups in the case of continuity)
or ring operations. With 1 as the neutral element, considering the 2-monotonicity (n-
monotonicity), we come to binary (n-ary) copulas, which serve as a tool for modeling
the stochastic dependence of random vectors, in particular, they model the links between
1-dimensional marginal distributions and join distributions.

Although the majority of applications focused on continuous t-norms and their dual
t-conorms because of their easy characterization, the researchers soon realized that relax-
ation or the replacement of some axioms can enhance their performance in real-life appli-
cations. This led to several generalizations as for example non-continuous t-norms, semi

t-operators, pseudo-t-norms, quasi-copulas, semicopulas and overlap functions, among



others. Relaxation of the monotonicity yielded concepts of directional and weak mono-
tonicity and replacement of the unit interval, which is a bounded chain, by more general
structures yielded t-norms on bounded posets and bounded lattices.

Generalization of the position of the neutral element or the annihilator of a t-norm
yielded the definition of uninorms and nullnorms [17, 82]. Since these operations behave
differently below and above the neutral element (annihilator) it was soon observed that
they can be used in bipolar aggregation, or bipolar many-valued logic [84]. In fact,
uninorms and nullnorms can be taken as bipolar t-norms and t-conorms [56]. From an
algebraic point of view, proper uninorms are the only binary operations * on [0, 1] which
make the structures ([0, 1], max, ) and ([0, 1], min, x) distributive commutative semi-rings
(see [32]).

Recently, the concept which brings together uninorms and nullnorms — n-uninorms —
was introduced by Prabhakar Akella [5]. This concept on one hand generalizes uninorms
in such a way that the global neutral element is replaced by n local neutral elements. On
the other hand, this concept shares the same idea with the ordinal sum of t-norms (t-
conorms), where on distinct subareas of the unit square the t-norm can behave differently,
i.e., on each such area a different t-norm can be applied. The same can be observed in the
case of n-uninorms, where on distinct subareas of the unit square different uninorms can
be applied. Similarly, we can relate n-uninorms to the idea of k-ary capacities introduced
by Grabisch and Labreuche, which are based on reference levels of interest for scores [33].

The investigation of functions mentioned above contribute to the development of gen-
eralized theory of probability, where for weakening or modifying the properties of proba-
bility we need to introduce integrals based exactly on functions studied in this doctoral
dissertation. First approaches to non-additive measures and integrals were proposed and
studied for example in [61, 77]. Integrals based on uninorms were proposed for example
in [40].

A major part of my research in the last decade was focused on a deep study of uninorms

and n-uninorms, and my main results are summarized in this thesis.
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Objectives

The aim of this work is to offer a complete characterization of uninorms and n-uninorms
with continuous underlying functions and, particularly, to study their continuity on the
whole unit square and their decomposition into irreducible sets via the ordinal sum (z-

ordinal sum) construction. Therefore the objectives of this thesis are the following:

e Define the ordinal sum construction for uninorms.
e Study semigroups that yield a uninorm via the ordinal sum construction.

e Show one-to-one correspondence between idempotent uninorms and special linear

orders on the unit interval.

e Define a characterizing set-valued function of a uninorm with continuous underlying
functions and show its relation to the set of points of discontinuity of the given

uninorm.

e Show that each uninorm with continuous underlying functions can be expressed
as an ordinal sum of semigroups related to continuous Archimedean t-norms, t-

conorms, representable uninorms and idempotent semigroups.
e Define a z-ordinal sum construction for partially ordered index sets.

e Show one-to-one correspondence between idempotent n-uninorms and special partial

orders on the unit interval.

e Define characterizing (set-valued) functions of an n-uninorm with continuous un-
derlying functions and show their relation to the set of points of discontinuity of the

given n-uninorm.

e Show that each n-uninorm with continuous underlying functions can be expressed
as a z-ordinal sum of semigroups related to continuous Archimedean t-norms, t-

conorms, representable uninorms and idempotent semigroups.



The thesis consists of 11 research papers, divided into two chapters: the first dedicated
to uninorms with continuous underlying functions and the second dedicated to n-uninorms
with continuous underlying functions. In Part I below, we give a brief overview of the

content of the corresponding works and possibilities of further research. The papers can
be found in Part II.
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Chapter 1
Basic notions and results

In this work we want to extend the characterization known for continuous t-norms and
t-conorms to uninorms and n-uninorms with continuous underlying functions. There-
fore we first recall the most important results on continuous t-norms. The history of
t-norms, an overview of their properties, connection to other aggregations functions, ba-
sic applications, relevant literature and many other related results can be found in the
two monographs [8, 39].

A triangular norm is a binary function T: [0,1]* — [0,1] which is commutative,
associative, non-decreasing in both variables and 1 is its neutral element. Due to the
associativity, n-ary form of any t-norm is uniquely given and thus it can be extended
[0,1]™ (see [34]). Dual functions to t-norms

are t-conorms. A triangular conorm is a binary function S: [0,1]> — [0,1] which is

to an aggregation function working on (J,,cy
commutative, associative, non-decreasing in both variables and 0 is its neutral element.
The duality between t-norms and t-conorms is expressed by the fact that from any t-norm

T we can obtain its dual t-conorm S by the equation
S(z,y)=1-T(1—z,1—1y)

and vice-versa. Linear transformation of a t-norm (t-conorm) to a non-trivial interval
[a,b], for a,b € R is called a t-norm (t-conorm) on [a, b]” . Moreover, a t-norm (t-conorm)
T (S) is called Archimedean if for every x,y € |0, 1] there exists n € N such that asg,?) <y,
(x(sn) > y), where xgpo) =1 and mg,?) = T(x,ng—l)) for all n € N (and similarly for 5).

As we will see later, ordinal sum of t-norms, t-conorms, uninorms and the z-ordinal
sum construction are all based on the following fundamental result of Clifford [19]. We

introduce this result as formulated in [39)].

Theorem 1.1.1
Let A # () be a totally ordered set and (Gy)aca with G, = (X4, %) be a family of
semigroups. Assume that for all o, € A with a < 3 the sets X, and Xz are either

15
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disjoint or that X, N Xz = {4}, where x,p is both the neutral element of G, and the
annihilator of Gz and where for each v € A with a < v < 8 we have X, = {z,3}. Put
X = |J X, and define the binary operation * on X by

acA

Txy If (x,y) € Xy X X,
TRy =< 1 if (z,y) € Xo x Xg and a < 3,
y if (z,y) € Xo x Xp and a > f5.

Then G = (X, %) is a semigroup. The semigroup G is commutative if and only if for each

a € A the semigroup G, is commutative.

Remark 1.1.2

As we see in the previous theorem, the ordinal sum construction assumes that the index
set A is totally (linearly) ordered and therefore if we say that semigroups G, for o € A
are ordered we are speaking about the order defined on the index set A. Then, if for some
a,f € A we have X, # Xp and x xy = x for all v € X, and all y € Xp, necessarily
a < B.

Vice versa, given a commutative, associative function F: [0,1]> — [0,1] assume
that there exists an index set A and semigroups (Go)aca With G, = (X,, F|x,), where
Flx,: X2 — X, is the restriction of F' to X, such that [0,1] = |, Xa, and for
a, € A the sets X, and Xp are either disjoint, or X, N X3 = {xas}, and X, # X3
whenever a # (3. We define a partial order on A by a <4 B for o, € A if either
a = f, or F(z,y) =« for all v € X, and all y € Xp. Then <, is evidently reflexive,
the antisymmetry of <4 follows from the commutativity of F' and the fact that X, # Xz
whenever o # 3, and the transitivity of <, follows from the associativity of F. In the
case when <, is a total (linear) order it is easy to check that ([0, 1], F') is an ordinal sum
of (Gy)aca With respect to order <y .

Therefore, in order to show that F' is an ordinal sum of semigroups (Gg)aca it Is

enough to show that these semigroups are totally ordered by the order <, defined above.

The ordinal sum construction for t-norms and t-conorms is given as follows [48].

Proposition 1.1.3

Let K be a finite or countably infinite index set and let (Ja, bx|)kex

((Jer, di])ker ) be a system of open, disjoint subintervals of [0,1]. Let (Tx)rex ((Sk)rex)
be a system of t-norms (t-conorms). Then the ordinal sum T = ({ay, by, Tx) | k € K)
(S = ({ck,dk, S) | k € K)) given by

a+b_a T x_ak7y_ak lf :L‘y €a7b 27
T(x,y) = K+ (br k) k(bk—ak bk—ak) (x,y) € |ak, by[

min(z, y) else
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and

cp + (di — ) Sp(Z=5, 2=y if (2,y) € |og, di)?,
S(l’,y) — dg—cy? dg—cy

max(z,y) else
is a t-norm (t-conorm). The t-norm T (t-conorm S) is continuous if and only if all

summands Ty, (Sy) for k € K are continuous.

We see that semigroups in the ordinal sum of t-norms are for £ € K given by
Gr = ([ag, bg|, 1)), where T} is a linear transformation of the t-norm T}, to the inter-
val [ag,by] (restricted to [ay,bg[) and the remainder of the unit square is filled by the
minimum. Here we can observe two facts. At first, an ordinal sum of t-norms is in
fact an ordinal sum of semigroups Gy and the trivial semigroups G, = ({z},Id), where
z € [0,1] \ Upeg lar, bi[ and Id: {}> — {x} is the unique operation which can be
defined on a trivial semigroup given by Id(x,z) = x. On the other hand, the linear trans-
formation between [0, 1] and [ag, bg] is an increasing isomorphism and thus it preserves the
commutativity, the associativity, the monotonicity as well as the location of the neutral
element (e = 0, or e = 1, or e € ]0,1[). Moreover, this linear transformation is also a
homeomorphism and thus it preserves the continuity of a t-norm (t-conorm).

The characterization of all continuous t-norms (t-conorms) is based on two construc-
tions [48]. The first result shows that each continuous t-norm (t-conorm) is equal to an
ordinal sum of continuous Archimedean t-norms (t-conorms). Note that a continuous
t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent points 0
and 1. The second result shows that each continuous Archimedean t-norm (t-conorm) has

a continuous additive generator.

Proposition 1.1.4

Lett: [0,1] — [0, 00] (s: [0, 1] — [0, 00]) be a continuous strictly decreasing (increasing)
function such that t(1) = 0 (s(0) = 0). Then the binary operation T: [0,1]> — [0, 1]
(S:[0,1]> — [0,1]) given by

T(z,y) =t~ (min(t(0), t(z) + t(y)))

S(z,y) = s~ (min(s(1), s(z) + s(y)))

is a continuous Archimedean t-norm (t-conorm). The function t (s) is called an additive
generator of T' (S).

An additive generator of a continuous t-norm 7" (t-conorm ) is uniquely determined
up to a positive multiplicative constant. A continuous Archimedean t-norm 7" (t-conorm
S) is either strict, i.e., strictly increasing on ]0,1]* (on [0,1[%), or nilpotent, i.e., there
exists (z,y) € ]0,1[* such that T'(x,y) = 0 (S(z,y) = 1). For an additive generator ¢ of a
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strict t-norm there is ¢(0) = 400, and for an additive generator f of a nilpotent t-norm
there is f(0) < +o0.

If we relax the condition of the neutral element we obtain the notion of a triangular
subnorm [37]. A t-subnorm is a binary function M: [0,1]*> — [0,1] which is commu-
tative, associative, non-decreasing in both variables and bounded by the minimum from
above, i.e., M(x,y) < min(z,y) for all x,y € [0,1]. Evidently, each t-norm is also a t-
subnorm. The dual operation to a t-subnorm is a t-superconorm which is a binary function
R: [0,1]*> — [0, 1] that is commutative, associative, non-decreasing in both variables and
bounded by the maximum from below, i.e., R(z,y) > max(z,y) for all z,y € [0, 1]. More
details on t-norms and t-conorms can be found in [8, 39].

The neutral element of a t-norm (t-conorm) is in the point 1 (0). Generalization of
the position of the neutral element yields a uninorm introduced in [82]. A uninorm is a
binary function U: [0,1]*> — [0, 1] which is commutative, associative, non-decreasing in
both variables and has a neutral element e € ]0, 1] (see also [30]). If we take uninorm in a
broader sense, i.e., if for a neutral element we have e € [0, 1], then the class of uninorms
covers also the class of t-norms and the class of t-conorms. In order the stress that we
assume a uninorm with e € ]0, 1[ we will call such a uninorm proper. For each uninorm the
value U(1,0) € {0, 1} is the annihilator of U. A uninorm is called conjunctive (disjunctive)
if U(1,0) =0 (U(1,0) = 1).

For each uninorm U with the neutral element e € ]0, 1], the restriction of U to [0, e]?
is a t-norm on [0, 6]2 , i.e., a linear transformation of some t-norm Ty on [0, 1]> and the
restriction of U to [e,1]” is a t-conorm on [e,1]°, i.e., a linear transformation of some t-
conorm Sy. The t-norm Ty and a the t-conorm Sy are called the underlying functions of
the uninorm U. In the case that for a uninorm U we have e = 1 (e = 0) then its underlying
t-norm (t-conorm) is just U and its underlying t-conorm (t-norm) is degenerated to a
trivial binary operation on a single point 1 (0). We will denote the set of uninorms with
continuous underlying functions by U. Moreover, min(x,y) < U(z,y) < max(z,y) for all
(z,y) €10,¢e] x [e,1] U [e, 1] x [0,¢].

From any pair of a t-norm and a t-conorm we can construct the minimal and the

maximal uninorm with the given underlying functions (see [47]).

Proposition 1.1.5
Let T: [0,1]* — [0,1] be a t-norm and S: [0,1]> — [0,1] a t-conorm and assume
e €]0,1[. Then the two functions Upin, Umax: [0, 1]> — [0, 1] given by

e-T(%,Y) if (z,y) € [0, e[,
Unin(7,y) = S e+ (1 —e) - S(2=¢,¥=¢) if (x,7) € e, 1]2 ,
(

z,y) otherwise
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and
B'T(f,%) lf(l',y) € [076]27
Unax(,9) = { e+ (1 — ) - S(2=2,4=2) if (x,y) € Je, 1]°,
max(x,y) otherwise

are proper uninorms. We will denote the set of all uninorms of the first type by Uy, and

of the second type by Upax.-
A uninorm U: [0,1]? — [0, 1] is called
o internal if U(x,y) € {x,y} for all (z,y) € [0,1]?,
e d-internal if it is internal and there exists a continuous and strictly decreasing

function gy : [0, 1] — [0, 1] such that U(z,y) = min(z,y) ify < gy(z) and U(z,y) =
max(z,y) if y > gu (),

e locally internal on A(e) if U is internal on A(e) = [0,¢] x [e,1] U [e, 1] x [0, €],

e idempotent if U(x,z) = x for all z € [0, 1].

Observe that if a uninorm U is internal then it is also idempotent and vice-versa.
For example all uninorms from Uy, U Unax are locally internal on A(e).

The characterization of idempotent uninorms was given in [67].

Theorem 1.1.6

Let U: [0,1]> — [0,1] be a binary function. Then U is an idempotent uninorm with the
neutral element e € 10, 1] if and only if there exists a non-increasing function g: [0, 1] —
[0, 1], which is Id-symmetric, with g(e) = e, such that

min(z,y) ify < g(z) or (y = g(x) and z < g(g(z))),
U(z,y) = § max(x,y) ify > g(z) or (y = g(z) and z > g(g(x))),
x ory if y = g(v) and x = g(g(z)),

being commutative in the points (x,y) such that y = g(z) with z = g(g(x)).

Similarly as in the case of t-norms and t-conorms we can construct uninorms using

additive generators (see [30]).

Proposition 1.1.7
Let f:]0,1] — [—o00,00], f(0) = —o0, f(1) = oo be a continuous strictly increasing
function. Then the binary function U: [0,1]*> — [0,1] given by

Uz,y) = f(f(x) + f(y)),
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where f~!: [—00,00] — [0,1] is an inverse function to f, with the convention oo +
(—o0) = 00 (00 + (—o0) = —o0) is a uninorm, which will be called a representable

uninorm. The unique point e € |0, 1] such that f(e) = 0 is then the neutral point of U.

Note that if we relax the monotonicity of the additive generator then the neutral
element will be lost and by relaxing the condition f(0) = —oo, f(1) = oo the associativity
will be lost (if f(0) < 0 and f(1) > 0). In [66] (see also [56]) we can find the following
result.

Proposition 1.1.8
Let U: [0,1]*> — [0, 1] be a uninorm. Then U is representable if and only if it is continuous
on 0,12\ {(0, 1), (1,0)}.

This result completely characterizes the set of representable uninorms.

Further results on uninorms with continuous underlying functions offer the characteri-
zations of uninorms with continuous Archimedean underlying functions (see [31, 50, 44, 64]
and [68] for the discrete case), uninorms with underlying functions given as ordinal sums
(see [23]) and uninorms with continuous underlying functions that are locally internal
in A(e) (see [25]). In this work we will generalize these results for any uninorm with
continuous underlying functions.

If we generalize the position of the annihilator of a t-norm (t-conorm) we obtain the
following definition of a nullnorm [17]. Note that t-operators were independently defined
in [53] and in [52] it was shown that t-operators and nullnorms coincide.

A binary function V: [0,1]* — [0, 1] is called a nullnorm if it is commutative, asso-
ciative, non-decreasing in each variable and there exists a z € [0, 1] such that V' (0,z) = x
for all z < z and V(1,2) = z for all > z. The monotonicity then implies that z is the
annihilator of V.

If 2z=0(z =1) then V is a t-norm (t-conorm). Observe that for a commutative,
associative and non-decreasing function F': [0, 1> — [0, 1], with £(0,0) = 0, F(1,1) = 1,
the value F'(0,1) is always an annihilator of F. Thus for a nullnorm z = V/(0,1). In [17]
the following result was shown.

Theorem 1.1.9
Let z € ]0,1[. Then V: [0,1]> — [0,1] is a nullnorm with the annihilator z if and only

if there exists a t-norm Ty, and a t-conorm Sy such that

z-Sv(%,%) ifx,y € [0,z[2,
V(:C7y>: Z_’_(]-_Z)TV(T::;?:‘[{:j) lfl’,yE]Z,]_}z,
Z otherwise.

Therefore the characterization of nullnorms with continuous underlying functions is

easy — since they are uniquely given by their underlying functions.
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Further generalization that covers both uninorms and nullnorms was introduced by
Akella [5]. Assume an n € N\ {1}. Let V: [0,1]> — [0,1] be a commutative binary
function. Then {eq,...,en}s . 2, is called an n-neutral element of V if for 0 = 2z, <
< -<zp=1lande; €[z_1,z],1=1,...,nwehave V(e;,x) = x forall x € [z,_1, z].

A binary function U™: [0, 1]> — [0, 1] is an n-uninorm if it is commutative, associa-
tive, non-decreasing in each variable and has an n-neutral element {ey,...,e,} s .. -
Observe that the notation U™ should not be confused with the n-th power of U, and we
keep it to follow the original notation of Akella [5].

The basic structure of n-uninorms was described by Akella in [5, 6] and the character-
ization of the five main classes of 2-uninorms was given in [85]. Now we will recall these

five exhaustive and mutually exclusive classes:

e Class 1: 2-uninorms with U?(0,1) = 2.

Class 2a: 2-uninorms with U?(0,1) = 0,U?(1, 21) = ;.

Class 2b: 2-uninorms with U?(0,1) = 1,U?(0, 21) = 2.

Class 3a: 2-uninorms with U%(0,1) = 0,U?(1, z;) = 1.

Class 3b: 2-uninorms with U?(0,1) = 1,U?(0, 2;) = 0.

Each n-uninorm has the following building blocks around the main diagonal.

Proposition 1.1.10

Let U™: [0,1)> —> [0,1] be an n-uninorm and let {e1,...,en}.,.. .._, be its n-neutral

element. Then

(i) U™ restricted to [z;_1, ei]z, fori =1,...,n, is a linear transformation of a t-norm.

We will denote this t-norm by Ti;.

(ii) U™ restricted to [e;, z;]” fori = 1,... n, is a linear transformation of a t-conorm. We
will denote this t-conorm by S;.

(iti) U™ restricted to [z;_1, )" for i = 1,...,n, is a linear transformation of a uninorm.
We will denote this uninorm by Uj.

(iv) U™ restricted to |z, zj]2 fori,j € {0,1,...,n}, i < j, is a linear transformation of a

(j — i)-uninorm.

Moreover, U™ restricted to [e;, eiH]Q for i € {1,...,n — 1}, is a linear transformation
of a nullnorm. For generality, 1-uninorm will denote the standard uninorm.
For n € N we will denote the set of all n-uninorms such that their underlying t-norms

Ty,...,T, and t-conorms Si,...,S, are continuous by U,. Recall that here the linear
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transformation from [0, 1] to [a, b] as well as the backward transformation are homeomor-
phisms and therefore an n-uninorm from I, is continuous on [z; 1, e,-]2 and on [e;, zi]2 for
1=1,...,n.

If for a 2-uninorm there is e; = 1 we obtain a uni-nullnorm and if ¢; = 0 we obtain
a null-uninorm [78]. Our aim is the characterization of n-uninorms from ,. Note that
the first result in this direction was the characterization of uni-nullnorms with continuous

Archimedean underlying functions given in [79].



Chapter 2

Uninorms with continuous

underlying functions

As we have seen in the previous chapter, there are two main construction methods that
are used for the characterization of continuous t-norms (t-conorms). The ordinal sum con-
struction and the construction via an additive generator. While the concept of an additive
generator was easily introduced also for uninorms and yields representable uninorms, the
ordinal sum construction was not so evident. The results known so far were based merely
on the ordinal sum decomposition of underlying functions of uninorms and not uninorms
themselves. Therefore the natural question arises — which semigroups can yield a uninorm
in the ordinal sum construction? In this chapter we will define ordinal sums of uninorms
and study the semigroups that yield uninorms via the ordinal sum construction. Using
these results we are able to completely characterize uninorms with continuous underlying
functions. We will study characterizing set-valued functions of such uninorms, their rela-
tion to the set of points of discontinuity of such uninorms and finally we will provide their
decomposition into irreducible semigroups with respect to the ordinal sum construction.
This chapter is based on my papers [UNI1,UNI2, UNI3,UNI4,UNI5 , UNI6,UNI7].

2.1 Generalized uninorms

Following [41], where it was shown that the most general semigroups that yield a t-norm
via the ordinal sum construction are t-subnorms, we have done the same analysis for
uninorms in [UNI2]. Since below (above) the neutral element the uninorm corresponds to
a t-norm (t-conorm) we immediately see that each such an operation, when restricted to
the points smaller (greater) than the neutral element, yields a t-subnorm (t-superconorm).

Thus, beside trivial elements, t-subnorms and t-supreconorms we have identified four

kinds of operations that can be used for the construction of a uninorm via the ordinal
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sum construction. These four operations are generalized sub-uninorms, generalized super-
uninorms, generalized composite uninorms and standard uninorms transformed to the
corresponding subset of the unit interval (see below).

All kinds of generalized uninorms are commutative, associative and non-decreasing
binary functions and have an averaging behaviour when a point below the dividing element
and a point above the dividing element are combined (for uninorms this dividing element is
the neutral element, however, generalized uninorms do not have to have a neutral element).
Moreover, roughly speaking, a generalized sub-uninorm represents an operation whose
underlying functions are a t-subnorm and a t-conorm (without one or both boundary
points). Similarly, a generalized super-uninorm represents an operation whose underlying
functions are a t-norm and a t-superconorm. Finally, a generalized composite uninorm
represents an operation whose underlying functions are a t-subnorm and a t-superconorm.
As we already know, underlying functions of a uninorm are a t-norm and a t-conorm. Note
that since each t-subnorm (t-superconorm) is a t-norm (t-conorm) then uninorms are both
generalized sub-uninorms as well as generalized super-uninorms. The intervals from which

these generalized uninorms arise can be seen on Figure 2.1 (see [UNI2] for more details).

F----

Figure 2.1: Sketch of areas from which generalized uninorms originate: generalized sub-
uninorm (left), generalized super-uninorm (center) and generalized composite uninorm
(right). Here M denotes a t-subnorm, R a t-superconorm, 7" a t-norm and S a t-conorm.

Before we introduce a proper definition of the three generalized uninorms let us observe
that the class of generalized composite uninorms differ from the other three operations
as it cannot be easily transformed (by a monotone transformation) to an operation on
[0,1]2. On the other hand, for other three operations it is possible. Obviously, we cannot
use a linear transformation, as in the case of t-norms, as the part below the division point
and above the division point should be transformed separately. Therefore we will use the

following piece-wise linear isomorphism. For any 0 <a <b<c<d <1, v € [b ] and a
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point e € ]0, 1[ assume the function f: [0,1] — [a,b[U {v} U]e,d], given by

(b—a)-24a ifze(0ef,
flx) =3 if v = e, (2.1)

. (1—z)(d—c)
d (1—e)

Then f is linear on [0, e[ and on ]e, 1] and thus it is a piece-wise linear isomorphism of
[0,1] to ([a,b[U {v} U]e,d]). Assume a function GU : [0,1]*> — [0, 1]. Then we can define
the binary function GU**¢: ([a,b[U {v} U]c,d])*> — ([a,b][ U {v} U]c, d]) given by

GU N (x,y) = f(GU(f7 (), f71 (). (2.2)

Similarly, using the backward transformation f~! we can transform a binary function de-

otherwise.

fined on ([a, b[U{v}U]c, d])? to a binary function defined on [0, 1]?. Since f is an increasing
isomorphism it preserves the commutativity, the associativity and the monotonicity. Fur-
ther, if e is the neutral element of GU then v is the neutral element of GU®*%?. Thus if
GU is a uninorm on [0,1]> then GU"%? is a commutative, associative, non-decreasing
function on ([a,b[ U {v} U]c,d])? with the neutral element v, which we will call simply
a uninorm on ([a,b[ U {v} U]c,d])%. Note that in the case when b = ¢ = v then f is a
continuous, piece-wise linear transformation from [0, 1] to [a, d] such that f(e) = v. This
transformation can be used for all kinds of generalized uninorms except of generalized

composite uninorms and therefore we give the following definitions.

Definition 2.1.1
An associative, commutative, binary operation GU : [0,1]*> — [0, 1] which is non-decrea-

sing in each variable will be called

(i) generalized sub-uninorm if there exists an e € [0,1] such that there is GU(x,y) <
min(z,y) for all (z,y) € [0,e]*, GU(z,y) > max(z,y) for all (z,y) € le,1]*, and
GU(x,y) € [z,y] for all (z,y) € [0,¢] x Je,1]U]e, 1] x [0, €]

(ii) generalized super-uninorm if there exists an e € [0, 1] such that there is GU(x,y) <
min(z,y) for all (z,y) € [0,e[*, GU(x,y) > max(z,y) for all (x,y) € [e, 1], and
GU(z,y) € [z,y] for all (z,y) € [0,e] x [e,1] U [e, 1] x [0, e].

It can be easily observed that generalized sub-uninorms and generalized super-uni-
norms differ only on the set {e} x [0,1] U [0, 1] x {e}.
Definition 2.1.2
A binary operation GU : ([a,b]U][c,d])* — ([a,b]U]c,d]), wherea < b < ¢ < d, a,b,c,d €
[0,1] will be called a generalized composite uninorm if it is associative, commutative,
non-decreasing in both coordinates and GU restricted to [a,b]” is a t-subnorm on [a, b]* ,
GU restricted to [c,d)” is a t-superconorm on [c,d]” , and GU (z,y) € [z, y] for all (z,y) €

[a,b] % [c,d] and all (z,y) € [c,d] X [a,b].
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Several results on the structure of generalized uninorms, especially representable gen-
eralized uninorms, can be found in [UNI2]. However, in our investigation of uninorms
with continuous underlying functions, which necessarily have a continuous diagonal, we
can observe that all components which correspond to a t-subnorm (t-superconorm) reduce
to (a restriction of) a continuous t-norm (t-conorm) and thus in this case it is enough
to assume standard uninorms instead of generalized sub-uninorms and generalized super-
uninorms. Moreover, in this case every generalized composite uninorm GU reduces to
an operation with underlying continuous t-norm — acting on the interval [a, ], and un-
derlying continuous t-conorm — acting on the interval [¢, d] , with an averaging behaviour
on [a,b] X [¢,d] U [c,d] x [a,b]. Due to the monotonicity such an operation possesses the
neutral element e € {b,c} \ {GU(b,c)}.

The structure of a generalized composite uninorm GU with continuous underlying
t-norm (t-conorm) can be very simple, for example in the case when it is similar to
Umin (Umax), 1.e., when GU(z,y) = min(z,y) (GU(z,y) = max(z,y)) for all (z,y) €
[a,b] x [c,d] U [e,d] x [a,b]. In this case GU can be expressed as an ordinal sum of the
corresponding continuous t-norm on [a, b]2 and the corresponding continuous t-conorm on
e, d]2 . However, the structure of a generalized composite uninorm can be also complicated

as it can be seen in the following example.

Example 2.1.3

Let A= {a; | i € NU{0}}, B={b; | i e NU{0}}, and let X,, = |57, 3| for all i € N,
Xoo = {0}, X3, = [1 = &,1 — 54, [ for all i € N, X,,, = {1}. Assume semigroups G,, =
(X,,, min) and Gy, = (Xp,, max) for alli € NU{0} and a linear order on the set AUB given
by a; >* b; >* a;41 > ag >* by for all i € N. Then the ordinal sum (X, F') of semigroups
(Ga)acaup With respect to order <* is a commutative, associative function F': X? — X,
where X = [O, %} U [%,1} and F restricted to [0, %} is the minimum, F' restricted to
[2,1] is the maximum and F(z,y) € [z,y] for all (z,y) € [0,3] x [3,1] U [3,1] x [0,3].
Further, we can observe the following facts: F(1,z) = 1 for all z € X. F(0,z) = 0 for
all v € X with x < 1. F(z,y) = min(z,y) for all v € X,, and y € X,, for i > j and
F(z,y) = max(z,y) for all z € X,, and y € X;, for i < j. Therefore the monotonicity
of F' is easily verified. Thus F' is an idempotent generalized composite uninorm with
continuous underlying t-norm and continuous underlying t-conorm (see Figure 2.2). It
is interesting to observe that this generalized composite uninorm was constructed as an
ordinal sum of a countably many semigroups with operations min and max, however, it
cannot be expressed as an ordinal sum of a uninorm (a semigroup isomorphic to a uninorm
via (2.1)) and a finite number of semigroups with operations min and max, i.e., it cannot

be reduced to a uninorm in a finite number of steps.

When we look for building stones for construction of uninorms with continuous un-
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by

a1

a2

Figure 2.2: The generalized composite uninorm F' from Example 2.1.3. On white areas
F' is equal to the minimum and on black areas F'is equal to the maximum.

derlying functions via the ordinal sum then we should focus on generalized composite
uninorms with continuous Archimedean underlying functions. For better visualization
we add the following result which was not shown in papers from Part 1T (for proof see

Appendix).

Proposition 2.1.4

Let GU : ([a,b)U][c,d])* — ([a,b]U[c,d]), wherea < b < ¢ < d, a,b,c,d € [0,1] be a gener-
alized composite uninorm with underlying functions which are a continuous Archimedean
t-norm and a continuous Archimedean t-conorm, respectively. Then GU can be expressed
either as an ordinal sum of a uninorm with continuous Archimedean underlying functions
and a trivial semigroup, or as an ordinal sum of a continuous Archimedean t-norm (possi-
bly without one or both boundary points), a continuous Archimedean t-conorm (possibly

without one or both boundary points) and few trivial semigroups (corresponding to points

form {a,b,c,d}).

Thus instead of generalized composite uninorms it is enough to assume uninorms
(including t-norms, t-conorms and trivial semigroups) as building stones in our ordinal

sum construction.

Remark 2.1.5

Observe that it is easy to show that generalized composite uninorms with continuous
underlying t-norm (t-conorm) have a similar ordinal sum structure as uninorms with con-
tinuous underlying functions, i.e., they can be expressed as an ordinal sum of Archimedean

t-norms, Archimedean t-conorms, representable uninorms, idempotent uninorms (includ-
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ing the min and the max operator) and trivial semigroups (see Section 2.5). This can be
simply observed from the fact that an ordinal sum of a generalized composite uninorm on
([a,b] U [¢,d])? and any internal proper uninorm linearly transformed to [b,c]* restricted
to b, c[> (with the respective linear order induced by the monotonicity) is a uninorm (on

la,d]?) with continuous underlying functions.

Note that generalized composite uninorms will play a role also in the characterization
of n-uninorms (see discussion under Theorem 3.1.6). Although the corresponding general-
ized composite uninorm can be further decomposed via the ordinal sum construction, its
structure can be quite complicated and thus a notion of a generalized composite uninorm
is useful for an easy characterization.

Since in this work we focus on uninorms with continuous underlying functions, we
should investigate the relation between the isomorphism f given by (2.1) and the conti-
nuity of underlying functions. We cannot claim that f is a homeomorphism as in the case
of linear transformations, since it transforms a connected area to four unconnected areas.
On the other hand, observe that f is in fact composed of 3 increasing homeomorphisms:
one acting on [0, e[, one on {e}, and one on |e, 1]. For better understanding we add the

following result which was not introduced in papers from Part II (for proof see Appendix).

Proposition 2.1.6
Assume 0 <a<b<c<d<1,velbc,e€c]0,1],a binary function U: [0,1]*> — [0,1]
and the function f given by (2.1). Then U is a uninorm with the neutral element e and
continuous underlying functions if and only if the function U*: ([a,b[U {v} U]e,d])* —
([a,b] U {v} U]e,d]) given by U*(z,y) = f(U(f*(z), f'(y))) is a uninorm on ([a,b] U
{v} U]e, d])? which is continuous on [a,b[* and on |c,d]* and fulfills lim U*(x,t) = for
all z € [a,b] and lim U*(y,t) =y for all y € |c,d]. t—>b
t—sct

This result shows us that in order to transform a restriction of a uninorm to a uninorm
with continuous underlying functions this restriction has to fulfill all conditions of the
previous proposition. In other words, U restricted to [a,b]2 has to be a continuous t-
norm (on [a,b)?) and U restricted to [c,d]” has to be a continuous t-conorm (on [¢, d]*).
This condition is obviously fulfilled whenever U is a uninorm with continuous underlying

functions.

2.2 Ordinal sum of uninorms

In the case of an ordinal sum of t-norms (a similarly for t-conorms) the procedure is the
following: define a subdivision of the unit interval into non-empty subintervals [ay, bi[;

assume a linear transformation 7 of a t-norm T}, restricted to [0, 1[2, to the interval
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lak, b[; apply the ordinal sum of semigroups ([ag, bx[,T}) with the order induced by the
monotonicity; fill the remainder with the minimum.

In [UNI2] we have defined a similar procedure also for uninorms, however, in the
case of uninorms the situation is a bit more complicated. The building stones here are
t-norms, t-conorms, uninorms and trivial semigroups. Using (2.1) each proper uninorm
is transformed to the set ([ag, bx[ U {v.} U]ck, di])?. Note however, that if Uy(z,y) = e,
where ey, is the neutral element of Uy, for some x # ey, y # e then ([0, ex[U]ex, 1])? is not
closed under Uy and thus in order to preserve the associativity vy has to be an annihilator
of U restricted to [by, ¢;]” . Observe that due to the monotonicity the annihilator of U on
b, ci]” is equal to U (by, cx).

To avoid duplication, in the ordinal sum of uninorms the values of respective summands
will be specified on intervals [ag, bx[U]ck, di] and in the case that the summand corresponds
to a proper (representable) uninorm the respective v will be chosen is such a way that
after applying the ordinal sum construction we will obtain v, = U(bg,cx). In the case
that ax, = by (cx = di) the corresponding summand is isomorphic to a t-conorm (t-norm).
In this case the restriction of the t-conorm Sy (t-norm T}) to ]0,1]* ([0, 1[?) is linearly
transformed to Jeg, di]” ([ar, bx[?) and the neutral element 0 (1) is transformed to the
neutral element v;. Similarly as above, it is enough to specify this summand on |¢y, dk]2
([ax, 0x[*).

In order to obtain the monotonicity of the resulting uninorm the order of summands,
denoted by =, has to be compatible with the standard order < on [0, e] and reversed with
respect to the standard order on [e, 1]. This means that k; < ko for ki, ko € K implies

bkl S Afq and Ck, Z dk2, i.e.,

[ak‘zv dk2]2 - [bk17ck1]2 - [aklv dkl]Q‘

Example 2.2.1
e Any uninorm from Uy (Unax) is an ordinal sum of a t-norm on [0, 6]2 and a t-conorm
on |e, 1]2. The order of these two semigroups in the ordinal sum then determines

whether the corresponding uninorm belongs to Upin, or to Upax.

e Assume two proper uninorms U; and Us, an e € |0, 1] and points a,b € [0, 1] such
that 0 < a < e < b < 1. Then the ordinal sum of semigroups GGy and G5, where
Gy corresponds to a uninorm Uy on [a,b]*, ie., Gy = ([a,b], (U1)>*%") and Gy
corresponds to a uninorm U, on ([0,a[ U {v} U ]b,1])?, ie., Go = ([0,a[ U {v} U
10,1], (Up)%%%1) is a uninorm with the neutral element e if and only if 2 < 1 and
v = (U;)>**"(a,b) (see Figure 2.3).

e Assume a proper uninorm U, a t-norm T and points a,b € [0, 1] such that 0 < a <

b < 1. Then the ordinal sum of semigroups G1 and Gs, where G| corresponds to a
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t-norm T on [a,b]”, i.e., G = ([a,b], (T)*"), where (T)*" is a linear transformation
of the t-norm T to the interval [a,b] and Gy corresponds to a uninorm U on ([0, a[U
{w}U]b,1])?, ie., Gy = ([0,a[U{v} U]b, 1], (U)%*>1)  is a uninorm with the neutral
element b if and only if 2 < 1 and v = a.

e Assume a proper uninorm U, a t-norm T, an e € |0,1] and point a € |0,¢[. Then
the ordinal sum of semigroups GG; and G5, where (G corresponds to a uninorm U on
[a, 1), ie., Gy = ([a, 1], (U)***') and G, corresponds to a respective transformation
of a t-norm T to ([0, a[U{v}U]1,1])? ie., Gy = ([0,a[U{v}, (T)%*"1), is a uninorm
with the neutral element e if and only if 2 < 1 and v = (U)**%!(a, 1) (see Figure
2.3).

Observe, however, that v can be deleted from the semigroup G5 and therefore it
is enough to assume Gy = ([0,a[,T™), where T* is a linear transformation of the
restriction of T to [0,1[* to the interval [0, a].

This example illustrates the ordinal sum of two uninorms. Further, we want to extend

the ordinal sum of uninorms to a countably many summands.

1 1

U; max U;
b b

min U*

e min U; max e
a a

Us min Us T min
0 a e b 1 0 a e b 1

Figure 2.3: Ordinal sum of uninorms with two summands from Example 2.2.1 (i), where

Uy = (Ug)%?’&”lb), Ui = (Up)@%% (left) and from Example 2.2.1 (iii), where T* is a linear

transformation of 7’| ;2 to interval [0, a[ and U* = (U)g“*" (right).

In the ordinal sum of t-norms, intervals [ay, bx] need not cover the whole unit interval
as the rest is covered by the minimum. However, in the case of uninorms the remainder
should be covered by a mixture of the minimum and the maximum — more precisely by a
commutative, associative, non-decreasing and idempotent operation, which is not uniquely

determined. Therefore in the case of uninorms we will suppose that |J [ag, bk] = [0, €]
keK
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and | [ck,dk] = [e,1]. Thus the ordinal sum uniquely determines the operation on the
kEK
whole unit interval, except for the sets

By = J [aw 0] \ | [an, bl

keK keK
Cr= | lexs dil \ [ Jew, di]
keK keK
Note that for all x € [0,1] there is [z,z[ = ]z,2] = 0 and therefore if we denote

K, ={k € K | Jar,bx[ # 0} and K* = {k € K | Je,dx[ # 0} then By = {by | k €
K}\{ar | k € K.} and C, = {c, | k € K} \{dx | k € K*}. Since K is assumed to
be countable then every b € B; \ {e} is an accumulation point of {ax | k¥ € K.} (and
similarly for ¢ € C} \ {e}). We denote By = By \ {e}, Cy = C \ {e} and define functions
g: By — [e, 1], h: Cy — [0, €], such that if for b € By we have b = lim ay, for k; € K.,

11— 00
then
g(b) = lim dj,. (2.3)
71— 00
Similarly, if for ¢ € Cy we have ¢ = lim dj, for k; € K*, then
1—> 00
h(c) = lim ay,. (2.4)

—00

If g(b) ¢ Cy for some b € By (h(c) ¢ Bs for some ¢ € Cy) then the value of U(b, g(b))
(U(c, h(c))) follows from the monotonicity of U. Therefore we have to separately cover
only the case when ¢(b) € Cs (h(c) € Bs).

Now we can introduce the ordinal sum of uninorms (Proposition 8 in [UNI2]).

Proposition 2.2.2

Assume e € [0,1]. Let K be an index set which is finite or countably infinite and let
(Jak, bk[)kex be a disjoint system of open subintervals (which can be also empty) of [0, €],
such that |, [ax,bx] = [0,€]. Similarly, let (Jck, di|)rex be a disjoint system of open
subintervals (which can be also empty) of [e, 1], such that | J, x [ck, d] = [e, 1] . Let further
these two systems be anti-comonotone, i.e., by, < a; if and only if ¢, > d; for alli,k € K. We
will denote K, = {k € K | |ay,bx[ # 0} and K* = {k € K | ]cy, di[ # 0}. Assume a family
(Us)ker.ni+ of proper uninorms on [0,1]%, a family (Uy,)gex,\k+ of t-norms on [0,1]* and
a family (Uy)ger\k, of t-conorms on [0,1]%. Denote By = {by | k € K} \ {ax, | k € K.}
and Cy = {cx | k € K} \{dx | k € K*} and let B = {b € By \ {e} | g(b) € Ci},
C ={ce Cy\{e} | h(c) € B}, where the functions g and h are defined by (2.3) and
(2.4). Further assume a function n: B — B U C given for all b € B by

n(b) € {b,9(b)}.
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Let the ordinal sum U°¢ = ({ay, by, ¢k, dg, Ug) | k € K)¢ be given by U¢(x,y) =

(y ifx=e,
x ify=e,
(Or)geteenti(z,y) if (z,y) € ([ar, be[ U], di])* k € K, N K*,
(Uk) ™" (, y) if (z,y) € (lar, bi[U]er, di])? k € K.\ K¥,
(Uk)* (2, y) if (z,y) € (law, bi[U]er, di])? k € K*\ K,
x ify € [bg,ck],x € [ag, di] \ [br, c] , k € K, U K*,
Y if x € [bg,ckl,y [ak di] \ [bk, c] k€ K, U K*,
min(z, y) if (z,y) € [b, "\ (b, c[* U{(b, ), (e, B)}),
where b € B, ¢ = g(b), x +y < c+ b,
max(z, y) if (z,y) € [b, "\ (b c[* U {(B, ), (e, B)}),
where b € B, ¢ = g(b), x +y > c+ b,
n(b) if (z,y) = (b,c) or (x,y) = (¢,b), b € B, ¢ = g(b),
min(z, y) if (x,y) € {b} x [b,c] Ub,c|] x {b} and
be B\ (BU{e}),c = g(b),
max(x,y) if (z,y) € {c} x [b,cJU[b,c] x {c} and
\ ce Cy\ (CU{e}),b=hlc),

where v, = ¢ (v, = by) if there exists an i € K such that by = a;, ¢, = d; and U; is

disjunctive (conjunctive); vy, = e if by = cx; and otherwise

n(by) ifby € B,
v = q by if b € By \ (BU {e}),
C if e, € Cy\ (CU{e}).

Further, (U)aP k% js given by the formula (2.2), (Uy)™% ((Uy)*%) is a linear trans-

formation of Uy, to [ag, bp]” ([ck, di]?). Then U® is a uninorm.

This result defines the ordinal sum of uninorms. In the following sections we will see
that uninorms with continuous underlying functions can be expressed as an ordinal sum
of semigroups related to uninorms (including t-norms, t-conorms and trivial semigroups),
however, these semigroups need not be uninorms. This is caused by the fact that the
boundary points of a transformed uninorm can behave differently than the remainder of

the respective semigroup (for more details see Section 2.5).
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2.3 Idempotent uninorms and ordinal sums of

representable uninorms

The first step towards characterization of uninorms with continuous underlying functions
was done in papers [UNI1] and [UNI3]. The main results on idempotent uninorms with

respect to the ordinal sum construction are the following (Propositions 2 and 3 in [UNI1]).

Proposition 2.3.1
Let U: [0,1]* — [0, 1] be an idempotent uninorm. Then ([0,1],U) is an ordinal sum of
singleton semigroups ({x},1d) for x € [0, 1].

The total order that yields an idempotent uninorm via an ordinal sum of trivial semi-

groups can be characterized as follows.

Proposition 2.3.2
Let P be an index set isomorphic with [0, 1] via the isomorphism . For all p € P we put
X, = {«} if o(p) = x. Let e € [0,1] and let < be a linear order on P. If ([0,1],U) is the
ordinal sum of {(X,,1d)},ep with the linear order < then U is an idempotent uninorm
with the neutral element e if and only if the following two conditions are fulfilled:

(i) p1 < po for all py,ps € P such that X, = {z1}, X,, = {22}, v1 < 22 and x1, 24 €

[0, €],
(ii) p1 < po for all p1,ps € P such that X, = {1}, Xp, = {2}, y1 > ye and y1, 2 € [e, 1].

These two results completely characterize the construction of idempotent uninorms via
the ordinal sum. We see that idempotent uninorms are in one-to-one correspondence with
special linear orders on [0,1]. In [UNI1] we can further find how are the corresponding
special orders related for dual uninorms and for isomorphic uninorms.

Assume an idempotent uninorm U, a non-increasing function g from Theorem 1.1.6
and the corresponding linear order < on [0,1]. Then for all x € [0,¢], y € [e, 1] there is
x < y if and only if either y < g(x), or y = g(z), = < g(g9(z)), or y = g(x), x = g(g(x))
and U(z,y) = x.

The paper [UNI3] deals with ordinal sums of representable uninorms. If a uninorm
can be expressed as an ordinal sum of representable uninorms then the underlying t-norm
(t-conorm) is an ordinal sum of continuous t-norms (t-conorms) and thus the underlying
functions of such a uninorm are continuous. Observe that if U is a representable uninorm
then for all z € ]0,1[ there exists a unique y € ]0,1[ such that U(z,y) = e. Thus we
can define a strictly decreasing function h: 0,1 — ]0,1[ by h(z) = y if U(z,y) = e.
Moreover, each representable uninorm is discontinuous in exactly two points (0,1) and
(1,0). After transformation of a representable uninorm to the set ([a, b[U{v} U]e,d])? the
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set of all points of discontinuity of this transformed uninorm on [a, b[ X ]¢, d| corresponds
exactly to the graph of the respective transformation of the function h (restricted to ]0, e)
to the function h*: |a,b] — ¢, d[, with additional point (a, d), which corresponds to the
transformation of the point (0,1) (see Figure 2.4).

For an ordinal sum of representable uninorms we then obtain the following result
(Proposition 7 in [UNI3]).

Proposition 2.3.3

Assume a uninorm U: [0,1]2 — [0, 1]. If U is an ordinal sum of representable uninorms,
ie, U = ({ag, by, ck,di, Uy) | k € K)¢, for e € )0, 1] and some suitable systems (Ja, bg|)rex
and (Jcg, dg| ke with a, < by and ¢ < dy for all k € K, and a family of (proper)
representable uninorms (Uy )rek, then there exists a continuous strictly decreasing function
r:[0,1] — [0,1] with r(0) = 1, r(e) = e and r(1) = 0 such that U is continuous on
[0,1] \ {(z,7(z)) | = € [0,1]}. Note that U need not be non-continuous on the whole set

{(z,r(z)) | 2 €[0,1]}.

*
Ul U*
U max 1
1
min Us max
*
Ut min Ui
*
Ui

Figure 2.4: The ordinal sum of two representable uninorms. Here U] is a transformation
of Uy to ([0, 3[U[2,1])? given by (2.2), and U; is a linear transformation of Us to [1, %]2 :
The oblique lines denote the points of discontinuity of U.

The function r from the previous result is not unique, however, we usually assume
the function r such that U(z,y) = e implies r(z) = y for all z,y € ]0,1[. As we will
observe in the following papers such a function r divides the unit square (except of the
graph of 7) into two parts: the set on which the uninorm attains values smaller than the
neutral element e and the set on which the uninorm attains values greater than e. For
more general uninorms with continuous underlying functions we obtain a similar division,

however, here the dividing line needs not be strictly decreasing (see Section 2.4).
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If we denote the set of all uninorms U such that U(z,0) = 0 for all z € [0, 1] and
U(x,1) = 1 for all x € ]0,1] by N then we get the following result (Proposition 8 in
[UNI3]).

Proposition 2.3.4
Assume a uninorm U: [0,1]2 — [0, 1] such that U € U and U ¢ N. Then U is an ordinal

sum of a uninorm and a non-proper uninorm (i.e., a t-norm or a t-conorm).

This result shows us that an ordinal sum of representable uninorms always belongs to
N.

Observe, however, that both conditions from Propositions 2.3.3 and 2.3.4 are fulfilled
also in the case when some summands in the ordinal sum are d-internal uninorms. We
have the following result (Proposition 12 in [UNI3]).

Proposition 2.3.5

Assume a uninorm U : [0,1]> — [0, 1], U € UNN and let there exist a continuous strictly
decreasing function r: [0,1] — [0,1] with r(0) = 1, r(e) = e and r(1) = 0 such that U
is continuous on [0, 1]\ {(z,r(z)) | # € [0,1]}. Then U is an ordinal sum of representable

uninorms and d-internal uninorms.

From this result we can conclude that a uninorm U € U NN is an ordinal sum of
representable and d-internal uninorms if and only if there exists a continuous strictly
decreasing function r from Proposition 2.3.5.

Moreover, a uninorm U € U NN is an ordinal sum of representable uninorms if and
only if there exists a continuous strictly decreasing function r from Proposition 2.3.5 and
U has countably many idempotent points. Indeed, if U has uncountably many idempotent
points then at least one summand has to be equal to a d-internal uninorm.

Finally note that if for a uninorm U there exists a continuous strictly decreasing
function r: [0, 1] — [0, 1] with 7(0) = 1, r(e) = e and r(1) = 0 such that U is continuous
on [0,1]\ {(x,r(x)) | x € [0,1]} then evidently U € U and Proposition 2.3.4 implies that
U € N.Indeed, if U ¢ N then U is an ordinal sum of a uninorm and a t-norm (t-conorm).
Then we can show that the set of the points of discontinuity cannot be covered by the
graph of a strictly decreasing function defined on [0, 1] since this set contains either a

horizontal, or a vertical segment (see Section 2.4).

2.4 Characterizing set-valued functions and the set of

points of discontinuity

In the case of ordinal sums of representable uninorms we have seen that the set of points

of discontinuity of the resulting uninorm is covered by the graph of a strictly decreasing
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function r such that r(0) =1, r(e) = e and r(1) = 0. This inspired us to examine the set
of points of discontinuity also for general uninorms with continuous underlying functions
in [UNI5]. However, in a general case, r is not a real-valued function since it can contain

also vertical segments. Therefore we have to work with set-valued functions.

Definition 2.4.1
A mapping p: [0,1] — P([0,1]) is called a set-valued function on [0,1]. Such a set-
valued function assigns to every = € [0,1] a subset of [0, 1], i.e., p(z) C [0,1]. Assuming
the standard order on [0, 1], a set-valued function p is called
(i) non-increasing if for all x1, x5 € [0,1], x1 < x9, we have y; > ys for all y; € p(z1) and
all yo € p(x2) and thus the cardinality Card(p(z1) Np(xg)) < 1,
(il) symmetric if y € p(x) if and only if x € p(y) for all z,y € [0, 1].
The graph of a set-valued function p will be denoted by G(p), i.e., (z,y) € G(p) if and
only if y € p(x).
A set-valued function p: [0,1] — P([0,1]) is called u-surjective if for all y € [0, 1]
there exists an x € [0, 1] such that y € p(x). It is easy to show that a symmetric set-valued

function p is u-surjective whenever p(z) # 0 for all = € [0, 1].

In Theorem 11 from [UNI5] we have shown the following result.

Theorem 2.4.2

Let U: [0,1]> — [0,1] be a uninorm, U € U. Then there exists a symmetric, u-surjective,
non-increasing set-valued function r on [0,1] such that U is continuous on [0,1]* \ G(r)
and U(z,y) = e implies (z,y) € G(r) for all (z,y) € [0, 1]>.

We have shown that r(x) is a closed interval (including singletons) for all z € [0, 1].
Moreover, U need not be non-continuous in all points from G(r). In fact, U is continuous
in all points (z,y) € [0,1]? such that U(x,y) = e. Moreover, U is continuous in all points
(0,2), (x,0) such that x > inf{t € [0,1] | U(¢,0) > e} and in all points (1,x), (x, 1) such
that x < sup{t € [0,1] | U(t,1) < e} (see Figure 2.5).

However, the claim opposite to the previous result does not hold in general, i.e., the
existence of a set-valued function from Theorem 2.4.2 is not enough to ensure that a

uninorm has continuous underlying functions.

Example 2.4.3
Let U: [0,1)> — [0,1] be given by

;

0 if max(z,y) < e,
x ify=e,

U(r,y) = _
Y ifr=e,
max(z,y) otherwise.
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max S* max S*
*
. i . Ui
min | U] min | >
1
max max
T* min T* min

Figure 2.5: The uninorm U which is an ordinal sum of a representable uninorm, a con-
tinuous t-norm and a continuous t-conorm. Left: the bold lines denote the points of
discontinuity of U. Right: the bold lines denote the characterizing set-valued function of
U.

Then U € Upay is a uninorm, where the underlying t-norm is the drastic product
Tp: [0,1]* — [0,1] given by Tp(z,y) = 0 if max(z,y) < 1 and Tp(z,y) = min(x,y)
otherwise, and the underlying t-conorm is the maximum. This uninorm is non-continuous
in points from {e} x [0, e]U[0, e] x {e}. Thus the corresponding set-valued function is given
by

.
le,1] ifz =0,
e if x €10, €],
r(z) =
[0,e] ifz=ce,

0 otherwise.

\
Since U(z,y) = e implies x = y = e we see that U is continuous on [0, 1]*\ G(r) and r is a
symmetric, u-surjective, non-increasing set-valued function such that U(z,y) = e implies

(x,y) € G(r). However, the drastic product t-norm is not continuous and thus U ¢ U.

As we see from the previous example, the problem arises whenever G(r) contains
points (z,e), (e, z) for some z € [0, 1], z # e. If the underlying t-norm (t-conorm) is con-
tinuous then U is left-(right-)continuous in all points (x, €), (e, x) for x € [0, €] (x € [e, 1]).
However, in the previous example the uninorm U is neither left- nor right continuous in
all points (z,e), (e, z) for x € ]0,e[. Generally, we were able to show that if U € U then
in each point (z,y) € [0,1]> the uninorm U is either left-continuous or right-continuous
(see Proposition 13 in [UNI5]). Therefore the following result completely characterizes

uninorms with continuous underlying functions (see Theorem 14 in [UNI5]).

Theorem 2.4.4
Let U: [0,1)> — [0,1] be a uninorm. Then U € U if and only if U is continuous on

[0,1]2 \ G(r), where r is a symmetric, u-surjective, non-increasing set-valued function
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such that U(x,y) = e implies (x,y) € G(r), and in each point (z,y) € [0,1]* the uninorm

U is either left-continuous or right-continuous (or continuous).

The paper [UNI6] studies characterizing functions of uninorms with continuous un-
derlying functions further. Although the paper is quite technical, these properties are
necessary for further results on the characterization of uninorms from & via the ordinal
sum construction.

As we mentioned above, the graph of the characterizing set-valued function of a uni-
norm U € U divides the unit square (except of the graph itself) into two parts: above
the graph of the characterizing set-valued function the uninorm U attains values greater
than e and below this graph the uninorm U attains values smaller than e. Note that this
means that in the case of idempotent uninorms the graph of the characterizing set-valued
function contains the graph of the non-increasing function g from Theorem 1.1.6.

The characterizing set-valued function can be decomposed into maximal horizontal,
maximal vertical and maximal strictly decreasing segments. Moreover, the border points
of these segments are always idempotent points of the corresponding uninorm. Here
horizontal segments correspond to t-norm summands, vertical segments correspond to
t-conorm summands and strictly decreasing segments, as we have seen above (see Section
2.3), correspond to summands composed of representable and d-internal uninorms.

Observe that if a uninorm U is continuous on [0, 1]?\ G(r), where r is a symmetric, u-
surjective, non-increasing set-valued function such that U(x,y) = e implies (z,y) € G(r)
then U is evidently continuous on [0,6[2 U le, 1]2. This inspired us to study uninorms

continuous on [0, e[> U e, 1]*, see Section 2.6.

2.5 Decomposition of uninorms with continuous

underlying functions via the ordinal sum

In paper [UNI4] we have studied the decomposition of a uninorm with continuous under-
lying functions into Archimedean, representable and idempotent semigroups with respect
to the ordinal sum construction (in the sense of Clifford). Observe that an idempotent
semigroup can be further decomposed via the ordinal sum (see Section 2.3), however,
an Archimedean (representable) semigroup cannot be expressed as a non-trivial ordinal
sum of two (or more) semigroups. Note that if we speak about non-trivial ordinal sum
then each of the summands is a proper subsemigroup of the resulting semigroup. In this
case, i.e., if (X,*) cannot be expressed as a non-trivial ordinal sum of two (or more)
semigroups we will say that (X, *) (or simply X) is irreducible with respect to the ordinal

sum construction. For the simplicity, in the following we will write (X,U) instead of
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(X, Ulxe).

For better understanding, in [UNI4], we have first described the decomposition for uni-
norms with continuous Archimedean underlying functions. The characterizing formulas
for such uninorms can be found in [44, 45].

Let us start with the case when both underling functions are nilpotent. Then U &
Unin U Unax. For a nilpotent t-norm (t-conorm) the interval [0, 1] (]0, 1]) is an irreducible
set and therefore in this case [0, e[ and e, 1] are irreducible sets. Thus each uninorm with
nilpotent underlying functions can be decomposed into three semigroups, Gy = ([0,¢[, U),
Gy = ({e},U), G3 = (Je, 1], U). Since e is the neutral element for the corresponding linear
order in the ordinal sum we have 1 < 2 and 3 < 2. Then 1 < 3 implies U € U, and
3 < 1 implies U € Upay.

In the case that the underlying functions are strict there are two possibilities. If U
is representable then irreducible sets are {0}, ]0,1[ and {1}. In the opposite case the
irreducible sets are {0}, |0,¢[, {e}, Je,1[, {1}. Similarly as above we can obtain the

following;:

e If U is representable then it can be decomposed into three semigroups, G; =
({0},U), Gy = (]0,1[,U), G3 = ({1},U). Here again 1 < 2 and 3 < 2. Then
1 < 3 implies that U is conjunctive and 3 < 1 implies that U is disjunctive.

e If U is not representable and Ty is strict and Sy is strict then U is an ordinal sum
of five semigroups Gy = ({0},U), Gy = (]0,¢e[,U), Gs = ({e},U), G4 = (Je, 1[,U)
and G5 = ({1}, U). Due to the monotonicity we get 1 < 2 < 3 and 5 < 4 < 3. Thus
there are six possible orderings, each corresponding to one form of a uninorm with

strict underlying functions from [44] (see Example 2 in [UNI4]).

e [f Ty is nilpotent and Sy is strict then U is an ordinal sum of four semigroups
Gr = ([0,e],U), Go = ({e},U), G3 = (Je,1[,U) and G4 = ({1},U). Due to the
monotonicity we get 1 < 2 and 4 < 3 < 2. Then 1 < 4 < 3 < 2 implies U € Upin,
4 <3<1<2implies U € Upax and 4 < 1 < 3 < 2 implies that U(1,z) = 1 for all
z € [0,1] and U(z,y) = min(z,y) for z <e <y < 1.

o If Ty is strict and Sy is nilpotent then U is an ordinal sum of four semigroups
G1 = ({0},U), Go = (]0,¢[,U), G3 = ({e},U) and G4 = (Je,1],U) and we get

similar results as in the previous case.

From the previous discussion we can observe that even though we have defined sum-
mands in the ordinal sum of uninorms on sets [ag, bx[ U {vr} U Jek, di] ([ag, bi[ U |k, di)),

in the case when the underlying t-norm (t-conorm) is strict the semigroup ([a,bx] U
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{vk} Ulek, di| ,U) can be further decomposed to (|ax, bx[U{vx} Ulck, di], U) and ({ax},U)
(([ar, bi[ U {ve} Ule, di[,U) and ({dx},U)).

In the following definition we describe irreducible subsemigroups of a uninorm with
continuous underlying functions and its internal subsemigroups which we will not de-
compose further. This is motivated by the definition of the ordinal sum of t-norms in
Proposition 1.1.3 (and by the representation of continuous t-norms) where the minimum

is not decomposed further into trivial semigroups.

Definition 2.5.1
Let a,b,c,d € [0,1] witha <b<c<d,v€lbc|. Then
(i) a semigroup (Ja,b[ U {v} Ule,d[,*) will be called a representable semigroup if * is

isomorphic via (2.2) to a restriction of a representable uninorm to )0, 1[°,

(ii) a semigroup (Ja,b[, *) will be called a t-strict semigroup if % is linearly isomorphic to
a restriction of a strict t-norm to |0, 1[>,

(iii) a semigroup (]c,d[,*) will be called an s-strict semigroup if * is linearly isomorphic
to a restriction of a strict t-conorm to )0, 1[*,

(iv) asemigroup ([a,b[,*) will be called a t-nilpotent semigroup if * is linearly isomorphic
to a restriction of a nilpotent t-norm to |0, 1[2 ,

(v) asemigroup (]e, d], x) will be called an s-nilpotent semigroup if * is linearly isomorphic
to a restriction of a nilpotent t-conorm to |0, 1]2 ,
(vi) a semigroup (]a,b[U]e,d[, *) will be called a d-internal semigroup if * is isomorphic
via (2.2) to a restriction of an d-internal uninorm to (]0, 1]\ {e})?,
(vii) a semigroup (]a,b[,*) will be called a t-internal semigroup if * = min,

(viii) a semigroup (]c,d[,*) will be called an s-internal semigroup if * = max .

We will denote the set of semigroups from the previous definition and trivial semi-
groups by H. The decomposition of a uninorm U with continuous underlying functions
into semigroups from H is rather technical. Not going much into details, using the or-
dering induced by the characterizing set-valued function of U and the partition of the
unit interval induced by the characterizing set-valued function and the set of idempotent
points of U (see Definition 7 and Lemma 12 in [UNI4]) we were able to show the following
result (see Proposition 11 in [UNI4]).

Theorem 2.5.2
Let U € U. Then U can be expressed as an ordinal sum of a countable number of semi-

groups from H.

An opposite result was shown as well. Using the semigroups from H, with a suitable

linear order on the corresponding index set which preserves the monotonicity, we can
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always construct a uninorm with continuous underlying functions via the ordinal sum

construction (see Proposition 12 in [UNI4]).

Remark 2.5.3

After publishing the paper [UNI4], I have realized that there is a mistake in Remark 1 and
in discussion above Proposition 9. The problem is that the closure of a countable set need
not be countable. As an example we can take rational numbers from the unit interval.
I was misled by the ordinal sum of t-norms which is defined for a countable index set of
summands. However, the ordinal sum of t-norms specifies only non-trivial summands and
the rest is filled by the minimum. Therefore a possible uncountability is hidden in the
area which is not covered by non-trivial summands.

On the other hand, in the ordinal sum of uninorms, as well as for t-norms, each
non-trivial summand contains an interval, which contains at least one rational number.
Thus the number of non-trivial summands is always countable. The correction which
contains an example of a uninorm (t-norm) which cannot be expressed as an ordinal sum
of a countable number of Archimedean, representable and idempotent summands, based
on the Cantor set, will be published in the paper [58] which discusses the ordinal sum
construction for aggregation functions on the real unit interval. Therefore the correct
wording of the main result of [UNI4] is that each uninorm with continuous underlying
functions can be expressed as an ordinal sum of a countable number of eight types of
semigroups from Definition 2.5.1 and a possibly uncountable number of trivial semigroups
defined on singletons. The proof is exactly the same as the proof of Proposition 11 in
[UNI4], the only correction has to be done in the partition of the unit interval which was
given in Definition 7 in [UNI4], where the sets A and D are possibly uncountable and

then also the index sets M3 and Oz are possibly uncountable.

2.6 Uninorms continuous on [0, e[’ U e, 1]’

In [UNI7] we extended the results from the previous sections also for uninorms which are
continuous on [0, e[*U]e, 1]°. In such a case the underlying t-norm (t-conorm) need not be
continuous. Moreover, the following example from [46] shows that a uninorm continuous
on [0, e[’ Ule,1]° cannot be expressed as an ordinal sum of representable, Archimedean

and idempotent semigroups, in general.
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Example 2.6.1
For e €10,1[, xg € [0, e[ and a t-conorm S, the operation U: [0, 1]> — [0,1] given by

0 if (z,y) € [0, e[,
e+ (L) S(E2,12) if(wy) m
Ule.y) = 1 if max(x,y) =
7 if (z,y) €10, xo[ Je, 1[U
Je, [ x 10, o,
| min(z, y) otherwise

is a uninorm if and only if S(z,y) < 1 for all (z,y) € [0,1]>. We see that for zo > 0
and a continuous t-conorm S with no divisors of 1 the uninorm U can be expressed as
an ordinal sum of a semigroup acting on [0, 1] and a trivial semigroup defined on {1},
however, it cannot be decomposed further. Observe that Ty is the drastic product t-norm

(see Example 2.4.3 for the definition of the drastic product t-norm).

The underlying functions of uninorms continuous on [0,e[* U Je,1]* are related to
continuous t-subnorms and t-superconorms as follows. For each t-norm (and similarly

for t-conorms) we can define its border continuous projection (see [36] and [UNIT])
My: [0,1]2 — [0,1] by

(

Ty (o) € 0F

lim T(u,y) ifr=1y<1,

u—1-

Mr(@9) =\ lim T(z,u) ifz<ly=1,
u—1-
u—1"
\v—>1~

However, such a border continuous projection need not be associative. Therefore we have

shown the following results (see Proposition 5 and Corollary 1 in [UNI7]).

Proposition 2.6.2
For a t-norm T': [0,1]> — [0,1] its border-continuous projection My is a t-subnorm if

and only if the following two conditions are satisfied:

(i) for all z,y € [0,1] either T(ug,z) = lim T'(u,x) for some uy € [0,1], or T'(a,y) =

u—>1-
lim T(v,y), where a = lim T(u,z),
v—>ra~ u—s1-
(ii) either lim T(u,u) =1, or T'(ug,v9) = lim T(u,u) for some ug, vy € [0,1[, or for
u—>1- u—>1-

all x € [0,1] there is T(b,z) = lim T(v,z), where b= lim T(u,u).

v—b— u—>1-
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Corollary 2.6.3
Let T': [0,1]> — [0,1] be a t-norm left-continuous on [0, 1[*. Then its border-continuous
projection Mp: [0,1]> — [0, 1] is a t-subnorm.

Since we focus on uninorms which are continuous on [0, e[*U]e, 1]° then My, is always
a t-subnorm and similar result can be obtained also for Sy. This means that Ty (and
similarly for Sy;) coincides on [0, 1[* with a continuous t-subnorm.

If Ty is not continuous its border-continuous projection is a continuous proper t-
subnorm, which can be decomposed into an ordinal sum of continuous t-subnorms (see

[38, 55]).

Theorem 2.6.4

A mapping M: [0,1]*> — [0,1] is a continuous proper t-subnorm if and only if it is an
ordinal sum of continuous Archimedean t-norms and a continuous Archimedean proper
t-subnorm, M = ({ag,bx, My) | k € K), where (Jag, bx])rex Is a disjoint system of open
subintervals of [0,1] with by, = 1 for some ko € K, My, is a continuous Archimedean
proper t-subnorm and My, is a continuous Archimedean t-norm for all k # ko, i.e.,

ap + (by — ap) My (2= Y= ) if (g Ea,b27
M(x,y): k (k: k) k(bk—ak bk,ak) ( y) ]k k]

min(z,y) else.

Observe that in the ordinal sum of t-subnorms left-open intervals are used, while for
the ordinal sum of t-norms right-open intervals are used, compare Proposition 1.1.3 (see
[38, 55] for more details). Thus we see that if 7 is not continuous then it can be ex-
pressed as an ordinal sum of continuous Archimedean t-norms, a continuous Archimedean
proper t-subnorm restricted to [0, 1[* and a trivial semigroup acting on {1}. We will now
distinguish two cases. First we will assume that border-continuous projections of Ty and
Sy are Archimedean, and later we will assume the case when one or both of them is not
Archimedean.

As we have seen in Example 2.6.1, generally we cannot extend the results from the
previous sections also for uninorms continuous on [0, e[* U]e, 1]°, however, under assump-
tion of cancellativity on some subareas of the unit square we can characterize also these
uninorms. For continuous, cancellative border-continuous projections of Ty and Sy we
obtain Propositions 8, 9 and 10 from [UNI7].

Proposition 2.6.5

Let U: [0,1)> — [0, 1] be a uninorm such that Mr, is a proper, continuous, cancellative
t-subnorm and Mg, is a proper, continuous, cancellative t-superconorm. Then there exists
an increasing isomorphism p: [0,1] — [0, 1] such that U(z,y) = ¢ Y(UP(p(x), ¢(y))) for

all (z,y) € [0,1]?, where UP is a uninorm such that My, = %Y and Mg, = =20,
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Proposition 2.6.6

Let U: [0,1]> — [0, 1] be a uninorm such that My, is a proper, continuous, cancellative t-
subnorm and Mg, is a continuous, cancellative t-conorm. Then there exists an increasing
isomorphism ¢: [0,1] — [0,1] such that U(x,y) = ¢ ' (UPT (¢(z), p(y))) for all (z,y) €
[0,1]?, where UPT is a uninorm such that My, ., = %% and Mg, ,, =x+y—x-y.

Proposition 2.6.7

Let U: [0,1)*> — [0,1] be a uninorm such that My, is a continuous, cancellative t-
norm and Mg, is a proper, continuous, cancellative t-superconorm. Then there exists
an increasing isomorphism : [0,1] — [0, 1] such that U(z,y) = ¢ Y (UPS(p(x), p(y)))

for all (x,y) € [0,1)%, where UPS is a uninorm such that Mr,,, = x -y and Mg, ,, =
1+x+y—zy

2

By these results we have characterized uninorms continuous on [0, e[* U e, 1]*, which
have Archimedean and cancellative underlying functions, on [0,e]”> and on [e, 1]*. For
the remainder of the unit square we obtain the following result, which is similar to the
corresponding result on uninorms with strict underlying functions from [44] (see Lemma
7 in [UNI7]).

Proposition 2.6.8
Let U: [0,1)> — [0,1] be a uninorm with neutral element e € ]0, 1], such that Mr, and

Ms,, are continuous and cancellative. Then exactly one of the following seven statements
holds:
(1) U € Z/{minv
(i)
(
6'TU(§7%) 1f(l‘7y) € [076]27
e+ (1—e)- Sy(E=<,=5) if (x,y) € [e, 1],
1 ifr=1o0ry=1,
\ min(z,y) otherwise,
(iii)
(
e’TU<§7%) 1f(l‘,y) S [076]27
e+<1_e)'SU(glc:z>gll:2) lf(fﬂ,y> € [671]27
Ulz,y) =
1 ifr=1y>0o0ry=12>0,
\ min(z, y) otherwise,

(iv) U € Unax,
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(v)

i

e Ty(2, ) if (2,y) € 0, €)%,
e+ (1—e)- Sy(2,5) if (z,y) € [e, 1),
Uz,y) = ( PR B el
0 ifz =0 or Yy = 07
\ max(z,y) otherwise,
(vi)
(
e Ty(2,Y) if (z,y) € [0,€]”,
e+ (1—e)- Sy(E=¢,=5) if(z,y) € [e,1]7,
Uz,y) = 1 ( )i ey ele ]
0 ifr=0,y<lory=0z<1,
\ max(z,y) otherwise,

(vii) U is representable.

This completely characterizes the case when border-continuous projections of both un-
derlying functions are cancellative. For a combination of a (continuous) nilpotent under-
lying function and a non-continuous cancellative underlying function we get Propositions
15 and 16 from [UNI7].

Proposition 2.6.9
Let U: [0,1] —> [0,1]* be a uninorm with the neutral element e € ]0, 1| such that My,
is continuous and cancellative and Sy is a nilpotent t-conorm. Then exactly one of the
following three statements holds:

(i) U € Uin,

(ii) U € Unax,
(iii)

G'TU<§7%) lf(ZL‘,y) € [an]Qv
e+ (1—e) Sy(3=5,4=5) if (z,y) € [e, 1],
Ulz,y) = e
0 ifx=0o0ry=0,
\ max(z, y) otherwise.

Proposition 2.6.10
Let U: [0,1] — [0,1]* be a uninorm with the neutral element e € ]0,1[ such that Mg,
is continuous and cancellative and Iy is a nilpotent t-norm. Then exactly one of the
following three statements holds:

(i) U € Umin,

(ii) U € Umax,
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(i)

e'TU<%7%) 1f(gj,y) € [076]27

e+ (1—e)- Sp(E=c,v=2) if(z,y) € [e,1]?,

1 ifr=1o0ry=1,
| min(z, y) otherwise.

Thus in our investigation of uninorms continuous on [0, e[> U]e, 1]* with Archimedean
underlying functions we did not cover only the cases when the border-continuous projec-
tion of the underlying t-norm (t-conorm) is a proper t-subnorm (t-superconorm) which is
not cancellative.

If My, is not Archimedean (and similarly for Mg, ) we know that 77 can be expressed
as an ordinal sum of continuous Archimedean t-norms, a continuous Archimedean proper
t-subnorm restricted to [0, 1[> and a trivial semigroup acting on {1}. We can now distin-

guish three cases:

1. If Sy and Ty are not continuous and the respective proper t-subnorm (t-superco-

norm) from the ordinal sum decomposition of My, (Mg, ) is cancellative.

2. If Ty is a continuous t-norm, Sy is not continuous and the respective proper t-

superconorm from the ordinal sum decomposition of Mg, is cancellative.

3. If Sy is a continuous t-conorm, 7Ty is not continuous and the respective proper

t-subnorm from the ordinal sum decomposition of My, is cancellative.

Since all continuous t-norms (t-conorms) can be expressed as an ordinal sum of contin-
uous Archimedean t-norms (t-conorms) in all three cases we can find idempotent points
a € [0,e], b € [e, 1] such that U on [a,b]” is a uninorm (or a t-norm, or a t-conorm)
with Archimedean underlying functions (which was characterized above) and U on [0, a”
is a continuous t-norm (on [0,a]”) and U on [b,1]* is a continuous t-conorm (on [b, 1]%).
Moreover, Proposition 13 in [UNI7] shows that ([0, a[U {U(a,b)} U]b,1])? is closed under
U. If U(a,b) is the neutral element of U restricted to ([0,a[ U {U(a,b)} U ]b,1])* then
([0,1],U) can be expressed as an ordinal sum of G; = ([0,a[U{U(a,b)} U]b,1],U) and
Gs = ([a,b],U), where 1 < 2 and G, is isomorphic to a uninorm with continuous under-
lying functions.

If U(a,b) isn’t the neutral element of U restricted to ([0,a[ U {U(a,b)} U]b,1])? the
situation is a bit more complicated and it was not covered in [UNI7]. However, similarly
as in the previous section we can show that in this case U can be expressed as an ordinal

sum of semigroups from H and one or two additional semigroups, one corresponding to
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a restriction of a continuous t-subnorm and second corresponding to a restriction of a
continuous t-superconorm.

If we summarize these results we see that uninorms continuous on [0, ¢[* U]e, 1]* have
a similar structure as uninorms with continuous underlying functions, except for the
case when the ordinal sum decomposition of My, (Mg, ) contains a proper t-subnorm

(t-superconorm) which is not cancellative.






Chapter 3

n-Uninorms with continuous

underlying functions

n-Uninorms generalize uninorms and are in fact composed of uninorms of lower orders
glued together partially by the local annihilator and partially by the ordinal sum con-
struction. This fact inspired us to introduce the z-ordinal sum construction which ex-
tends Clifford’s ordinal sum also to partially ordered families of semigroups. Using this
construction we were then able to provide a similar characterization as in the previous
chapter also for n-uninorms with continuous underlying functions. As in the case of uni-
norms with continuous underlying functions also here we study characterizing set-valued
functions of such n-uninorms and provide their decomposition into irreducible subsemi-
groups with respect to the z-ordinal sum construction. This chapter is based on papers
[INUN1,NUN2,NUN3,NUN4]|.

3.1 “-ordinal sum construction and n-uninorms with

continuous underlying functions

We have described the basic properties of n-uninorms with continuous underlying func-
tions in two papers [NUN1] and [NUN2J.

Before we start to describe the properties of n-uninorms, let us turn our attention to
the main result on which the characterization of n-uninorms with continuous underlying
functions is based — the z-ordinal sum construction, which was introduced in Theorem

4.2 from [NUNT].

Theorem 3.1.1
Let A and B be two index sets such that AN B =0 and C = AU B # (. Let (Gy)acc
with G, = (X4, *a) be a family of semigroups and let the set C' be partially ordered by

49
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the binary relation < such that (C, <) is a meet semi-lattice. Further suppose that each
semigroup G, for a € A possesses an annihilator z,, and for all o, B € C such that o and
B are incomparable there is a N\ f € A. Assume that for all a, 5 € C, a # 3, the sets X,
and Xz are either disjoint or that X, N Xz = {4 p}. In the second case suppose that for
all v € C' which is incomparable with o A\ 8 there is a« Ay = [ A~ and for each v € C
witha AN <y <aoraAp <~v=<p wehave X, = {z,3}. Further,
(i) in the case that a A B € A then x,p = 2unp IS the annihilator of both Gz and G;

(ii) in the case that « AN f = o € B then x,p is both the annihilator of Gz and the

neutral element of G,,.

Put X = |J X, and define the binary operation x on X by

acC
’:1: xq y  If (z,y) € X4 X X,
DK if (z,y) € Xo x X, a# B, and a A =« € B,
e Y if (z,y) € Xo x Xp, a# p,and a A\ = € B,
2y if (z,y) € Xo X X, a# f,anda AN =7 € A.

Then G = (X, %) is a semigroup. The semigroup G is commutative if and only if for each

a € C the semigroup G is commutative.

The set A from the previous theorem will be called the branching set. If the branching
set is empty, i.e., if A = () then the set C' = B is linearly ordered and the z-ordinal sum
reduces to the standard ordinal sum construction of Clifford. Further, if each semigroup
Gy for o € C is trivial and A = C then the z-ordinal sum (X, %) of G, is given by
x*y = x A"y, where the order <* is given for z € X, and y € Xg by x <y if o X 5.

If v € X,N Xp for some o, € C then the condition o A v = B A~y for all v €
C incomparable with a A § is necessary, otherwise the associativity could be violated.
However, alternatively we can require that if z € X, N X3 and for some v € C, which is
incomparable with o A 3, there is o Ay # B Ay then X, = {zanpny }-

Observe that the z-ordinal sum construction enables us to construct non-decreasing
functions F': [0,1]> — [0,1], F(0,0) = 0, F(1,1) = 1, with an annihilator inside the
unit interval, while in the case of the ordinal sum the annihilator of such functions was
always on its boundary, i.e., at 0 or at 1. For example, we can construct nullnorms and
n-uninorms via the z-ordinal sum construction.

Similarly as in the case of idempotent uninorms also for idempotent n-uninorms we
have the following result (see Proposition 4.16 in [NUNT1]).

Proposition 3.1.2
Let U™: [0,1]*> — [0,1] be an idempotent n-uninorm. Then ([0,1],U") is a z-ordinal
sum of singleton semigroups ({z},1d) for x € [0, 1].
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If we ask which partial orders on [0, 1] yield idempotent n-uninorms we can use the
following result (see Proposition 4.17 in [NUNT1]).

Proposition 3.1.3

Let P be an index set isomorphic with [0, 1] via the isomorphism ¢. For all p € P we put
X, ={z} ifo(p) =x. Letey,...,en,21,...,2p-1 €[0,1],0 =20 < 21 <--- < z,=1,¢; €
[2i—1,2i] fori=1,...,n. Denote A = {qu,...,qu_1}, where X, = {2} fori=1,...,n—1
and B = P\ A. Let < be a partial order on P such that all requirements of Theorem 3.1.1
are fulfilled. If ([0, 1],U™) is the z-ordinal sum of {(X,,1d)},cp with the partial order <
then U™ is an idempotent n-uninorm with the n-neutral element {ey,... ey}, .. , if

and only if the following conditions are fulfilled:

(i) a1 < ag for all a;,as € P such that X,, = {x1}, Xa, = {22}, 11 < 29 and x1, 25 €
[zi_1,€], fori=1,...,n.
(ii) by < by for all by, by € P such that Xy, = {y1}, Xp, = {v2}, y1 > y2 and yy, yo € [e;, 2i]
fori=1,...,n.
(iii) For a,b € P, X, = {x}, X, = {y}, are a and b incomparable if and only if there
exists an i € {1,...,n — 1} such that ¢; = a, ¢; < b and z; € |x,y].
(iv) a1 and ay are comparable for all ay,as € P such that X,, = {x1}, X,, = {x2}, where

(%1,1‘2) S [Zifl,Zi]2 for i = 1, o, n.

From [NUN1] we know that an idempotent n-uninorm induce a partial order which
resembles a binary tree, where nodes of this tree correspond to division points 2z, ..., 2,1
(see Figure 3.1).

In [6, Theorem 2] it was shown that for an idempotent n-uninorm U™ and z,y € [0, 1],
x <y there is U™(x,y) € {z,y} U{z | z € |z, y[}. We have shown a similar result for all

n-uninorms with continuous underlying functions in Lemma 5.1 from [NUNZ2].

Lemma 3.1.4
Let U™: [0,1)*> — [0,1] be an n-uninorm, U™ € U,. If a € [0,1] is an idempotent point
of U™ then U"(a,x) € {z,a} U{z | z; € |min(a, x), max(a, z)[} for all x € [0, 1].

We stress this result since it is very useful in decomposition of an n-uninorm U™ € U,.
We immediately see that U"(0,1) € {zo,...,2,}. Moreover, if U"(0,1) = z for some
ke {l,...,n— 1} then U™ has a very simple structure: it is a linear transformation of a
k-uninorm from Uj, on [0, z]*, a linear transformation of an (n — k)-uninorm from U,
on [z, 1]2 , and otherwise it attains the value z;. In this case, i.e., when 0 < k < n we say
that U™ belongs to the Class 1.

For each U™ € U, there is U"(ey,e,) = z for some k € {1,...,n — 1}. The point
2k is important since it is the annihilator of U™ on [ey, e,] and for all x € [0, 1] there is
U™(x,z) € {z, 2z} (see Lemmas 5.2 and 5.3 in [NUN2|). The monotonicity of U" then
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L Wo ~ €9 e Ws ~ €3
L p<m e

WY N s . Tets g2 ~ 29

< zi
/ > 2y

qp " e e Wy ~ €4

VAL Bt

S qs ~ 23

i —————————————— p() ~ U4(07 1)

Figure 3.1: A lower semi-lattice corresponding to an idempotent 4-uninorm, where k = 3.
For more details see [NUN1].

implies that there exists an xy € [0,e;] and a yy € [ep, 1] such that U™(x, z;) = x for all
r < xg and U™(x, z) = 2z for all zp < © < z, and U™(y, zx) = y for all y > yo and
U™(y, zx) = 2 for all z;, <y < yo. The points z and y, are idempotent points of U™ and
if © € |z, z¢] and y € [z, yo[ then U"(x, z) = 2z, U™(y, 2r) = 2, and the monotonicity of
U™ implies U™ (z,y) = zx (see Figure 3.2).

Therefore

o If U(xo,2r) = 2z = U™(Yo, 2) then U™ on [xg,y0]2 is a linear transformation of an

n-uninorm from Class 1,

o If U™(x,21) = 2k, U™(Yo, 2x) = Yo then U™ on [xg, 4o [2 is a linear transformation of
a restriction of an n-uninorm from Class 1 to [0, 1[2 ,

o If U™(x0, 2r) = zo, U™ (Yo, 2) = 2x then U™ on ]z, y0]2 is a linear transformation of
a restriction of an n-uninorm from Class 1 to ]0, 1]*,

o If U™(20, 21) = o, U™(yo, 21) = Yo then U™ on ]z, yo[* is a linear transformation of
a restriction of an n-uninorm from Class 1 to ]0, 1%,
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Figure 3.2: A 2-uninorm with U?(zq,v0) = 21 (left) and with U?(zo,yo) = o, y1 > Yo,
U?(xg,y1) = zo (right). U; (Uy, Ss) indicates that U? is on the given area isomorphic to
a restriction of U; (Uz,Ss) to a subinterval of [0, 1]. Further, ([0, zo[ U {21} U Jyo, 1],U)
(([0, zo] U y1,1],U)) is isomorphic to a uninorm with continuous underlying functions.

We see that in the core of each n-uninorm from U/, there is an n-uninorm from Class

The main result of the paper [NUN1] for idempotent n-uninorms and of [NUN2]| for
uninorms with continuous underlying functions shows how is this core composed with the
remainder of the unit square. Since U™(x¢,y0) € {0, Yo, 2x} we have to discuss several
cases. If U™(xg,yo) = 21 we get the following result (see Theorem 5.10 in [NUN2J).
Theorem 3.1.5
Let U™: [0,1]> — [0, 1] be an n-uninorm and let U™ € U,. If U™(xg, yo) = 21 then U™ is
an ordinal sum of two semigroups Gy = ([0, zo[U{zx }U]yo, 1] ,U") and Gy = ([zo, yo] , U™),
where (G is isomorphic to an n-uninorm from Class 1 and G is isomorphic to a uninorm
with continuous underlying functions. Moreover, the order of semigroups in the ordinal

sum construction is 1 < 2.
For the case when U™ (z,yo) € {0, Yo} we define
o y1 =sup{y € [y, 1] | U"(z0,y) = zo} if U™ (20, Y0) = o,
o 1 = inf{z € [0,zo] | U"(yo, %) = yo} if U" (20, %0) = %o

The following is a summary of Theorems 5.11-5.14 from [NUN2].

Theorem 3.1.6
Let U™ € Uy, U™(20,%0) = o and U™ (y1, z0) = xo (U™ (x0,%0) = yo and U™(x1,10) = Yo)-

Then U™ can be expressed as an ordinal sum of a semigroup which is a linear transforma-
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tion of (a restriction of) an n-uninorm from Class 1 to interval [zo, yo]” ([zo, vo[* , |20, yo]* ,

120, yo[*) and at most 2 other semigroups.

The smallest of these semigroups in the corresponding linear order is always a semi-

group which is isomorphic to a uninorm with continuous underlying functions.

IfU™(x0, yo) = o, U™(2k, Yo) = Yo, Y1 = Yo then the semigroup ({yo},1d) is included.

If U™(x0,y0) = Yo, U™(2k, o) = o, 1 = x¢ then the semigroup ({zo},1d) is in-
cluded.

IfU™(xo, y0) = xo and y1 > yo (U™(x0,Y0) = yo and x1 < o) then a semigroup which

is isomorphic to (a restriction of) a continuous t-conorm (t-norm) is included.

In the case when U"(y1,zo) = y1 (U™(z1,90) = x1) we get a similar result, however,
here the smallest semigroup is not isomorphic to a uninorm, but to a generalized composite
uninorm with continuous underling functions (see Definition 2.1.2). From Remark 2.1.5
we know that such a semigroup can be expressed as an ordinal sum of semigroups from
H (see Theorems 5.15 and 5.16 in [NUN2]).

From these results we can observe that n-uninorms from Class 1 play a major role in
our investigation. Observe that these n-uninorms have a similar structure as nullnorms,
i.e., they have uninorms of lower orders glued together by the global annihilator. Such
a structure can be easily expressed as a z-ordinal sum, where the respective annihilator
corresponds to the bottom element of our partial order. Above the bottom element
we have two branches each corresponding to a respective uninorm of lower order. This
observation yields a question whether each n-uninorm form U, can be expressed as a
z-ordinal sum of Archimedean, representable and idempotent semigroups. This question

will be positively answered in Section 3.3.

3.2 Characterizing functions of n-uninorms with

continuous underlying functions

The characterizing functions of m-uninorms from U, were discussed in paper [NUN3|.
Before we start to discuss characterizing functions of n-uninorms we need to clarify several

anomalous situations. At first it can happen that for an n-uninorm there is ¢; = e; for some

i,j € {1,...,n}, i < j. However, in such a situation e; = e, = z,, for all k € {i,...,j}
and m € {i,...,j—1}. Then e; is the neutral element of U™ on [2;_1, ;] and thus U™ is in
fact a (n— j+1i)-uninorm and neutral elements e; 1, . .., e; and division points z;, ..., 2,1

can be omitted. Therefore when investigating characterizing functions of n-uninorms we
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will assume only n-uninorms where e; < ey < --- < e,. Further, in the case of uninorms
for each = € [0, 1] there exists at most one point y € [0, 1] such that U(x,y) = e. This is
no longer true for n-uninorms (see Example III.1 in [NUN3]). However, we have shown
the following result (see Proposition II1.3 in [NUN3]J).

Proposition 3.2.1
Let U™: [0,1]> — [0, 1] be an n-uninorm and let U™ € U,. If U™ (x,y,) = U™(z,y2) = €;
for some z,y1,y2 € [0,1], y1 < yo, and i € {1,...,n} then e; € {z;_1, 2;}.

In this case, however, we can reduce the order of the given n-uninorm (see Theorem

I11.4 in [NUN3]).

Theorem 3.2.2
Let U™: [0,1]> — [0,1] be an n-uninorm, U™ € U,. If for some i € {1,...,n} there
is e, = z; for j € {1,...,n — 1} then U" is an (n — 1)-uninorm from U,y with the

(n — 1)-neutral element {ey,...,€i_1,€i41, -, €n}tzy,zj 1 zietrmzn -

The previous theorem shows that in this case we can reduce the order of the n-uninorm
by one. Using this procedure repeatedly we see that each n-uninorm U™ from U,, can be
seen as an m-uninorm U™ from U, such that if e} is the i-th local neutral element of
U™ then ef € {zf ,, 2z} implies ef € {0,1}. Then the m-uninorm U™ will be called
the reduced form of the n-uninorm U™ (reduced m-uninorm for short). Therefore in the
following section it is enough to focus just on reduced m-uninorms. Observe that for
2-uninorms e; = 0 yields null-uninorms and e; = 1 yields uni-nullnorms [78].

For a reduced n-uninorm U™ and x,y1,y2 € [0, 1], y1 < 9o, the equality U"(x,y;) =
U™(x,y2) = e; for some i € {1,...,n} implies e; € {0,1}, i.e., i € {1,n}. However, since
e; = 0 (e, = 1) is the neutral element of U™ on [0, z1] ([25—1,1]) there is U"(z,0) > 0
for all x > 0 (U™(z,1) < 1 for all x < 1). Therefore in the case of reduced n-uninorms
there for any 7 € {1,...,n} and any = € [0,1] exists at most one y € [0,1] such that
UM(x,y) = e;.

Now we can define characterizing functions and characterizing set-valued functions for

n-uninorm from U,,.

Definition 3.2.3
Let U™: [0,1]*> — [0,1] be a reduced n-uninorm, let U™ € U, and assume an i €
{1,...,n}. Define a function g;: [0,1] — [0, 1] by

gi(z) =sup{t € [0,1] | U"(x,t) < e;},

where sup®) = 0. The function g; will be called the i-th characterizing function of the

n-uninorm U™.
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Note that evidently g;(e;) = e; for all i € {1,...,n}. Further, if e; = 0 then ¢;(z) =0
for all z € [0, 1]. Similarly, if e, = 1 then g, (z) = 1 for all z € [0, 1].

The characterizing function g; is non-increasing for all ¢ = 1,...,n (see Proposition
II1.10 in [NUNS3]) and from the definition we see that U"(x,t) < e; for all t < g;(x) and
U™(x,t) > e; for all t > g;(x).

Further, if e; ¢ Ran(U"(x,-)) then evidently U"(x,-) is non-continuous in g;(x) (or
gi(x) € {0,1} ). If ¢; € Ran(U"(x,-)) then U"(x,-) is continuous in g¢;(x) and then
U™(z,g;(x)) = e;. Summarizing, either U"(x, g;(x)) = e;, or U™(x,-) is non-continuous
in g;(z), or g;(z) € {0,1}. Observe that if U™(x,-) is continuous in g;(x) and g;(z) = 0
(g:(x) = 1) then U(x,t) > ¢; (U(x,t) <e;) for all ¢t € [0,1].

Definition 3.2.4
Let U™: [0,1]*> — [0,1] be a reduced n-uninorm, U™ € U,,, and assume ani € {1,...,n}.
We define the characterizing set-valued function r;: [0, 1] — P([0,1]) by

-
lim gi(1),1 =0,
g 0.1 i

w0 =4 Jo. m a0 ifz=1

lim gi(t)’tl_ifg, gi(t)] otherwise.

\ _t—>a:+
Observe that g;(z) € ri(x) for all x € [0,1], ¢ € {1,...,n} and if g; is continuous in
xz € )0,1] for some i € {1,...,n} then r;(x) = {g;(x)}. For an example of characterizing

set-valued functions see Figure 3.3.

1 . 1 - U
max max U U K
U Y1 inY max----4----- maX"“S’g
Yo Yo
. Us ) Us :
es- min 21 B max| eg min 21 B max
Us Us |
21 21
. Ui . Ui |
e min _ 2 max| er min _ 21 max
Uy Uy !
U min min U U min min 1 \Y
U n
Il Il Il Il 1
O Zo él 21 ég Yo 1 0 Zo él Z1 ég Yo Y1 1

Figure 3.3: The two 2-uninorms from Figure 3.2 (Figure 1 in [NUN2J).
denote characterizing set-valued functions r; and rs.

The bold lines

In the following theorem we summarize Lemmas I11.13, I11.14 and IIL.15 from [NUN3]J.
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Theorem 3.2.5

The characterizing set-valued function r; of a reduced n-uninorm U™ € U,, is non-increa-
sing, symmetric and u-surjective (see Definition 2.4.1) for all i = 1, ... ,n. Further, above
(below) the graph of the characterizing set-valued function r; the n-uninorm U™ attains

values greater (smaller) than e;.

Each point of discontinuity of a reduced n-uninorm U™ € U,, can be associated with
at least one local neutral element e; for ¢ € {1,...,n} (see Lemma IV.1 in [NUN3J).
Moreover, if U"(z,y) = e; € |0, 1] for some z,y € [0,1],i € {1,...,n} thenz,y € |z _1, 2.
It is easy to show that U"(x,y) = e; implies (z,y) € G(r;) (see Lemmas IV.2 and IV.6 in
[INUN3J).

Vice versa, from the definition we easily see that if (x, o) € G(r;) N]0, 1% then either
U™(xo,Y0) = €;, or U(x0,yo) is a point of discontinuity of U™. On the lower boundary of
the unit square (and similarly on the upper boundary of the unit square) we know that
U™ is continuous in point (0,0) and U™ is non-continuous in each point (0, %), (¢,0) such
that ¢ € Ll_i)n&+ gi(t),gi(O)] for some i € {1,...,n}, where 1 > ¢; > 0.

The main result of [NUN3] shows that each point of discontinuity of U" € U,, is covered
by the union of the graphs of its characterizing set-valued functions (see Theorem IV.8 in
INUN3]).

Theorem 3.2.6
Let U™: [0,1]* — [0, 1] be a reduced n-uninorm and let U™ € U,,. If (xq,y0) € [0,1]% is a

point of discontinuity of U™ then (zo,v0) € |J G(1;).
i=1

For a uninorm with continuous underlying functions we have shown that U is in each
point from the unit square either left-continuous, or right-continuous (or continuous).
This is no loner true in the case of n-uninorms from U,,. However, this situation can occur
only in the case when the corresponding point of discontinuity belongs to graphs of at

least two characterizing set-valued functions.

Example 3.2.7
Assume 0 < e; < z1 < ey < 1 an let a binary function U?: [0,1]> — [0, 1] be given by:

)
min(z,y) if min(x,y) < ey,
max(x,y) if min(z,y)>e;, max(z,y)>eq,
UQ(I7y) = 9 mln($7y> If{E,y S [Zla 62] )

max(z,y) ifz,y € ler, 2],

& otherwise.
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Then U? is a 2-uninorm with continuous underlying functions and U"(z,y) = e; implies
x =y = ¢;. Evidently, U? is in the reduced form. However, U*(e;,e3) = 21 and U"(s,t) =
s <epforalls <ej,e; <t<egandU"(s,t) =1 > ey foralles > s> ey, > ey. Therefore

in point (€1, e3) the 2-uninorm U? is neither left-continuous, nor right-continuous.

In the previous example point (e, es) belongs to graphs of both characterizing set-
valued functions r; and ry. This holds for all points in which an n-uninorm from U, is

neither left-continuous nor right continuous (see Propostion IV.10 in [NUN3]J).

Proposition 3.2.8

Let U™: [0,1]> — [0, 1] be a reduced n-uninorm, U™ € U,,, and assume a point (xq,y) €
[0,1]2. If there exists exactly one i € {1,...,n} such that (zo,yo) € G(r;) then U™ is
left-continuous or right-continuous (or continuous) at point (o, yo).

Using Lemma IV.11 from [NUN3] which shows that [2,_1,2])* N U G(r;) = G(r;) for
j=1
all i € {1,...,n} we can show Theorem IV.12 in [NUN3].
Theorem 3.2.9

Let U™: [0,1]* — [0, 1] be a reduced n-uninorm. Suppose that U™ is continuous on [0, 1]\
U G(r;), where r; is a symmetric, u-surjective, non-increasing set-valued function on [0, 1],
i=1

such that U™(x,y) = e; implies (x,y) € G(r;) for i = 1,...,n. Further assume that U™ is
either left-continuous, or right-continuous (or continuous) in each point (xg,yo) € [0,1]?
such that there is exactly one i € {1,...,n} for which (zo,y0) € G(r;). Then U" € U,,.

In the proof of this theorem we have also shown the connection between the i-th
characterizing set-valued function and the characterizing set-valued function of the -th

underlying uninorm U;.

Remark 3.2.10

Observe that if e; = 0 (e, = 1) we claimed that U™ is continuous on [0, z1]° ([2a_1,1]%)
since each t-norm (t-conorm) is continuous on the lower (the upper) boundary of the unit
square. However, in such cases we obtain a t-conorm on [0, z;]* (a t-norm on [z,_1,1]%)
and thus it is an exact opposite. For a t-conorm on |0, 21]2 the graph of the characterizing
set-valued function r, coincides with the lower boundary and for a t-norm on [z,_y, 1]
the graph of the characterizing set-valued function r,, coincides with the upper boundary.
For e; = 0 we have r1(0) = [0,1] and r1(x) = 0 for all z € ]0,1]. However, in all points
(x,0),(0,z) for z € [0,1] the left-sided limit does not exist. Similarly, for e, = 1 we have
rn(x) =1 for all x € [0, 1] and r(1) = [0, 1] and in all points (z, 1), (1,z) for x € [0, 1] the
right-sided limit does not exist. Since U™ is either left-continuous, or right-continuous (or

continuous) in each point (xg,yo) € [0,1]* such that there is exactly one i € {1,...,n}



3.3. Decomposition of n-uninorms with continuous underlying functions

59

for which (zg,v0) € G(r;), we see that for e; = 0 the underlying uninorm U; (which
is a t-conorm) is (right-)continuous in all points (x,0), (0,z) for z € [0,2], i.e., Uy is a
continuous t-conorm. Observe that (0, z;) € G(r;) implies i = 1 since U™ is in the reduced
form and i > 1 would imply z; = ¢; > e; =0, i.e., z1 = ¢; = 1, which means that U™ is a
standard uninorm and i € {1}. Similarly we can show that if e,, = 1 then the underlying

uninorm U, is a continuous t-norm.

3.3 Decomposition of n-uninorms with continuous
underlying functions via the z-ordinal sum

construction

Our work on characterization of uninorms and n-uninorms with continuous underlying
functions was concluded in [NUN4], where all n-uninorms from U, were characterized.
For better understanding we have started with decomposition of nullnorms with con-
tinuous underlying functions via the z-ordinal sum construction. We have shown that
each such a nullnorm with an annihilator z can be decomposed into three semigroups:
G1 = ([0,2],S5%), Gy = ([2,1],T%) and G3 = ({z},1d), where S* (T*) is a linear trans-
formation of some t-conorm (t-norm) to the interval [0, z] ([z, 1]), with the branching set
A = {3} and the respective partial order given by 1 A 2 = 3 (see Lemma 1 in [NUN4]).
Each continuous t-norm (t-conorm) can be expressed as an ordinal sum of continuous
Archimedean t-norms (t-conorms). Moreover, each continuous Archimedean t-norm (t-
conorm) can be decomposed via ordinal (z-ordinal) sum only to one non-trivial and one
or two trivial semigroups, which correspond to boundary points 0 and 1. Therefore we say
that a semigroup is related to a continuous Archimedean t-norm (t-conorm) if it can be
obtained from a continuous Archimedean t-norm (t-conorm) by exclusion of one or both

boundary points. Then we obtain Theorem 5 in [NUN4].

Theorem 3.3.1

Let V:[0,1]> — [0,1] be a nullnorm with annihilator z € ]0,1] and let Ty and Sy
be continuous. Then V' is a z-ordinal sum of a countable number of semigroups related
to continuous Archimedean t-norms, continuous Archimedean t-conorms and idempotent

t-norms and t-conorms (including trivial semigroups).

Observe that all semigroups from the previous theorem, irreducible with respect to the
ordinal sum (the z-ordinal sum), belong to H.
For n-uninorms with continuous underlying functions we have first discussed the in-

teraction of points from different intervals, i.e., for = € |2,_1, z;[ and y € |z;_1, 2;[, where
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x < y. Generally we can show that U"(z,y) € [x,e;,{]U{U"(e1,¢e;)}Ule;,y]. Then depend-
ing on the position of = (y) with respect the local neutral element e; (e;) we can describe

the values of U™ on the respective regions as depicted on Figure 3.4 (see Proposition 6 in
[INUN4]).

€5 Zj
max max| Sy
“k T; Yo
“k S, | max
Zj_ 6]'
2k 2k
Zj Zq
S; 2k S; Zk | max
€; Zi Rk Zj—1 €; €; Zi Rk €5 Yo Zj
€5 Zj
. U | max max| U
min| z T; Yo|—
min| z
k S, | max
Zj, €J
Rk <k
€; €;
min| T 2k min| Ty Zr | max
Zo - ZTo
T, | min min U | min min| U
Zi-1 Ty € 2k Zj—1 €; Zi—-1 Lo € 2k €y Yo %4

Figure 3.4: Sketch of n-uninorm U" on selected regions. Bold lines denote the set where
the functions U"(zy, ) and U™ (-, z,) attain value z, = U"(e;, €;).

In papers [NUNI1] and [NUN2] we have shown that in the core of each m-uninorm
U™ € U, there is an n-uninorm U!" from Class 1, i.e., such that U(0,1) = z; for some
ke {l,...,n—1} (see Theorems 3.1.5, 3.1.6). Observe that an n-uninorm from Class
1 has a similar structure as a nullnorm, i.e., it can be expressed as a z-ordinal sum of a
semigroup acting on [0, 2] (which is a linear transformation of a k-uninorm), a semigroup
acting on [zg, 1] (which is a linear transformation of an (n — k)-uninorm) and a trivial
semigroup ({z}, Id).

Our aim is to decompose U™ into semigroups from 7, i.e., semigroups related to con-
tinuous Archimedean t-norms and t-conorms and representable and idempotent uninormes,
via the z-ordinal sum. In the first step we decompose U™ into an ordinal sum of (a re-
striction of) an n-uninorm from Class 1 acting on [xg, yo] ([0, Yo[, %0, ¥o],]%0,v0]) and

semigroups from H, according to results from Section 3.1. In the second step we decom-
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pose this n-uninorm from Class 1, via z-ordinal sum, into uninorms of lower orders. For
n = 2 we obtain standard uninorms which, according to Chapter 2, can be expressed as
an ordinal sum of semigroups from 4. For n > 2 we will use induction.

Since we will compose the global z-ordinal sum from several local parts we have shown
the following useful results that helped us to shorten proofs considerably (see Lemmas 3,

4 and 5 in [NUN4]).

Definition 3.3.2
Let (C, <) be a partially ordered set. We say that (C, <) has a tree structure if for each

p1, p2 € C such that p, and py are incomparable there is no upper bound for p; and ps.

Lemma 3.3.3
Let (C, =) be a meet semi-lattice which has a tree structure. For «,f,v € C, if v is
incomparable with oo A B then a A~v = 3 A .

In the following result we assume a z-ordinal sum of semigroups G, for a € AU B, in

which each semigroup G, for a € B can be expressed as an ordinal sum of semigroups.

Lemma 3.3.4

Let (X, *) be a z-ordinal sum of semigroups (G, )acc With respect to sets A and B and
a partial order < . Assume that for each a € B the semigroup G, is an ordinal sum of
semigroups (Hpg)gep, for some linearly ordered index set (B,,<,) and Hg = Gy for all
p € A. Then (X,x) is a z-ordinal sum of semigroups (Hg)gcaup With respect to sets

A=A, B'= |J B, and a partial order <" given by:
aeB
(i) If p1,ps € By for some oo € B then p; =<' py if p1 <, po.

(ii) If p1 € B, and py € Bg for some «, 3 € B then p; =’ po if @« <X § and py =’ py if
B = a.

(iii) If py € B, for some o« € B and ps € A. Then p; =" py if @« < py and py =<' py if
P2 = .

(iv) If p1,p2 € A then p; = po if py < po.

Moreover, if (C, =) for C'= AU B has a tree structure then also (C', X") for C' = A’U B’

has a tree structure.

In the following result we assume a z-ordinal sum of semigroups which has structure
of a tree with two branches, where each branch can be expressed as a z-ordinal sum of

semigroups.

Lemma 3.3.5

Let (X, %) be a z-ordinal sum of semigroups G, Go, G5 and G4, where A = {3} and < is
given by 1 A2 = 3 and 4 < 3. Assume that G is a z-ordinal sum of semigroups H, with
respect to Ay, By and =<1, where (C}, =1) for C; = AU By has a tree structure. Similarly,
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assume that GGy is a z-ordinal sum of semigroups H, with respect to Ay, By and =<5, where
(Cy, =y) for Cy = Ay U By has a tree structure; and Hy = G, Hy = G4. Then (X, %) is
a z-ordinal sum of semigroups (Hy)acc,ucsuqsay With respect to A” = A; U Ay U {3},
B’ = By U By U {4} and <’ given by

(i) a =’ Bifa, 5 € Cy and a <1 f.

(ii) a X' Bifa, 5 € Cy and a <5 f3.
(iii) 4 <’ 3 <"« for all « € Cy U Cs.
(iv) If « € Cy and 8 € Cy then o and [ are incomparable.

Moreover, (C', %") has a tree structure.

The previous results imply that z-ordinal sum decomposition of a 2-uninorm from Us
resembles a tree with two branches and only one node — which corresponds to semigroup
({z1},1d). Semigroups that are smaller than ({21 },1d) are those from the ordinal sum de-
composition of semigroups which remain when the 2-uninorm U? from Class 1 is removed
from the core. Further, one branch corresponds to the first underlying uninorm of U2
and the second branch corresponds to the second underlying uninorm of U2 (see Figure
3.5). If we summarize Theorems 6, 7 and 8 from [NUN4] we get the following. Recall
that the relation A ~ S expresses that the set A consists of indices that correspond to

trivial semigroups defined on points from S.

Theorem 3.3.6
Let U%: [0,1] — [0,1] be a 2-uninorm, U? € Us. Then U? can be expressed as a z-ordinal
sum of a countable number of semigroups from H, where A ~ {z} and (C, <) has a tree

structure.

Note that a countable number of semigroups in this result was incorrectly transferred
from [UNI4] (see Remark 2.5.3). The corrected result, with exactly the same proof, is
that U? can be expressed as a z-ordinal sum of a countable number of semigroups from
Definition 2.5.1 and a possibly uncountable number of trivial semigroups, where A ~ {z;}
and (C, =) has a tree structure.

For an n-uninorm from U,, the smallest node from the branching set A in the respec-
tive partial order corresponds to zx = U"(ey, €,,). Similar to 2-uninorms, for n-uninorms
semigroups that are smaller than ({zx},1d) are those from the ordinal sum decomposi-
tion of semigroups which remain when the n-uninorm U]’ from Class 1 is removed from
the core of U™. Above ({zx},Id) there are two branches, one corresponds to the linear
transformation of (a restriction of ) a k-uninorm to the interval [zg, zx] (Jzo, 2x|) and the
second corresponds to the linear transformation of (a restriction of) an (n — k)-uninorm
to the interval [zx, yo| ([2k, %o[). By induction we can then express each branch further as

a z-ordinal sum of semigroups from H. Then we obtain Theorem 10 in [NUN4].
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s {e1} A {e2}

[0, 1] """" A~ {z}

e [ZlvyO]

H 0, 20[U {1} Ulyo, 1]

S U*(0,1)

Figure 3.5: A partial order related to z-ordinal sum decomposition of a 2-uninorm with
U%(z0,10) = z1. Labeled areas consist of semigroups which contain points from the given
set. Note that e; and ey can belong to semigroups which are not trivial.

Theorem 3.3.7
Let U™: [0,1] — [0, 1] be an n-uninorm, U™ € U,,. Then U™ can be expressed as a z-
ordinal sum of a countable number of semigroups from H, where A ~ {z,...,z,_1} and

(C, <) has a tree structure.

Similarly as before, the correct result, with exactly the same proof, is that U™ can be
expressed as a z-ordinal sum of a countable number of semigroups from Definition 2.5.1
and a possibly uncountable number of trivial semigroups, where A ~ {z1,...,2,_1} and
(C, =) has a tree structure.

This result completely characterizes n-uninorms with continuous underlying functions.

3.4 Conclusions

If we summarize our results we see that each n-uninorm from U,, can be reduced to an
m-uninorm from U,,, where m < n and for the m-neutral element {e1,...,emn}s . 2.,
of U™ there e; = z; for some i € {1,...,n}, j € {0,...,n} implies ¢; = z; € {0,1}.
Moreover, if U™ (x,y;) = U™(z,y2) = e; for some x,y;,y2 € [0,1] and i € {1,...,n} then
Y1 = Y2

Further, each reduced n-uninorm (including 1-uninorms which are just standard uni-

norms) with continuous underlying functions can be expressed as a z-ordinal sum of
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semigroups related to continuous Archimedean t-norms, t-conorms, representable uni-
norms and idempotent semigroups, where the meet semi-lattice (C, <) resembles a binary
tree and it has an n-top element, i.e., it possesses n top branches. Here we say that a

partially ordered set has an n-top element if there exist kq,...,k, € C such that
e k; is incomparable with k; for i # j, i,j € {1,...,n},
e for each i € {1,...,n} there is no k € C such that k; < k,
e for all k € C there is k < k; for some i € {1,...,n}.

For an n-uninorm U™ and all i € {1,...,n} there is ¢; € X}, for some j € {1,...,n}
and vice versa for all j € {1,...,n} there exists an i € {1,...,n} such that ¢; € Xj,.
Therefore we can assume that e; € Xy, for all ¢ € {1,...,n}. Then k; A k;iyq ~ {z;} and
for all 4,5 € {1,...,n}, i < j, there is k; A k; ~ {2} for some k € {1,...,n — 1} such
that z is the annihilator of U™ on [e;, e;]*.

The set of points of discontinuity of each reduced n-uninorm can be covered by graphs
of n characterizing set-valued functions, each related to one of the local neutral elements e;
fori € {1,...,n}. Thus the structure of n-uninorms with continuous underlying functions
is completely characterized in this work.

A complete characterization of (continuous) t-norms is an important result that fa-
cilitates insight into the structure of the inference apparatus used in many applications,
including probabilistic metric spaces and non-additive measures and integrals, which are
used in generalized theory of probability to model the interaction when calculating the
mean value. In the case of non-additive integrals t-norms and related operations replace
the standard multiplication which is used in the additive case. One class of such opera-
tions are uninorms, which are studied in this doctoral dissertation. The main advantage
of uninorms is that they can be used when working on a bipolar scale.

From the application point of view is probably the most interesting the class of uni-
norms with continuous underlying functions since it is big enough and still has quite nice
properties. That is the reason why this class was studied by many authors, however, the
achieved results covered only a number of special cases. A complete characterization of
this class of uninorms was given solely in the papers that are contained in this doctoral
dissertation.

One of the further generalizations of the bipolar scale yields an approach where the
corresponding binary function in the respective non-additive integral has different prop-
erties depending on the specific subarea of the unit square, i.e., input values are divided
into so-called reference levels. This approach brings us to n-uninorms which generalize
uninorms. The class of n-uninorms with continuous underlying functions is also com-

pletely characterized in this work. Similarly as in the case of uninorms, up to now only
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some special cases of n-uninorms were characterized. Therefore this doctoral dissertation
contributes to the development of generalized theory of probability, specifically to exten-
sion of knowledge of non-additive measures and integrals that model the mean value in

the case when interaction is assumed.

3.5 Future and related work

In our recent work, we have applied results on uninorms with continuous underlying func-
tions in [57] which studies convex combinations of uninorms. Further, we have shown
a close connection between z-ordinal sum, introduced in this thesis, and natural par-
tial ordering introduced in [59] in the case of commutative, associative and idempotent
functions. Based on these results we have developed a method for an easy verification
of associativity of a commutative and idempotent function (or a special commutative
non-idempotent function).

In the future work we will study the z-ordinal sum construction further, especially in
connection with associative functions on the unit interval. We plan to show that each
semigroup that can be expressed as a z-ordinal sum of semigroups can be also expressed
as a z-ordinal sum of semigroups such that o € A implies that G, is a trivial semigroup.
For simplicity, we will define the basic form of a z-ordinal sum for which a € A implies
that G, is a trivial semigroup and X, = X}, for some p, k € AU B implies p = k. Our aim
is to show that each z-ordinal sum can be reduced to its basic form.

We will also investigate binary functions on the unit interval which can be obtained
as a z-ordinal sum of semigroups from H. It is easy to observe that all such functions are
commutative, associative, have a continuous diagonal and have continuous Archimedean
components. On the other hand, to ensure the monotonicity of a z-ordinal sum is not
so easy. Therefore another important work will be the investigation of the compatibility
of the standard order on the unit interval and the partial order < from the z-ordinal
sum construction. In other words, we will investigate the conditions under which a z-
ordinal sum yields a monotone function, i.e., a function non-decreasing with respect to
the standard order on the unit interval.

Vice versa, we plan to show that each commutative, associative and non-decreasing
function on the unit interval which is continuous on the diagonal and has continuous
Archimedean components can be expressed as a z-ordinal sum of semigroups from H.

As another streaming of our further research, we aim to focus on ordinal sum (z-
ordinal sum) constructions of general aggregation functions [12, 34| or of some particular
aggregation functions, such as overlap and grouping functions [14, 15], particular integrals

[13, 62, 80], and of some related functions, such as fuzzy implications [9].






Appendix

Here we introduce the proof of Proposition 2.1.4 from Section 2.1.

Proposition 2.1.4

Let GU: ([a,b)U[c, d])* — ([a, b]U[c, d]), wherea < b < ¢ < d, a,b,c,d € [0,1] be a gener-
alized composite uninorm with underlying functions which are a continuous Archimedean
t-norm and a continuous Archimedean t-conorm, respectively. Then GU can be expressed
either as an ordinal sum of a uninorm with continuous Archimedean underlying functions
and a trivial semigroup, or as an ordinal sum of a continuous Archimedean t-norm (possi-
bly without one or both boundary points), a continuous Archimedean t-conorm (possibly
without one or both boundary points) and few trivial semigroups (corresponding to points
form {a,b,c,d}).

PROOF: Since GU(b,c) € [b,c| there is GU(b,c) € {b,c}. Further we will assume
that GU(b,c) = b as the case when GU(b,c¢) = c is analogous. Then also GU(z,c) =
GU(GU(z,b),c) = GU(xz,GU(b,c)) = GU(x,b) = x for all x € [a,b], i.e., ¢ is the neutral
element of GU. Then we can distinguish the following cases:

(i) If GU(b,y) =y for all y € ]c, d[. In this case the monotonicity implies also GU (b, d) =
d, i.e., b is the neutral element of GU restricted to ([a,b] U ]c,d])?. Therefore GU
restricted to the set ([a,b] U]c, d])? is isomorphic to a uninorm with continuous un-
derlying functions. In this case ([a,b] U [c,d],GU) can be expressed as an ordinal
sum of Gy = ({c},1d) and Gy = ([a,b] U lc,d], GU|(ap)u)ca))2), Which is isomorphic
to a uninorm with continuous underlying functions and the order on {1,2} in this
ordinal sum is 2 < 1.

(ii) If GU(b, o) # yo for some yo € ]c,d]. We have two possibilities: either GU (b, yo) = b,
or GU(b,yo) > c. First we will assume that GU (b, yo) = 1 > ¢. Then y; € [b, yo|,
ie., y1 <yo and

y1 = GU(GU(b,b),y0) = GU (b, GU(b,50)) = GU (b, ).

However, since GU on [c,d]” is a continuous t-conorm there exists a p € [c, d] such
that GU(y1,p) = yo. Then we get

GU(b,y0) = GU(b, GU(y1,p)) = GU(GU(b,y1),p) = GU(y1,p) = Yo,
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which is a contradiction.

Thus GU (b, yo) = b. Then the monotonicity gives GU (b, y) = b for all y € [c, yo] and

the associativity gives

b= GU(b, yo) = GU(b, GU(yo, yo)) == GU(b, GU(yg, . ,yo))

n—times

for all n € N. Since GU is on [¢, d]” Archimedean we get GU (b, y) = b for all y € [, d[ .

Then also
GU(x,y) = GU(GU (x,b),y) = GU(2,GU(b,y)) = GU(x,b) =

for all € [a,b] and all y € [¢,d].
Now we will show that GU(z,d) € {z,d} for all z € [a,b]. Indeed, if GU(z,d) = x; >

x, x1 # d for some x € [a,b] then the associativity implies GU(x1,d) = x; and thus
the monotonicity and GU (¢, d) = d imply z; < b. Since GU is on [a, b]” a continuous
t-norm there exists a p € [a, b] such that GU(z1,p) = = and then

GU(z,d) = GU(GU(p,x1),d) = GU(p, GU(x1,d)) = GU(p, x1) = =,

which is a contradiction. Therefore GU(z,d) € {z,d} for all x € [a,b].

Further, if GU (x4, d) = x5 for some x5 € ]a, b] then the monotonicity gives GU (z, d) =
x for all © € [a,z5] and the Archimedean property on [a, b]2 gives GU (z,d) = x for
all x € [a,b].

Therefore we have the following possibilities:

1. If GU(b,d) = b then also GU(z,d) = x for all = € [a, b] and we see that ([a, b] U
[c,d],GU) is an ordinal sum of G1 = ([a, b], GU|, ;2) and G2 = ([c, d] , GU|, 42),
i.e., of a continuous t-norm and a continuous t-conorm, and the order on {1, 2}

in this ordinal sum is given by 1 < 2.

2. If GU(b,d) = d and GU(z,d) = z for all z € [a,b] then ([a,b] U [¢,d],GU)
is an ordinal sum of semigroups Gi = ([a,b[, GU|(,42), G2 = ({b},1d), G5 =
(le.d[, GU|. 4p) and G4 = ({d},1d). The order on {1,2, 3,4} in this ordinal sum
is given by 1 <4 <2 < 3.

3. If GU(a,d) = a and GU(x,d) = d for all x € ]a,b] then ([a,b] U [¢,d],GU)
is an ordinal sum of semigroups G = (Ja,b], GU|,,2), G2 = ({a},1d), G5 =
([e.d[, GU| 42) and G4 = ({d},1d). The order on {1,2, 3,4} in this ordinal sum
is given by 2 <4 <1 < 3.



4. If GU(a,d) = d then ([a,b] U [¢,d],GU) is an ordinal sum of semigroups G; =
(la,b], GUJpy2)s G2 = ([e,d[, GUJ 42) and Gz = ({d},Id). The order on the
set {1,2,3} in this ordinal sum is given by 3 <1 < 2.

Here we introduce the proof of Proposition 2.1.6 from Section 2.1.

Proposition 2.1.6

Assume 0 <a<b<c<d<1l,velbd,e€]01],a binary function U: [0,1]> — [0,1]
and the function f given by (2.1). Then U is a uninorm with the neutral element e and
continuous underlying functions if and only if the function U*: ([a,b[ U {v} U]e,d])* —
([a,b[ U {v} U]e,d]) given by U*(x,y) = f(U(f~(x), f~'(y))) is a uninorm on ([a,b] U
{v} Ule, d])* which is continuous on [a,b[*> and on |c,d]* and fulfills lim U*(z,t) = x for

t—b—

all v € [a,b] and lim U*(y,t) =y for all y € |c,d] .
t—ct

PROOF: Assume that U is a uninorm with continuous underlying functions. Then U*
is a uninorm on ([a,b[U {v} U]c, d])?. Since f~! restricted to [a, b] (Jc,d]) is an increasing
homeomorphism we know that U* is continuous on [a, b[*> and on ]¢, d]*. Assume = € [a, b]
with f~!(z) = s € [0,¢[ and any ¢t € [a,z[ with f7'(t) = s; < s, s € [0,¢[. Since
U is a uninorm with continuous underlying functions we know that U(e,w) = w and
U(0,w) = 0 for all w € [0,e] and the continuity ensures the existence of ¢ € [0, e[ such
that U(s,q) = s;. Then U*(z, f(q)) = f(U(s,q)) = f(s1) = t. Furthermore, for all
p € [0, e[ there is U(s,p) < s and therefore U*(x,y) = f(U(s, f'(y))) < f(s) = z for all
y € [a,b[. These two facts together with the monotonicity give us

lim U*(x,t) = x.

t—b—

Similarly we can show that
lim U*(y,t) =y

t—ct
for all y € Je,d].
Vice versa, assume that U* is a uninorm on ([a, b[U{v}U]e, d])? which is continuous on
[a,b]> and on ¢, d]* and fulfills lim U*(z,t) = z for all z € [a,b] and lim U*(y,t) =y
t—b— t—ct
for all y € ]c,d]. Then similarly as above we can show that U is a uninorm with the

neutral element e which is continuous on [0, e[* and on Je, 1]*. Further,

lim U(z,t) ==z
t—e™
for all x € [0, e[ and
lim Uy, t) =y
t—set
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for all y € Je,1]. Since e is the neutral element of U we easily see that U is a uninorm
with continuous underlying functions.
a
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Abstract

The idempotent uninorms are characterized by means of the ordinal sum of Clifford. It is shown that idempotent uninorms are
in one-to-one correspondence with special linear orders on [0, 1]. A connection between respective linear order on [0, 1] and the
characterizing multi-function of the uninorm is also investigated.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction, basic notions and results

The uninorms (see [10,12,13,17,22]) generalize both t-norms and t-conorms (see [1,14]). A uninorm is a binary
operation U : [0, 11> —> [0, 1] that is commutative, associative, non-decreasing in both coordinates and has a neutral
element e € 0, 1[. Due to the associativity, n-ary form of any uninorm is uniquely given and thus it can be extended
into an aggregation function working on |, [0, 11".

If we take uninorm in a broader sense, i.e., if for a neutral element we have e € [0, 1], then the class of uninorms
covers also the class of t-norms (here ¢ = 1) and the class of t-conorms (here ¢ = 0). For each uninorm the value
U(1,0) € {0, 1} is the annihilator of UU. A uninorm is said to be conjunctive (disjunctive) if U(1,0) =0 (U(1,0) =1).

For each uninorm U with the neutral element e € ]0, 1] the restriction of U to [0, e]2 is a t-norm on [0, e]z, ie.,
a linear transformation of some t-norm Ty on [0, 1]? and the restriction of U to [e, 1]2 is a t-conorm on [e, 1]2, 1e.,
a linear transformation of some t-conorm Sy . Moreover, min(x, y) < U(x, y) < max(x, y) for all (x,y) € [0, e] x
[e, 11U[e, 1] x [0, e].

On the other hand, from any pair of a t-norm and a t-conorm we can construct the minimal and the maximal
uninorm with the given underlying functions.
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Proposition 1. (See [15].) Let T: [0, 11> — [0, 1] be a t-norm and S: [0, 11> —> [0, 1] a t-conorm and assume
e €10, 1]. Then the two functions Unpin, Umax : [0, 112 — [0, 1] given by

e T(%.3) if (x,y) €10, e,
Unin(x.y) = e+ (1 — ) - SG=£,2=5) if (x,y) [, 112
min(x, y) otherwise
and
e-T(, %) if (x,y) € [0, e,
Unax(x, ) = e+ (1 —e) - SG=£,7=2)  if (x,y) €[e, 117,
max(x, y) otherwise

are uninorms. We will denote the set of all uninorms of the first type by Umin and of the second type by Umax-

One important subclass of uninorms are idempotent uninorms, i.e., uninorms where U (x, x) = x for all x € [0, 1].
In the case of t-norms and t-conorms there is only one idempotent t-norm — the minimum, and only one idempotent
t-conorm — the maximum. Therefore idempotent uninorms are uniquely given and continuous on [0, e]* U [e, 1]%.
Idempotent uninorms were studied in several papers (see Refs., [7,9,16,21] and references therein).

Lemma 1. (See [9].) Let U : [0, 11> —> [0, 1] be an idempotent uninorm. Then U is internal, i.e., U(x,y) € {x, y}
holds for all (x, y) € [0, 1]%.

Further, idempotent uninorms that are left-continuous, or right-continuous were characterized in [7]. Idempotent
uninorms on finite ordinal scales were studied in [5]. The complete characterization of idempotent uninorms from [16]
was later corrected in [21]. In the following a non-increasing function g: [0, 1] — [0, 1] is called Id-symmetrical if
its completed graph Fy is Id-symmetrical, i.e., (x, y) € Fy if and only if (y, x) € F,. Note that a completed graph was
defined in [21] as follows: let g: [0, 1] — [0, 1] be any decreasing function and let G be the graph of g, that is

G ={(x,gx) |x€[0,1]}

for any point of discontinuity s of g, let s~ and s be the corresponding lateral limits. Then, we define the completed
graph of g, denoted by Fy, as the set obtained from G by adding the vertical segments in any discontinuity point s,
from s~ tos™T.

Theorem 1. (See [21].) Consider e € 0, 1[. The following items are equivalent:

(i) U is an idempotent uninorm with neutral element e.
(ii) There exists a decreasing, ld-symmetrical function g: [0, 1] — [0, 1] with fixed point e such that U is for all
(x,y) €0, 11% given by

min(x, y) ify <g(x)ory=g(x),x <g(gx)),
Ux,y)=1max(x,y) ify>gx)ory=gx), x> g(gkx)),
xory ify=gx),x=g(gkx)),

being commutative on the set of points (x, g(x)) such that x = g(g(x)).

Note that the function g coincides with the characterizing multi-function of U which we now recall.

Definition 1. (See [18].) A mapping p: [0, 1] —> P([0, 1]) is called a multi-function if to every x € [0, 1] it assigns
a subset of [0, 1], i.e., p(x) C [0, 1]. A multi-function p is called
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(i) non-increasing if for all x1, x5 € [0, 1], x; < x3 there is p(x1) > p(x3), i.e, for all y; € p(x1) and all y, € p(x2)
we have y; > y; and thus Card(p(x1) N p(x2)) <1,
(ii) symmetric if y € p(x) if and only if x € p(y).

The graph of a multi-function p will be denoted by G(p), i.e., (x,y) € G(p) if and only if y € p(x).

Lemma 2. (See [18].) A symmetric multi-function p: [0, 1] — P([0, 1]) is surjective, i.e., for all y € [0, 1] there
exists an x € [0, 1] such that y € p(x), if and only if we have p(x) # O for all x € [0, 1]. The graph of a symmetric,
surjective, non-increasing multi-function p: [0, 1] — P([0, 1]) is a connected line.

We will denote the set of all uninorms U : [0, 1]*> —> [0, 1] such that U is continuous on [0, 1] \ R, where
R = G(r) and r is a symmetric, surjective, non-increasing multi-function such that U (x, y) = e implies (x, y) € R,
by U'R. Further, the corresponding multi-function r will be called the characterizing multi-function of U.

Theorem 2. (See [18].) Let U : [0, 112 —> [0, 1] be a uninorm. Then U is continuous on [0, 6]2 and on [e, 1]2 if and
only if U e UR and in each point (x, y) € [0, 11? the uninorm U is either left-continuous or right-continuous.

The previous theorem characterizes uninorms with continuous underlying functions via their characterizing multi-
function. In the case of idempotent uninorms the graph of their characterizing multi-function coincides with the
completed graph of the function g from Theorem 1.

Since uninorms are special semigroups we can use here the result of Clifford.

Theorem 3. (See [8].) Let A # @ be a totally ordered set and (G y)gea With Gy = (Xg, *¢) be a family of semigroups.
Assume that for all a, B € A with a < B the sets X, and Xg are either disjoint or that Xo N Xg = {xq,p}, where x4 g
is both the neutral element of G and the annihilator of Gg and where for each y € A with o <y < 8 we have
X, = {xq,p}. Put X = |J X, and define the binary operation s on X by

aeA
Xxqy if(x,y) € Xog X Xq,
xxy={x if(x,y) € Xg x Xgand o < B,
y if(x,y) € Xo x Xg and o > B.

Then G = (X, *) is a semigroup. The semigroup G is commutative if and only if for each a € A the semigroup G is
commutative.

It is immediate that both uninorms Ui, and Upax discussed in Proposition 1 can be seen as ordinal sums. This is (in
our best knowledge), up to minor generalizations including the ordinal sum construction on [0, ¢]> and/or on [e, 1]
subdomains (see [11]), the only application of Clifford’s ordinal sums in construction/representation of uninorms. Qur
results presented in the next section show a novel and surprising fact concerning the construction/representation of
idempotent uninorms, showing their link through the Clifford ordinal sum construction with particular linear orders
on the set [0, 1].

2. Main result

In this section we would like to show that each idempotent uninorm can be decomposed to an ordinal sum of
singleton semigroups. For these semigroups, i.e., semigroups that are defined on singletons, the only possible operation
is

Id: {x}2 — {x} given by Id(x, x) = x.
Proposition 2. Ler U : [0, 112 —> [0, 1] be an idempotent uninorm. Then ([0, 1], U) is an ordinal sum of singleton
semigroups ({x}, Id) for x € [0, 1].
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Proof. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X, = {x} if
i(p) = x. On the set P we define a relation < by p; < py if U(x, y) = x, where X, = {x} and X, = {y}. Now
we will show that < is a linear order. Since U is idempotent we have U (x, x) = x for all x € [0, 1] and thus < is
reflexive. If U(x, y) = x and U (y, x) = y then the commutativity of U implies that x = y, i.e., < is anti-symmetric.
If U(x,y) =x and U(y, z) = y then the associativity of U implies

Ux,2)=UU(x,y),2)=U(x,U(y,2) =U(x,y) =x,

i.e., U(x, z) = x and thus < is transitive. Finally, by Lemma 1 we have U (x, y) € {x, y} for all x, y € [0, 1] and thus
< is a linear order. Now let ([0, 1], U*) be the ordinal sum of {(X,Id)},cp with the linear order <. Then it is easy
to see that U (x, y) =U*(x,y) forall x,y €[0,1]. O

Proposition 3. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X , = {x} if
i(p) =x. Let e € [0, 1] and let < be a linear order on P. If ([0, 1], U) is the ordinal sum of {(X,1d)},ecp with the
linear order <X then U is an idempotent uninorm with the neutral element e if and only if the following two conditions
are fulfilled:

(i) p1 < p2forall p1,p2e Pif X, ={x1}, Xp, ={x2}, x| <x2 and x1,x2 €[0, €],
(ii)) p1 < p2forall py,pr € Pif X, ={n}, Xp, ={y2}, y1 > y2and y1, y2 € [e, 1].

Proof. Let ([0, 1], U) be the ordinal sum of {(X,Id)},cp with the linear order <. Then U is associative and com-
mutative. If the two conditions are satisfied then p; < p and p> < p, where X, = {x}, X, = {y} and X, = {e}
for all x € [0, e], y € [e, 1]. Therefore U(x, e) = x for all x € [0, 1]. Finally, let us show that U is non-decreasing.
The two conditions imply that U], ,» = min and U], ;> = max. Thus we only have to show the monotonicity on
[0, e] x [e, 1]U[e, 1] x [0, e]. We will focus on [0, e] X [e, 1] as the other case is analogical. Due to the commutativity
it is enough to show that for x € [0, e] and y;, y> € [e, 1], y1 < y2 there is U(x, y1) < U(x, y2). Denote X, = {y},
Xp, ={y1} and X, = {y2}. Then the second condition implies that p> < p;. Now there are three possibilities:

(i) p2<p1=<p,
(ii) p2 <p=<pi1,
(i) p < p2<p1.

In the first case we have U (x, y;) = y; < y» = U(x, y2). In the second case there is U (x, y;) = x < y» = U(x, y2).
Finally, in the third case we get U (x, y;) = x = U(x, y2). Thus in all cases U (x, y;) < U(x, y») and therefore U is
non-decreasing in both coordinates. Summarizing, U is an internal uninorm.

Vice versa, let U be an idempotent uninorm. From Proposition 2 it then follows that ([0, 1], U) is an ordinal sum
of {(Xp,Id)},ep with the linear order <, given by p; <2 p2 if U(x, y) = x for X, = {x}, X, = {y}. Since for
x1,x2 € [0, e] we have U(x, y) = min(x, y) we get p; < p for all py, po € P such that X, = {x1}, X, = {x2},
x1 < x2 and x1, x2 € [0, e]. Similarly, for y1, y» € [e, 1] we have U (x, y) = max(x, y) and thus we get p; < p; for all
p1, p2 € P suchthat X, = {y1}, Xp, ={y2}, y1 >y and y1, y2 € [e,1]. O

The previous result shows that idempotent uninorms are in one-to-one correspondence with linear orders < on
[0, 1], such that x| < xp implies x| < x» for all x1, x5 € [0, e] and y; > y; implies y; < yp for all yi, y» € [e, 1]. We
will denote the set of all linear orders on [0, 1] that fulfill this condition by R..

Example 1.

(i) Let U;: [0, 1]> — [0, 1] be an idempotent uninorm, U € Unmiy. Then for the linear order < € R, related to the
decomposition of U into singleton semigroups we have 0 <1 x <1 1 <y y <jeforallx € ]0,¢[, y € Je, 1[.

(i1) Let U,: [0, 112 — [0, 1] be an idempotent uninorm, U € Unax. Then for the linear order <€ R, related to the
decomposition of U into singleton semigroups we have 1 <2 y <o 0 <y x <y e forall x € ]0, e[, y € Je, 1[.
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(iii) Let Us: [0, 1]*> —> [0, 1] be an idempotent uninorm given by

min(x,y) ifx+y<l,
Us(x,y) = :
max(x, y) otherwise.
Then for the linear order <3€ R, related to the decomposition of U3 into singleton semigroups we have for all
x€]0,el,ye]e, 1[ that x <3 yifandonlyif x +y < 1.

Corollary 1. Let U: [0, 112 —> [0, 1] be an idempotent uninorm and let <€ R, be the linear order related to the
decomposition of U into singleton semigroups. If g: [0, 1] — [0, 1] is the decreasing, Id-symmetrical function with
fixed point e from Theorem I then for all x € [0, e], y € [e, 1] there is x < y if and only if either y < g(x), or y = g(x),
x <g(gx)), ory=g(x), x =g(gx)) and U(x, y) = x.

Proposition 4. Let Uy : [0, 11> — [0, 1] be an idempotent uninorm and let Us : [0, 112 —> [0, 1] be the dual uninorm
of Uy, i.e, thereis Uj(x,y) =1—Ux(1 —x,1 —y) forall x,y € [0, 1]. Then for the linear order <1 related to the
decomposition of U into singleton semigroups and the linear order <, related to the decomposition of U, into
singleton semigroups we have x <1 y ifandonly if | —x <o 1 —y forall x,y € [0, 1].

Proof. We have x <y yifandonly if x =U(x,y) =1—Ux(1 —x,1 —y),ie., Us(l —x,1 —y)=1—x and thus
l—x=<p1l—yforalx,ye[0,1]. O

Using any increasing isomorphism ¢ : [0, 1] —> [0, 1] we can construct from a uninorm U a new uninorm U, by

Up(x,y) =9~ (U(p(x), 9(1)))
for all (x, y) € [0, 1]>. Then we have the following result.

Proposition 5. Ler U : [0, 117 — [0, 1] be an idempotent uninorm and let ¢: [0, 1] —> [0, 1] be an increasing
isomorphism on [0, 1]. Then U, : [0, 11> — [0, 1] given for all (x,y) € [0, 172 by Uy(x,y) = <p_1(U(<p(x), o(y)))
is an idempotent uninorm. Further, for the linear order < related to the decomposition of U into singleton semigroups
and the linear order <, related to the decomposition of U, into singleton semigroups we have x <, y if and only if

¢(x) 2@(y) forall x,y €10, 1].
Proof. Itis easy to see that U, is an idempotent uninorm. Further, for all x, y € [0, 1] we have x <, y if and only if

x=Uy(x,y) =0 '(Upx), o).
ie., U(p(x), o(¥)) = ¢(x) which holds if and only if ¢(x) <e(y). O

Remark 1. Proposition 3 is valid also for discrete uninorms, i.e., for commutative, associative, non-decreasing op-
erations U: {0,...,n — 1}> —> {0,...,n — 1} with neutral element ¢ € {0,...,n — 1}, where n € N. If we fix
i €{0,...,n — 1} then there are exactly i elements smaller than i and n — 1 — i elements bigger than i. There-
fore the number of idempotent discrete uninorms on {0, ...,n — 1} with the neutral element e =i is equal to the

number of ways how to divide n — 1 — i elements into i + 1 groups which is the combinatorial number C(n — 1, i).
n—1

Then we immediately see that there are exactly Y C(n — 1,i) =2"~! idempotent uninorms on {0, ...,n — 1}.
i=0

3. Conclusions

In this short contribution we have shown the characterization of idempotent uninorms via the ordinal sum of
singleton semigroups. Respective linear orders on [0, 1] were also studied. Up to the theoretical importance of our
results, we expect also their application in several fields, where the uninorms were already successfully applied,
such as in expert systems [6], approximate reasoning [20], data mining [26], image processing [3,4], fuzzy systems
modeling [23-25], neural networks [2], etc.
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Our results cover and generalize results known from the literature. For example, Corollary 1 shows transparently
what is the link of representation of idempotent uninorms by means of Id-symmetrical functions (see Theorem 1) and
the representation by means of linear orders on [0, 1] (see Proposition 3).

In [19] we will continue to characterize uninorms with continuous underlying functions via the ordinal sum of
Clifford.
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1. Introduction

The (left-continuous) t-norms and their dual t-conorms play an indispensable role in many domains such as probabilistic
metric spaces [21], fuzzy logic [4], fuzzy control [22], non-additive measures and integrals [19], multi-criteria-decision mak-
ing [26] and others. Each continuous t-norm is an ordinal sum of continuous Archimedean t-norms, and each continuous
Archimedean t-norm possesses a continuous additive generator. However, in [9] (see also [10]) it was shown that the most
general operations that yield a t-norm via the ordinal sum construction are t-subnormes.

In order to model bipolar behavior, uninorms were introduced in [24] (see also [3]). A uninorm U restricted to [0, e]?,
where e is the neutral element of U is a t-norm on [0, e]?, and U restricted to [e, 1] is a t-conorm on [e, 1]*. Each uninorm
is isomorphic to a bipolar t-conorm on [—1, 1] (see [15]), i.e., a bipolar operation that is disjunctive with respect to the
neutral point O (i.e., aggregated values diverge from the neutral point).

T-norms, t-conorms as well as uninorms are Abelian semigroups and therefore it is possible to apply the ordinal sum
of Clifford for their construction. As uninorms are closely related to t-norms and t-conorms, it is clear that an ordinal sum
that yields a uninorm will be closely connected with the ordinal sum that yields the corresponding underlying t-norm
and t-conorm. In the case of t-norms (t-conorms) the basic stones in the ordinal sum construction are t-subnorms (t-
superconorms). In this paper we investigate which operations can be used in the construction of uninorms via the ordinal
sum and we call them generalized uninorms.

As we mentioned above, each continuous Archimedean t-norm possesses a continuous additive generator which has a
range from [0, co]. Moreover, also t-subnorms can be additively generated. In the case of t-subnorms the strict monotonicity
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of additive generators of t-norms can be relaxed. If we consider a strictly monotone, continuous additive generator with the
range [—o0, oo] the generated operation will be a uninorm. Therefore our other interest is whether by relaxing the strict
monotonicity of the additive generator of a uninorm we can generate a generalized uninorm.

The paper is structured as follows. In Section 2, some basic notions and results are recalled. The ordinal sum construc-
tion of Clifford is used to construct uninorms (Section 3) and a special case when all summands in this ordinal sum are
isomorphic to uninorms is discussed in Section 4. In Section 5 we show the basic facts on generalized uninorms and in
Section 6 we then study generated generalized uninorms. We give our conclusions in Section 7.

2. Basic notions and results

We will start with several important definitions (see [8,14]).

Definition 1.

(i) A triangular norm is a binary function T: [0, 1]> — [0, 1] which is commutative, associative, non-decreasing in both
variables and 1 is its neutral element.

(i) A triangular conorm is a binary function C: [0, 1]> — [0, 1] which is commutative, associative, non-decreasing in both
variables and O is its neutral element.

(iii) A triangular subnorm is a binary function M: [0, 11> — [0, 1] which is commutative, associative, non-decreasing in
both variables and there is M(x, y) < min(x, y) for all (x, y) € [0, 1]2.

(iv) A triangular superconorm is a binary function R: [0, 112 —> [0, 1] which is commutative, associative, non-decreasing
in both variables and there is R(x, y) > max(x, y) for all (x, y) € [0, 1]%.

Due to the associativity n-ary form of any t-norm (t-conorm) is uniquely given and thus it can be extended to an
aggregation function working on | J,.y[0, 11"

The duality between t-norms and t-conorms is expressed by the fact that from any t-norm T we can obtain its dual
t-conorm C by the equation

Cx,y)y=1-TA—-x,1—y)

and vice-versa. The same duality holds between t-subnorms and t-superconorms.
Now let us recall an ordinal sum construction for t-norms and t-conorms [8].

Proposition 1. Let K be a finite or countably infinite index set and let (Jai, bx)kex ((Ick,dk[)kek) be a system of open disjoint
subintervals of [0, 1]. Let (Tx)rek ((Ci)kek) be a system of t-norms (t-conorms). Then the ordinal sum T = ({ag, by, Tx) | k € K)
(C = ({ck, di, Ck) | k € K)) given by

a4 (b — ap) T (2%, 2=% ) if (x, y) € [ax, b[?,

Tx,y)=1 . by—ay’ bx—ay
min(x, y) else
and
Coxy = | G = WG G2 I xoy) € e dil”,
' max(x, y) else

is a t-norm (t-conorm). The t-norm T (t-conorm C) is continuous if and only if all summands Ty, (Cy) for k € K are continuous.

Proposition 2 ([8]). Let t: [0, 1] —> [0, oo] (c: [0, 1] — [0, oo]) be a continuous strictly decreasing (increasing) function such that
t(1) = 0 (c(0) = 0). Then the binary operation T : [0, 1]> — [0, 1]( C: [0, 1]*> —> [0, 1]) given by

T(x,y) =t~ (min(t(0), t(x) + t(y)))
C(x,y) =c~ " (min(c(1), c(x) + c(y)))
is a continuous t-norm (t-conorm). The function t (c) is called an additive generator of T (C).
An additive generator of a continuous t-norm T (t-conorm C) is uniquely determined up to a positive multiplicative
constant. Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous Archimedean t-norms (t-conorms).

Note that a continuous t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent points 0 and 1. A con-
tinuous Archimedean t-norm T (t-conorm C) is either strict, i.e., strictly increasing on ]0, 1]* (on [0, 1[?), or nilpotent, i.e.,
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there exists (x, y) € 10, 1[%> such that T(x, y) =0 (C(x, y) = 1). Moreover, each continuous Archimedean t-norm (t-conorm)
has a continuous additive generator. More details on t-norms and t-conorms can be found in [1,8].

Definition 2 (/24]). A uninorm is a binary function U: [0, 1]2 — [0, 1] which is commutative, associative, non-decreasing
in both variables and has a neutral element e € |0, 1].

If the class of uninorms is taken in a broader sense, i.e., if for the neutral element we have e € [0, 1] then the class
of uninorms covers also t-norms and t-conorms. In the case that we will assume a uninorm with e € |0, 1] we will call
such a uninorm proper. For each uninorm the value U(1,0) € {0, 1} is the annihilator of U. A uninorm is called conjunctive
(disjunctive) if U(1,0) =0 (U(1,0) =1) (see [3,24]).

For each uninorm U with the neutral element e € [0, 1], the restriction of U to [0, e]? is a t-norm T} on [0,e]?, ie.,
a linear transformation of some t-norm Ty on [0, 1]? and the restriction of U to [e,1]* is a t-conorm Cj; on le, 1]%,
i.e., a linear transformation of some t-conorm Cy on [0, 1]2. Moreover, min(x, y) < U(x, y) < max(x, y) for all (x,y) €
[0,e] x [e,1]U[e, 1] x [0, e].

On the other hand, from [11] we have the following result.

Proposition 3. Let T: [0,1]> —> [0, 1] be a t-norm and C: [0,1]> —> [0, 1] a t-conorm and assume e € [0, 1]. Then the two
functions Upin, Umax: [0, 112 —> [0, 1] given by

e-T(% L) if (x. y) €[0,e]?,
Unin, y) =1e+(1—e)-C(=2. =) if(x.y) ele. 1],
min(x, y) otherwise
and
e-T(%, %) if (x, y) € [0, e]?,
Umax(®, y) = Je+ (1 —e) - C(5=5, ¥=5) if(x,y) e[e, 1],
max(x, y) otherwise

are uninorms. We will denote the set of all uninorms of the first type by Unin and of the second type by Umax.
3. Ordinal sum construction for uninorms

At first we recall the basic result of Clifford [2] on which the ordinal sum construction for t-norms, and generally for
semigroups is based.

Theorem 1. Let A # ¢ be a totally ordered set and (Gy)qea With Gy = (Xqu, *«) be a family of semigroups. Assume that for all
a, B €A a#p, thesets Xy and Xg are disjoint. Put X = | J X and define the binary operation % on X by

aeA
Xxqy f(Xy) € Xa X Xa,
X*xy=1x if(x,y) € Xoa x Xgand o < B, (1)
y if(x,y) € Xo x Xgand o > B.

Then G = (X, =) is a semigroup. The semigroup G is commutative if and only if for each o € A the semigroup G, is commutative.

Remark 1. Note that the condition that for «, 8 € A, a # B, the sets X, and Xg are disjoint can be replaced by the condition
that for all o, B € A with a < g the sets X, and Xg are either disjoint or Xy N Xg = {X4, g}, Where x4 g is both the neutral
element of G, and the annihilator of G4 and for each y € A with @ <y < we have X, = {xy g}.

In Proposition 1 we see that the ordinal sum construction for t-norms is an ordinal sum construction in the sense of
Clifford (see [9]), where we have a family (X, *x)kek, With Xy = [ay, bx[ and

X —dag y —ag
by —ay by — ai

X*p Yy =ag + (b —ag) - Ty(
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Further we take

[0, 11\ [ law. bl = [ J Y1,

keK leL

where the sets Y; are components of [0, 1]\ Uk [ak, bk[ with respect to conectedness, with x % y = min(x, y), i.e., we
obtain a family (Y}, %)) of semigroups. Equipping the set K U L with the linear order =<, which is compatible with the
usual order < on [0, 1], then the semigroup ([0, 1], T) from Proposition 1 can be rewritten as an ordinal sum of semigroups
(Xa, *o)aekur in the sense of Clifford. Note that the sets Y; are either subintervals of [0, 1] or singletons.

In the case of t-conorms we can proceed similarly, however, here the linear order of semigroups will be reversed with
respect to the usual order on [0, 1], and the operation on the set Y; will be given by x *; y = max(x, y).

Let us now focus on the class of uninorms. If a uninorm is an ordinal sum of semigroups (X, *¢) for o € A then U|[O’e]2
is an ordinal sum of semigroups (X, N[0, €], *¢) and U|[e,1]2 is an ordinal sum of semigroups (X, N[e, 1], ) for o € A.
Since U |[0,e]2 (U |[e’1]2) is linearly isomorphic to the underlying t-norm Ty (t-conorm Cy) the structure of X, for o € A can
be derived from the respective results on the ordinal sum of semigroups yielding a t-norm (t-conorm) which we will now
recall.

In [5] Jenei introduced t-subnorms which not only generalize t-norms but are the basic stones in the construction and
characterization of t-norms (see Definition 1). Continuous t-subnorms were studied in [14]. In [6] the following construction
of t-norms using t-subnorms was shown.

Proposition 4. Let K be a finite or countably infinite index set and let (]ay, bx[)kex be a system of open disjoint subintervals of [0, 1].
Let (My)kex be a family of t-subnorms such that if by, =1 for some kg € K then My, is a t-norm, and if by, = ai, for some k1, k; € K
then either My, is a t-norm or My, has no zero divisors. Then the ordinal sum T = ({ay, bx, M) | k € K) given by

T y) = a + (bk — aMi(p =5 p—a) I (. Y) € lak, be)?,
7 min(x, y) else

is a t-norm.

Thus t-norms are not the most general semigroups that yield a t-norm via the ordinal sum construction. In [9] the most
general semigroups that can be used for construction of t-norms via the ordinal sum construction (in the sense of Clifford)
were studied. Let us recall several results from this paper.

Proposition 5. Let (A, <) be a linearly ordered set, A # @ and ((Xq, *«))aca be a family of semigroups such that (Xy)gea is a
partition of the closed unit interval [0, 1]. If operation x: [0, 112 —> [0, 1] given by (1) is a triangular norm then we have:

(i) Each X, is a subinterval on [0, 1].
(ii) Each semigroup (X, *¢) is a totally ordered Abelian semigroup where the operation *,, is bounded from above by the minimum,
i.e., we have x xo, y <min(x, y) forallx,y € X,.
(iii) The order < on A is compatible with the usual order < on [0, 1], i.e., fora, B € Awe have o < B ifand only ifx < y forallx € Xy
and y € Xg.
(iv) For all (x, y) € [0, 1]*> we have

X*q Y if (x,y) € X2,

X*ky=
min(x, y) otherwise.

Proposition 6. Let T be a t-norm. Then the following are equivalent:

(i) ([0, 1], T) is a non-trivial ordinal sum of semigroups.
(ii) T is a non-trivial ordinal sum of t-subnormes.

The previous result shows that t-subnorms are the most general semigroups that can be used in the construction via
the ordinal sum. This result is based on Proposition 5, which implies that sets X, in the ordinal sum construction are of
five kinds: singletons, and then subintervals of the form [ay, by ], Or [ay, bg[, OT ]ay, by], O lay, by[. It is easy to see that
on singletons the corresponding operation #*, is given by x %, y = min(x, y). Further, the interval [a, by] corresponds to a
t-subnorm M, given by

My (X, y) = (@ + (b — ag) - x) *¢ (A + (b — ay) - y) —ay "

bo —ay
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for all x,y € [0,1]%. The t-subnorm that corresponds to the interval lay,be] is given by (2) for all x,y € ]0,1]? and
My (x,y) =0 for all x,y € [0,1] with min(x, y) = 0. The t-subnorm that corresponds to the interval [ay, by[ is given by
(2) for all x,y €[0,1[ and My (x, y) = min(x, y) for all x,y € [0, 1] such that max(x, y) = 1. Finally, the t-subnorm that
corresponds to the interval Jay, by[ is given by (2) for all x, y € 10, 1] and My (x, ¥y) = min(x, y) for all x, y € [0, 1] such that
max(x, y) =1, My (x, y) =0 for all x, y € [0, 1] with min(x, y) =0.

As we mentioned above, if for a uninorm U the semigroup ([0, 1], U) is an ordinal sum of semigroups ((Xy, *«))aca
then U|[O,e]2' which is linearly isomorphic to Ty, is an ordinal sum of semigroups ((X, N[0, e], *¢))aeca and U|[e,l]2' which
is linearly isomorphic to Cy, is an ordinal sum of semigroups ((Xy NJ[e, 1], *¢))aca. Therefore Proposition 5 easily yields
the following result.

Proposition 7. Let (A, <) be a linearly ordered set, A # @ and ((Xq, *«))aca be a family of semigroups such that (Xy)gea is a
partition of the closed unit interval [0, 1]. If operation = : [0, 112 —> [0, 1] given by (1) is a uninorm with the neutral element e € [0, 1]
then we have:

(i) Each Xy has a form X, = 1o U Jo, where I is a subinterval of [0, e] and ] is a subinterval of [e, 1].
(ii) Each semigroup (X, *q) is a totally ordered Abelian semigroup, where for the operation %, we have x %, y < min(x, y) for all
X,y €ly, Xxq y>max(x,y) forallx,y € Jq,and xxq y €[x, y]forallxely,y € Joandallx e Jo,y € I,.
(iii) The order < on A is compatible with the usual order < on [0, e] and reversed to the usual order < on [e, 1], i.e., for o, B € A we
havea < Bifandonlyifx <y forallxelyandy elgandu > v forallu e Jo and v € Jg.

Remark 2. Proposition 7 remains valid also in the case that for the family of semigroups ((Xy, *«))aca the sets X, are not
disjoint but fulfill the conditions from Remark 1.

Since I, is a subinterval of [0, e] and ], is a subinterval of [e, 1], where both I, and J, can have one of the five forms
(singleton, closed interval, open interval, left-open interval, right-open interval), the set X, can have one of the 25 possible
forms.

Similarly as in Proposition 6 where we have related corresponding semigroups to t-subnorms which generalize t-norms,
also here we can relate corresponding semigroups to operations that generalize uninorms and therefore we will call them
generalized uninorms. We can distinguish here three kinds of generalized uninorms.

Definition 3. An associative, commutative, binary operation V : [0, 1]> —> [0, 1] which is non-decreasing in each variable
will be called

(i) generalized sub-uninorm if there exists an e € [0, 1] such that V(x,y) < min(x, y) for all (x,y) € [0,e]?, V(x,y) >
max(x, y) for all (x, y) € Je, 112, V(x, y) €[x, y] for all (x,y) €[0,e] x Jle,1]U]e, 1] x [0, e].

(ii) generalized super-uninorm if there exists an e € [0, 1] such that V(x, y) < min(x, y) for all (x, y) € [0,e[?, V(x,y) >
max(x, y) for all (x, y) €[e, 1]%, V(x, y) € [x, y] for all (x, y) € [0, e[ x [e,1]U[e, 1] x [0, e].

Definition 4. A binary operation V : ([a, b] U [C,d])2 —> ([a,b]U|[c,d]), where a <b <c <d, a,b,c,d € [0, 1] will be called
a generalized composite uninorm if it is associative, commutative, non-decreasing in both coordinates and V restricted to
[a, b]? is a t-subnorm on [a, b]?, V restricted to [c,d]? is a t-superconorm on [c,d]?, and V(x, y) € [x, y] for all x € [a,b], y €
[c,d] and all x € [c,d], y € ]a, b].

Thus the class of generalized uninorms consists of generalized sub-uninorms, generalized super-uninorms, and general-
ized composite uninorms. The last class, however, differs from the others as it cannot (in general) be transformed to an
operation on [0, 1]2. Note that uninorms are both generalized sub-uninorms as well as generalized super-uninorms.

The generalized sub-uninorms arise from semigroups defined on sets [dy,by] VU Ica,da], e, ba] U Ica,de], [aq,ba] U
Ica,dul, and lay, by ]U]cy, do[. Further, generalized super-uninorms arise from semigroups defined on sets [ay, by[U[Cq, dw ],
[ag, bo[ U lcq,dy[, 1aq, ba[ U[cq,dy], and Jay, by[ U [cy,dy[. The generalized composite uninorms arise from semigroups
defined on sets [ay, by U [Cy,do], 10, ba] Y [Ca,da], [a,ba]U[Ca,dyl, and Jay, by ] U [Cy, dy[. Finally, standard uninorms
correspond to semigroups defined on sets [ay, by[ U ]cw, do], [Aq, ba[ U |Ca, dal, Jaa, ba| U lca,dy], and Jay, bo| U ]cy, dul.

If I, and J, are singletons, I, ={ay}, Jo = {dw}, then the respective summand is a semigroup ({ay,dqy}, *«), Where for
%o we have either

x ifx=y,
X*xg Y = .
a, ifxz#y,
or
iy —
xigy=1{" 1=
do ifx#y.
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The last possibility is that I, is a non-singleton subinterval of [0,e] and Jo = {d,} (or analogically, I, = {ay} and J, is
a non-singleton subinterval of [e, 1]). In such a case we obtain a semigroup (I U {dy}, *¢), Where dy *4 dy = d, and %o on
(I)? is isomorphic to a t-subnorm (possibly without one or both border points of the unit interval).

Example 1. Let I, = [0, }1] and Jo = {%}. Let %o : (Io U Jo)> —> I4 U Jo be a commutative operation which is for x < y

given by

3 . 3
1 ifx=y=73
X ifxe[O,%],

X*kq V=
1 1
i 1fxe]§, ]

Then it is easily checked that G; = (I U J4, *¢) iS a commutative semigroup that fulfills all properties from Proposition 7
and therefore it can be used as a summand in the ordinal sum construction. If we assume additional semigroups G; =

(3. min), G3 = (]%, %[,min), Gs= (]% %[ max) and Gs = (]%, 1],max), with the linear order 5 <1 < 3 < 4 < 2 then the
ordinal sum yields a semigroup ([0, 1], U), where U: [0, 1]2 —> [0, 1] is a uninorm given for x < y by
inx. 1)-min(v. 1) i 17
min(x, g) - min(y, g) if(x,y) €0, 7|,
min(x, y) if (x,y) €

[
max(x, y) if(x,y) e [% 1]2,

Uix.y) — | M) ifx e [o, %],ye [%’%['
max(x, y) ifx e [0, %],ye]%J],
X ifxe[O,%],yZ%,
; ixe |3.4)v=12
y ifxe]}—l,%]’y:%'

In the rest of the paper we will first focus on a special case when all summands in the ordinal sum construction are
standard uninorms and then we will closer study generalized uninorms.

4. Ordinal sum of uninorms

In this section we will focus on a special case when all summands in the ordinal sum construction are either isomorphic
to uninorms (including t-norms and t-conorms), or they are singletons. The aim is to obtain a construction similar to that
in Proposition 1, which will be called the ordinal sum of uninorms. In this case the non-singleton summands are defined
on sets [ak, bg[ U Jck,dk] and then for the resulting uninorm U and any v € [by, ck] the ordinal sum construction and
monotonicity ensures that the restriction of U to [ay, bg[ U {v} U |ck, di] is isomorphic to some uninorm Uy on [0, 1]> with
the neutral element e, which corresponds to the transformation of v. Note however, that if Uy (x, y) = ey for some x # e,
y # ey then [0, e[ U Jek, 1] is not closed under Uy and thus in order to preserve associativity v has to be an annihilator of
U restricted to [by, cg]*. Thus we will obtain the ordinal sum construction in the sense of Remark 1.

In the case that a, = by (cx = dy) then the corresponding summand is isomorphic to a t-conorm (t-norm).

The isomorphism between Uy and the respective semigroup on [ay, bi[ U {v} U ]ck, dx] will be given by the follow-
ing transformation. For any 0 <a<b <c<d <1, v €[b,c], and a uninorm U with the neutral element e € ]0, 1] let
f:10,1] — [a,b| U {v} U ]c,d] be given by

(b_a);-‘—i—a ifXE[Oye[r
feoo=1v ifx=e, 7
d— %_(g)—f) otherwise.
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Then f is linear on [0, e[ and on ]e, 1] and thus it is a piece-wise linear isomorphism of [0, 1] to ([a,b[ U {v}U]c,d]) and a
binary function U%>¢: ([a, b U {v}U]c,d])2 —> ([a, b[ U {v} U ]c, d]) given by

UsP el yy = FUS @0, F71 ) X

is a uninorm on ([a, b[U{v}U]c, d]). The function f is piece-wise linear, however, more generally, we can use any increasing
isomorphic transformation.

In the case that Uy is a t-norm (t-conorm) we will take the standard linear isomorphism between [0, 1] and [a, by]
([ck, dk])-

In order to obtain the monotonicity of the resulting uninorm the order of summands have to be compatible with the
standard order on [0, e] and reversed with respect to the standard order on [e, 1]. This means that ki <k, for ki,k; € K
implies by, <ay, and ¢, >dy,, ie,

[akzvdkz]z < [bkl , Ckl]z < [akl ) dkl]z'

Note that [ay,, d/<2]2 = [ay,, dk1]2 implies ay, = by, and ck, = di, which means that the summand corresponding to k; acts
on an empty set.

In the ordinal sum of t-norms, intervals [ak, bx[ need not to cover the whole unit interval as the rest is covered by the
minimum. However, as in the case of uninorms we should have on the remaining semigroups corresponding to Y; a mixture
of min and max (which corresponds to an internal uninorm) which is not closer determined, in the case of uninorms we
will suppose that | <k [ak, bk] = [0, e] and (< [ck. dk] =[e, 1]. In this way there will be no sets Y; which are subintervals
of [0, 1], i.e., the sets Y; will be only singletons such that

B1 = Jlaw, bl \ | [aw, bl = [ vi,

keK keK lel4
Cr =l dd\ [ lew de] = [ Y.
keK keK leL;

Note that for all x € [0, 1] there is [x, X[ = ]x, x] = @ and therefore if we denote K, = {k € K | Jak, bi[ # ¥} and K* ={k € K |
Ick, dix[ # @} then By ={b, |k € K} \ {ar | k € K.} and C; = {c, | k € K} \ {d | k € K*}. Since K is assumed to be countable
then every b € B1 \ {e} is an accumulation point of {ay | k € K.} (and similarly for c € C1 \ {e}). We denote B, = B1 \ {e},
C2 =C1\ {e} and define functions g: B — [e, 1], h: C; — [0, e], such that if for b € B, we have b= lim a, for k; € K,

1—>00
then
g(b) = lim d,. (5)
1—>00
Similarly, if for ¢ € C; we have c= lim dy, for k; € K*, then
1—> 00
h(c) = lim ay,. (6)
1—>00

Now if g(b) ¢ C, for some b € B, (h(c) ¢ B, for some c € Cy) then the value of U(b, g(b)) (U(c, h(c))) follows from the
monotonicity of U. Therefore we have only to solve the case when g(b) € C; (h(c) € B>).
We summarize the observations made above in the following proposition.

Proposition 8. Assume e € [0, 1]. Let K be an index set which is finite or countably infinite and let (Jay, bx[)kex be a system of
open disjoint subintervals (which can be also empty) of [0, e], such that | .k [ak, bx] = [0, e]. Similarly, let (ck, dx[)kex be a system
of open disjoint subintervals (which can be also empty) of [e, 1], such that | .k [ck, d] = [e, 1]. Let further these two systems be
anti-comonotone, i.e., by < a; if and only if ¢, > d; for all i,k € K. We will denote K, = {k € K | Jak, bx[ # @} and K* = {k € K |
Ick. di[ # @}. Assume a family of proper uninorms (Uj)kek,nk+ on [0, 112, a family of t-norms (Ukek,\k* on [0, 11? and a family
of t-conorms (Uy)kek+\k, on [0, 1]%. Denote B1 = {by | k € K}\ {ay | k € K.} and C1 = {cx | k€ K} \ {dy | k € K*} and let B={b €
B1\{e} | g(b) € C1},C={c e C1\{e} | h(c) € By}, where the functions g and h are defined by (5) and (6). Further assume a function

n: B—> BUC given forallb € B by

n(b) € {b, g(b)}.

Let the ordinal sum U® = ({ay, by, ck, d, Ug) | k € K)® be given by
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y ifx=e,
X ify=e,
U %, y) if (%, ) € ([ag, bil Uk, di)?, k € Ky N K,
Uk (x, y) if (x, ¥) € ((ak, bkl U lek, dk])?, k € Ko\ K*,
(Ug) %% (x, y) if (x, ¥) € ((ak, be[ U lek, dk])?, k € K* \ Ky,
X if y € [bk, ckl, x € [ag, di] \ [bk, ck], k € Ky U K*,
y ifx € [bk, ckl, y € [ak, di] \ [bx, ¢kl k € Ky UK,
ey < | MY if (x. y) € [b, c*\ (b, c[> U {(b. 0), (c. b)),
wherebe B,c=g(b),x+y <c+b,
max(x, y) if (x. y) € [b.cI* \ (b, c[> U{(b, ), (¢, )},
wherebe B, c=g(),x+y>c+b,
n(b) if(x,y)=(b,c)or (x,y) = (c,b),be B, c=g(b),
min(x, y) if (x,y) € {b} x [b,c]U[b, c] x {b} and
beBi\ (BU{e}),c=g(b),
max(x, ¥) if (x,y) € {c} x [b,c]U]b,c] x {c} and
ceCy\ (CU{e}),b=h(c),

where vy = ¢ (v = by) if there exists an i € K such that b, = a;, ¢, = d; and U; is disjunctive (conjunctive) and v, = n(by) if
by € B, vi =by if by € B1 \ B, vy =cy ifcp, € C1 \ C, and (Uk)"l,i’b"’c"’d" is given by the formula (4), (Uy)%bk ((Uy)k-% ) is a linear
transformation of Uy (Uy) to [ag, b]? ([ck. di]?). Then U€ is a uninorm.

Proof. The commutativity and the neutral element of U® are obvious. Due to the commutativity, to show the monotonicity
of U® it is enough to show the monotonicity in the second coordinate. If x =e then monotonicity of Uf(e, -) is clear. Now
assume that x € [ag, by[ for some k € K (similarly we can show the case when x € |c, dx]). Then U(x, y) = min(x, y) if
by <y <cy and U(x,y) = max(x, y) if y > di. Further, U(x, y) € [x,y] if y € ]ck,dk] # @ and monotonicity in this case
follows from the monotonicity of Uy. If y € [ag, bi[ then U(x, y) < min(x, y) and monotonicity on this interval follows
from the monotonicity of Uy and U (x, ax) = ai. Finally, if y < a, then U(x, y) = min(x, y). Thus, summarizing, if x € [ak, by[
then U(x,-) is non-decreasing. Now suppose that x =b € By (similarly we can show the case when x = c € C1). Then
U(x, y) =min(x, y) if y < g(b), U(x, y) =max(x, y) if y > g(b) and U(x, y) € {x, y} if y = g(b), i.e., the monotonicity holds.

For the associativity it is enough to observe that the above ordinal sum of uninorms is an ordinal sum in the sense

of Clifford. This ordinal sum consists of six kinds of semigroups: ([ay, bx[ U {vi} U Jck, di], (Uk)?,i’bk’c"'d") for k € K, N K*,

(lag, bi[ , (U)%bey if k € Ky \ K*, (Jck, di ], (U if k € K* \ Ky, ({b}, min) for b € B; \ {e}, ({c}, min) for c € C \ {e}, and
the last semigroup is ({e}, min). These semigroups are equipped with the linear order, where the semigroup ({e}, min) is
the biggest in this order and ky < k if and only if by, <ak, and ck, >dy,. It is easy to observe that if Xy, and X, for some
kq,k2 € K, ky # ky, are not disjoint then they have just one element in common, which in one semigroup act as a neutral
element and in the other as the annihilator. Thus according to Remark 1 ([0, 1], U®) is the ordinal sum of semigroups in the
sense of Clifford, i.e., U® is associative (see Fig. 1). O

Example 2. Assume Uq € Upin, and U; € Unmax With respective neutral elements eq, e;. Then U; and U, are ordinal sums of
uninorms, Uy = ({e1,e1,e1,1,Cy,), (0,e1,1,1, Ty, )® and Uz = ((0, e2, €2, €2, Tu,), (0,0, €2, 1, Cy, )2,
Example 3. Assume the triple IT operator from [25] which is a uninorm given by

Xy
Xx-y+(1=x-1-y)

and we will assume UP(0, 1) = 1. Then the ordinal sum

UP(x.y) =

U—((Ol 2 1,UP), ¢
- 73’397 ’

is a uninorm given for x < y by

N|—

2 UP))
73’

N —

3

N =

’

W -
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1
Us max Us
b
e min U; max
a
Us min Us
0 a e b 1

Fig. 1. Ordinal sum of uninorms from Proposition 8 with two summands, where U} = (Uz)g‘fiz‘;), Ui = (U&eeb,
*(a,

ZEPOIee I, ey el %]2,

9~x-y+(26—.x3.3</)-(2—3y) if (x, y) € [o, %]2

] = I T ERIE

3'[3~X'(3y§¥;${2:1;x)(3—3y)] ifxe [0, %[ ye ]% 1] Xty<l,
Uk, y) = T D 30 3] ifx € [0, %[ ye ]% 1] Xyl

% lfxe[O,%[,ye]%J],x_f_y:ly

% ifx= %, y= %_

0 ifx=0,y=1,

X ifxe[o,%[,ye]%,%[,

d ifxe]3.2[.ve]31]

compare Fig. 1.

Remark 3. For the uninorm U°® from Proposition 8 which is an ordinal sum of semigroups ((X, *r))kexk We see that Ue|[0 o2
which is linearly isomorphic with Tye, is an ordinal sum of semigroups ((X, N[0, e], *k))kek. Then for k € K we have the
following possibilities:

(i) Xk N[0, e]=[ag, by] for k € K, N K* if U®(by, cx) = bx. Then U® on [ak,bk[2 is linearly isomorphic with Ty, on [0, 1[2.
(ii) Xk N[0, e] = [ak, bk[ for k € K, N K* if U®(by, ck) = cx. Then again U€ on [ay, bk[2 is linearly isomorphic with Ty, on
[0, 1[%.
(iii) Xg N[0, e] = [ax, by[ for k € K, \ K*. Then U® on [ay, bk[2 is linearly isomorphic with Uy on [0, 1[2.
(iv) Xx N[0,e]={b} for b € B;.
(v) Xk N[0,e]=2.

Therefore, since Ue'|[0 o2 is linearly isomorphic with Tye, the composition of linear isomorphisms is again a linear isomor-
phism, and since between two semigroups on right-open intervals there can exist only one linear isomorphism, we see that
Tye is an ordinal sum of t-norms from Proposition 1,

Tye = (({ax, bk, Tu,)kek.nk*> (ks brs Tk)kek,\k*)-
Thus generally we can say that the underlying t-norm of U® is an ordinal sum of the underlying t-norms of the correspond-

ing summands. Similar result can be shown also for the underlying t-conorm Cye.

In [12] several classes of uninorms were summarized. Let us now see how does the class of summands in the ordinal
sum influence the class of the U°®.

96



10 A. Mesiarovd-Zemdnkovd / International Journal of Approximate Reasoning 76 (2016) 1-17

(i) A uninorm U is called idempotent if Ty = min and Cy = max. It is easy to show that then U is internal, i.e., U(x, y) €
{x, y} for all x,y € [0, 1]. If all summands in the ordinal sum are idempotent then evidently also U®¢ is idempotent.
More on idempotent uninorms and ordinal sum construction can be found in [16].

(ii) As the transformation (3) suggests, the continuity of a uninorm in the open unit square is not preserved by the ordinal
sum construction.

(iii) If all summands are locally internal in A(e) =[0,e] x [e, 1] U [e, 1] x [0, e] then again it is easy to see that also U°® is
locally internal in A(e).

(iv) Since ordinal sum of continuous t-norms (t-conorms) is continuous (see Proposition 1), if all summands in the ordinal
sum have continuous underlying functions then also U® will have continuous underlying functions. More on uninorms
with continuous underlying functions and ordinal sum construction can be found in [18].

(v) Ordinal sums of representable uninorms were studied in [17].

(vi) Finally, let us assume that Uy € Upj, for all k € K. Note that all t-norms and t-conorms belong to the class Upi,. This
class is not closed under ordinal sum construction in general. In order to ensure U¢ € Uy, the condition ay = by, =e
for all k € K* has to be fulfilled, which means that U¢ is in fact an ordinal sum of a t-conorm and a t-norm which is
confirmed in Example 2. A similar observation can be made also for the class Umax.

5. Generalized uninorms

As in the case of uninorms, also for a generalized uninorm V (either on [0, 112 or on ([0, b] U [c, 1])?), the associativity
and monotonicity together with V(0,0) =0 and V(1,1) =1 imply that the value V (0, 1) € {0, 1} is the annihilator of V.

Remark 4. Each generalized sub-uninorm (super-uninorm) V on [0, 1]*> with e € ]0, 1] can be isomorphically transformed
to ([a, b] U ]c,d])? (([a, b[ U[c,d])?) for any a,b,c,d € [0,1], a < b < ¢ < d. Then the ordinal sum of ([a,b]U]c,d], V) and
({c}, min) (([a,b[U][c,d], V) and ({b}, min)) is a generalized composite uninorm.

Vice versa, if for a generalized uninorm G on ([a, b]U[c,d])?> we have G(x, y) =b implies b € {x, y} (G(x, y) = c implies
c e {x,y})) for all x,y € [a,b] U]c,d] then restriction of G to ([a,b[ U [c,d])? (([a,b] U ]c,d])?) is isomorphic with some
generalized super-uninorm (sub-uninorm).

At first we will take a closer look on generalized composite uninorms. If a uninorm U is on some set ([a,b] U [c,d])?
where, a <b <e <c <d, a generalized composite uninorm then since U (b, c¢) € [b,c]N ([a,b]U][c,d]) we get U(b,c) € {b, c}.
Further, we have the following easy result.

Lemma 1. Assume a,b,c,d €[0,1],a <b < c < d and let M be a t-subnorm on |a, b]2 and R a t-superconorm on |c, d]z. Then the
binary function V : ([a, b]U[c,d])> —> ([a, b]U[c, d]) given by

M(x,y) if (x,y)€la,b]?,
Vi, ) ={Rx,y) if(xy) elcd?
A(x,y) otherwise,

where A(x, y) = min(x, y) for all (x, y) € [0, 112 or A(x, y) = max(x, y) for all (x, y) € [0, 1]? is a generalized composite uninorm
on ([a, b]U[c,d])?.

We have also the following partial result.

Proposition 9. Let V : (Ja,b] U [c,d])> — ([a,b] U [c,d]), where a < b < ¢ <d, a,b, c,d € [0, 1], be a generalized composite
uninorm, such that V (b, ¢) = b and V restricted to [a, b]? is a continuous cancellative t-subnorm on [a, b]?, and V restricted to [c, d]?
is a nilpotent, Archimedean t-superconorm on |c, d]2. Then V (x, y) = min(x, y) for all x € [a,b],y € [c,d] and all x € [c,d],y €
[a, b].

Proof. Since V(b,c) = b then also V(b,c,...,c) =b for all n € N and since V restricted to [(:,d]2 is nilpotent and
N —
n-times
Archimedean we have V(c,...,c) =d for some N € N. Thus V(b,d) = b and monotonicity implies V (b, y) = b for all
——
N-times

y €[c,d]. Now let V(b,b) =p €[a,b] then V(p,c) =V (b, V(b,c)) =V (b,b) = p and similarly as before we get V(p,y)=p
for all y € [c,d]. Since V restricted to [a, b]? is continuous for all x € [a, p] there exists a q € [a, b] such that V (b, q) = x.
Then V(x,c) = V(q,V(b,c)) = V(q,b) = x and similarly as above we get V(x,y) = x for all y € [c,d]. Finally, assume
x € ]p,b[. Then V(x,b) < p and thus V(V(x,c),b) =V (x,V(b,c)) = V(x,b). Since a < V(x,c) < V(b,c) =b the cancella-
tivity of V restricted to [a, b]? gives us V (x,c) = x and similarly as above we get V (x, y) = x for all y € [c, d]. Summarizing,
V(x, y) = min(x, y) for all x€|[a,b],y €]c,d] and by commutativity V (x, y) = min(x, y) for all x € [c,d],y €[a,b]. O
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Analogously we can show the following result.

Proposition 10. Let V: ([a, b] U [c, d])2 —> ([a,b] U [c,d]), wherea <b < c <d, a,b,c,d € [0, 1], be a generalized composite
uninorm, such that V (b, ¢) = c and V restricted to [a, b]? is a nilpotent, Archimedean t-subnorm on [a, b]?, and V restricted to [c, d]? is
a continuous cancellative t-superconorm on [c, d]*. Then V (x, y) = max(x, y) forallx € [a,b], y € [c,d] and all x € [c, d], y € [a, b].

Example 4. Let V: ([O, }l] u [%, 1])2 — ([O, }l] u [%, 1]) be partially given by

0 if(x,y)e [O, %]2,
1 if(xy) e [%, 1]2.

Then V(%, %) € {}1, %}. Let us assume V(%, %) = %. Then V(%, 1= V(V(}l, %), %) = }1 and monotonicity implies V(}l,y) = }1
for all y € [%, 1], Further, V(0,1) = V(}l, V(%, 1) = V(}l, %) =0 and monotonicity implies V (0, y) =0 for all y € [%, l].

Vix.y) =

Further, if x € ]0, }1[ is such that V(x,1) =y > x then V(y,1) =1 and for all z € [% 1] there is V(x,z) € [x, y]. As an

example of such a generalized composite uninorm we can take the one which is on [0, ‘1‘] X [% l] given by

: 3
0 ifx=0,y€ [Z,l],

In the following we will focus on the remaining two classes, i.e., generalized sub-uninorms and generalized super-
uninorms. In some cases these operations are convertible uninorms.

Definition 5. Let O: [0,1]> —> [0,1] be a binary function and let there exists an e € [0, 1] such that the function
U: [0,1]2 —> [0, 1] given by

X ify=e,
U, y)=1y ifx=e,
O(x,y) otherwise,

is a uninorm. Then O will be called a convertible uninorm.

Lemma 2. If for a generalized sub-uninorm (super-uninorm) V : [0, 112 —> [0, 1] there V (x, y) = e implies e € {x, y} then V is a
convertible uninorm.

Proof. If V(x, y) =e implies e € {x, y} then V can be restricted to ([0, 1]\ {e})? and it is easy to see that then the ordinal
sum of ([0, 1]\ {e}, V) and ({e}, min) is a uninorm. 0O

Similar results as in Lemma 1 can be shown also for generalized sub-uninorms and generalized super-uninorms.

Lemma 3. Assume e € [0, 1] and let M be a t-subnorm on [0,e]? and R a t-superconorm on [e, 1]%. Then the binary function
V1: [0, 11> — [0, 1] given by

M, y) if (x,y) €[0,el?,

Vi, y)=1R&.y) if(xy) ele 1P,

A(x,y) otherwise

is a generalized sub-uninorm and the binary function V5 : [0, 1]*> — [0, 1] given by
M, y) if (x, ) €[0.e[?,

Vo, y) =R y) if(xy) €le 1],

A(x,y) otherwise

is a generalized super-uninorm, where A(x, y) = min(x, y) for all (x, y) € [0, 1] or A(x, y) = max(x, y) forall (x, y) € [0, 1]2.

In the following section we will focus on additively generated generalized uninorms.
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6. Generalization of representable uninorms

In this section we will discuss generated generalized uninorms. We will start with representable uninorms (see [3]).

Proposition 11. Let f: [0,1] — [—o00, 0], f(0) = —o0, f(1) = oo be a continuous strictly increasing function. Then a binary
function U : [0, 11> —> [0, 1] given by

U y)=f1F+ f),

where f~1: [—00, c0] —> [0, 1] is an inverse function to f, is a uninorm, which will be called a representable uninorm.

Since the function f from the previous proposition is continuous and f(0) = —oo, f(1) = oo, there exists an e € ]0, 1]
such that f(e) =0. Then e is the neutral element of U. The function f in the previous proposition is called an additive
generator of the uninorm U and it defines an isomorphism between the addition on [—o0, o0] and a uninorm U on [0, 1].
An additive generator of the uninorm U is uniquely given up to the positive multiplicative constant.

For a representable uninorm U generated by some function f we then see that f restricted to [0, e] is an additive
generator of the t-norm T}; on [0, e]? and f restricted to [e, 1] is an additive generator of the t-conorm Cj; on [e, 1]%. Due
to the boundary conditions and continuity of f both Ty and Cy are then continuous and strict.

In [13] a generator of a representable uninorm was called a h-generator and authors use such generators for construction
of implications. The h-generator was further generalized to the generalized h-generator which is a continuous strictly in-
creasing function f with f(e) =0 for some e € ]0, 1[. Thus the condition f(0) = —oo, f(1) = oo is relaxed. Here the inverse
function is replaced by the pseudo-inverse function of f (see [7]).

Definition 6. Let f: [a,b] —> [c, d] be a non-decreasing function. The function f~1: R —> [a, b] given by

FEV @) =suply | f(y) <x).
with the convention sup¥ = a will be called the pseudo-inverse of f. Additionally, the function f&-1¥: R —s [a, b] given
by

FEV @) =infly | f(y) > x),

with the convention inf@ = b will be called the upper pseudo-inverse of f.

For pseudo-inverse we have:

f o FV IRan¢r) = idranf)- (7)

However, the following result was shown in [3].

Proposition 12. Let f: [0, 1] —> [—o00, co] be a continuous strictly increasing function with f(x) <0, f(y) =0 and f(z) > 0 for
somex, y, z € [0, 1]. Let the binary function O : [0, 11> —> [0, 1] be given by O (x, y) = fCV(f(x) + f(¥)). Thenif f(1) =d < oo
or if f(0) = c > —oo the function O is not associative.

The previous result implies that in such a case the function O cannot be a generalized uninorm.

The generated continuous t-subnorms (see [14]) generalize continuous generated t-norms. Although in the case of con-
tinuous generated t-norms the existence of the neutral element force that the respective additive generators are strictly
monotone, in the case of continuous t-subnorms also generators that are not strictly monotone can be assumed. That is
why we would like to do the same generalization also in the case of representable uninorms, i.e., examine the binary
functions generated by a continuous non-decreasing function f with f(e) =0 for some e € |0, 1[, and study under which
conditions such a generated function is a generalized uninorm. Since f need not to be strictly monotone, it need not have
an inverse and therefore pseudo-inverse should be used. However, in order to be more general, we will investigate not only
construction based on pseudo-inverses, but more generally on quasi-inverses (see [7]).

Definition 7. Let f: [a,b] — [c, d] be a non-decreasing function. Then each function f*: R — [a, b] satisfying

f o f¥IRan(f) = idran(f) (8)
and

fEV < et (9)

will be called a quasi-inverse of f. The family of all quasi-inverses of f will be denoted by Q (f).
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For every non-decreasing function there exists at least one quasi-inverse. The pseudo-inverse of a non-decreasing func-
tion is the weakest quasi-inverse and it is left-continuous. Similarly, the upper pseudo-inverse of a non-decreasing function
is the strongest quasi-inverse of the given function and it is right-continuous.

Definition 8. Let f: [0,1] — [—o00, 0] be a continuous non-decreasing function with f(e) =0 for some e € ]0, 1]. Let
g€ Q(f), ie., g is a quasi-inverse of f. Then the binary function O: [0,1]> — [0, 1] given by O(x, y) = g(f(x) + f(¥))
will be called generated and (f, g) will be called a quasi-generating pair of O, and more generally, f will be called a generator
of 0.

In the following we will investigate the properties of generated binary functions, and we will focus mainly on generated
generalized uninorms.
For a generator f, let us define the set

Ky ={xe[0,1]]| thereexists y € [0,1],x# y, f(x) = f(¥)}

and E¢ = [0, 1]\ K. Then for e € ]0, 1] such that f(e) =0 we have O (e, x) =x for all x € Ey. We further denote V; = f(Ky),
i.e., the set of values of the function f on the intervals of constantness. From the properties of quasi-inverses we see that a
generated binary function O generated by a generator f is uniquely given if we fix the values of the generating quasi-inverse
g€ Q(f) on the set Vy.

We will categorize generated binary functions based on the properties of their (quasi)-generators.

Class I will be a class of generated binary functions which are generated by generators f, which are strictly increasing.
Class I will be a class of generated binary functions which are generated by generators f such that 0¢ V¢ and K # .
Class Illa will be a class of generated binary functions which are generated by generators f such that V; = {0}.

Class IlIb will be a class of generated binary functions which are generated by generators f such that 0 € V¢ and
Card(Vy) > 1.

The generated binary functions from the Class I are just representable uninorms which were covered in the previous text
and therefore we will study only the generated binary functions from the Class II and III, i.e., such that are generated by
a (quasi-)generator f that have at least one interval of constantness. As f is continuous, each interval of constantness is
closed and monotonicity implies that there are at most countably many intervals of constantness of f.

First let us note that if for a,b € [0, 1], a < b, there is f(a) = f(b) then the generated binary function O with generator
f does not have a neutral element since O(a,x) = O (b, x) for all x € [0, 1]. Thus behavior of points between a and b is
indistinguishable in the aggregation by O.

Assume that f: [0,1] —> [—00,00] is a continuous non-decreasing function with f(1) = 0. Then the function
m: [0,1] — [0, oo] given by m(x) = —f(x) for x € [0, 1] defines a generator of a left-continuous t-subnorm. This is due
to the following result shown in [14].

Proposition 13. Let m: [0, 1] —> [0, oo] be a continuous non-increasing mapping. Then the binary function M: [0, 1] — [0, 1]
given by M(x, y) = m=D (m(x) + m(y)) is a left-continuous t-subnorm.

In the case that instead of the pseudo-inverse m™ we would use a quasi-inverse, the condition M(x, y) < min(x, y)
could be violated.

Example 5. Let m: [0, 1] —> [0, co] be a continuous non-increasing mapping given by
3—-2x ifxe[O,%],
mx) = : 13
( ) 2 ifx e :Ij, Z:I,
8 — 8x otherwise.

Let us assume a quasi-inverse g € Q (m) of m given by

0 ifx >3,
X ifxe]2,3],
gx)=13z2 ifx=2,

3
5
X ifxel0,2],

1 otherwise.

Then for the binary function M: [0,1]> — [0, 1] given by M(x, y) = g(m(x) + m(y)) we have M(1, %) =g22)= % >
min(1, 1).
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Similar result can be shown for the case when f(0) = 0. Then the generated binary function generated by f is a t-
superconorm if and only if the quasi-inverse is equal to the upper pseudo-inverse. We summarize these observations in the
following proposition.

Proposition 14.

(i) Let m: [0,1] — [0, oo] be a continuous non-increasing mapping, m(1) = 0, and let g € Q (m). Then the binary function
M: [0,1]> —> [0, 1] given by M(x, y) = g(m(x) + m(y)) is a t-subnorm if and only if g is the pseudo-inverse of m, i.e.,
_ (=1
g=m\=Y,
(ii) Let r: [0,1] —> [0, 00] be a continuous non-decreasing mapping, r(0) = 0, and let q € Q (r). Then the binary function
R: [0,1]> — [0, 1] given by R(x, y) = q(r(x) + r(y)) is a t-superconorm if and only if q is the upper pseudo-inverse of r,
; _ (—Du
ie,q=r .

Thus we see that if f(1) =0 (f(0) =0) then the generated binary function generated by a quasi-generating pair (f, g)
is a generalized uninorm if and only if g is a pseudo-inverse (upper pseudo-inverse) of f.

From now on we will assume a general case where we have x, y,z € [0, 1] such that f(x) <0, f(y) =0 and f(z) > 0.
We have the following easy result which we introduce without proof.

Proposition 15. Let f: [0,1] —> [—o00, 0o] be a continuous non-decreasing function with x, y, z € [0, 1] such that f(x) <0,
f(y) =0and f(z) > 0 and let g € Q(f). Then the binary function O: [0, 11> —> [0, 1] given by O (x, y) = g(f(x) + f(¥)) is
non-decreasing and commutative. Moreover, O is associative if and only if f(0) = —oco and f (1) = oc.

For a generated binary function O we will now study when is O|[e’]]2 (O|]e’1]2, O|[O’e]2, O|[O,e[2 ) equal to a t-

superconorm on [e, 1]? (on Je, 1], t-subnorm on [0, e]?, on [0, e[?). Proposition 14 implies that restriction of a generated
binary function O, generated by a function f to [e, 1]2 (le, 1]2, [0, e]2, [0, e[z) is a t-superconorm (t-subnorm) if and only
if g is equal to the upper pseudo-inverse of f on [e, 1] (]e, 1]) (pseudo-inverse of f on [0, e], on [0, e[). For the generated
binary functions of the Class Il we have 0 ¢ V¢ and thus there is only one e € [0, 1] such that f(e) = 0. Thus for any quasi-
inverse g € Q (f), i.e., also for both the pseudo-inverse and the upper pseudo-inverse, we have g(0) = e. Then we get the
following result.

Proposition 16. Let O : [0,1]2 —> [0, 1] be a generated binary function of the Class Il generated by a generator f and its quasi-
inverse g. Then O is a generalized sub-uninorm if and only if f(0) = —oo, f(1) = 0o, and g on [—o0, 0] is equal to the pseudo-inverse
of fon]|0,e], —oo ¢ Vy and f is increasing on |e, 1].

Proof. Necessity: If O is a generalized sub-uninorm then Proposition 15 implies that f(0) = —oco, f(1) = oo, and Propo-
sition 14 further implies that g on [—o0, 0] is equal to the pseudo-inverse of f on [0,e], and g on ]0, c0] is equal to
the upper pseudo-inverse of f on [e, 1[, and since e is the only point with the functional value of f equal to O then g
on [0, oo] is equal to the upper pseudo-inverse of f on [e, 1]. If —oco € Vy, where f(0) = f(a) = —oo for some 0 <a<e
then O(a, y) =0 < min(a, y) for all y € [e, 1] such that f(y) < oo, i.e.,, O is not a generalized sub-uninorm. Finally, since
O(e,y)ele,y] for all yele,1] and f(e) =0 we get g(f(y)) € [e, y]. However, g on [0, oo] is equal to the upper pseudo-
inverse of f on [e, 1], i.e, g(f(¥)) = y. Thus O(e,y) =y = g(f(y)) for all y € ]e, 1], which means that f is increasing on
le, 1].

Sufficiency: Proposition 15 implies that O is monotone, commutative and associative. Further, Proposition 14 implies
that O on [0, e]? is a t-subnorm. Since f is continuous on [0, 1] and increasing on Je, 1] we see that O on Je,1]% is a
t-conorm. Finally, we have to check the averaging behavior on [0, e] x ]e, 1] (and similarly on Je, 1] x [0, e]). Note that
since f is increasing on Je, 1] then co ¢ V. If x=e then O(e,y) =g(f(y)) =y forall yele,1]. If x <e and y > e then
fx) < f(x)+ f(y) < f(y) which means that O(x, y) € [x,y] for all x,y € [0,1], x <e and y > e. Summarizing, O is a
generalized sub-uninorm. O

Note that in the previous result since f(e) =0 and g(0) =e we get O(e,e) =e, i.e, O on [0,e]? is a boundary weak
t-norm [23]. O on [e, 1]? is then a t-conorm. However, O is not a convertible uninorm. Indeed, if O is of the Class II
then corresponding f has at least one interval of constantness and since co, —oco ¢ V we are able to find x1,x2,y €[0, 1],
X1 # Xxg, such that —oo < f(x1) = f(x2) = —f(¥) < 0. Then O(x1, O(y,x2)) = 0(0(x1,y),x2) = g(f(x1)), however, if U is
a uninorm converted from O then U(xq, U(y,x2)) = U(xq1,e) =x1 and U(U(x1, ¥), x2) = U(e, x2) = xp, i.e., associativity is
violated.

Analogously we can show the following result.

Proposition 17. Let O : [0, 112 —> [0, 1] be a generated binary function of the Class Il generated by a generator f and its quasi-inverse
g. Then O is a generalized super-uninorm if and only if f(0) = —oo, f(1) = 00, and g on [0, oo] is equal to the upper pseudo-inverse
of fonle, 1], 00 ¢ Vy and f is increasing on [0, e].
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Now we will focus on the Class III.

For a generated binary function O of the Class IIl we have 0 € V. Let the preimage of {0} in the mapping f be the
interval [a,b], 0<a<b <1.If g(0)=c € ]a, b| we would get O(a,a)=c >a O(b,b) =c <b which means that O is not a
generalized uninorm. Thus we have the following lemma.

Lemma4. Let O : [0, 112 —> [0, 1] be a generated binary function of the Class Ill generated by a generator f and its quasi-inverse g.
Let the interval [a, b], 0 <a < b < 1, be the preimage of {0} in the mapping f. Then if O is a generalized uninorm we have g(0) € {a, b}.

If g(0) =a (g(0) =b) then O(b,b) =a (O(a,a) =b) and thus the t-subnorm part should act on [O,b]z, ie, O is a
generalized sub-uninorm with e = b (t-superconorm part should act on [a, 1], i.e., O is a generalized super-uninorm with
e =a). We get the following result.

Proposition 18. Let O : [0, 1]2 —> [0, 1] be a generated binary function of the Class III generated by a generator f and its quasi-
inverse g. Let the interval [a, b], 0 <a < b <1, be the preimage of {0} in the mapping f. Then O is a generalized sub-uninorm if and
only if f(0) = —oo, f(1) =00, g(0) =aand g on [—o0, 0] is equal to the pseudo-inverse of f on [0, b], —oco ¢ V ¢ and f is increasing
on b, 1].

Proof. Necessity: If O is a generalized sub-uninorm then Proposition 15 implies that f(0) = —oo, f(1) = oo and similarly
as in Proposition 16 we can show that —oo ¢ V. Further, from above it follows that g(0) =a and O(b,b) =a, ie, O
should be a t-subnorm on [0, b]> and a t-superconorm on ]b, 1]%. Proposition 14 then implies that g on [—o0, 0] is equal
to the pseudo-inverse of f on [0, b], and g on ]0, oo] is equal to the upper pseudo-inverse of f on b, 1]. Similarly as in
Proposition 16 the averaging behavior of O on {b} x ]b, 1] then implies that f is increasing on b, 1].

Sufficiency can be shown similarly as in Proposition 16. Here just instead of averaging behavior on {e} x Je, 1] we have
to check averaging behavior on [a,b] x |b, 1]. However, for x € [a,b] and y € ]b, 1] we have O(x,y) = g(f(y)) =y, ie,
Ox,y)elx,y]. O

In this case, i.e., if O is a generalized sub-uninorm of the Class IIl we have g(f(x) + f(y)) #b for all (x, y) € [0, 1]? and
therefore O is a convertible uninorm.
Similar result holds also for generalized super-uninorms.

Proposition 19. Let O : [0, 1]> —> [0, 1] be a generated binary function of the Class Ill generated by a generator f and its quasi-
inverse g. Let the interval [a, b], 0 <a < b <1, be the preimage of {0} in the mapping f. Then O is a generalized super-uninorm if
and only if f(0) = —oo, f(1) =00, g(0) =b and g on [0, co] is equal to the upper pseudo-inverse of f on [a, 1], 0o ¢ V¢ and f is
increasing on [0, a.

Triangular subnorms (t-superconorms) generated by a continuous additive generator need not to be continuous. In [14]
we can find the following result.

Proposition 20. A continuous non-increasing mapping m: [0, 1] — [0, oo] is an additive generator of some continuous t-subnorm
M if and only if mlo ;-1 am(1))] B8 strictly monotone.

From this we can conclude the following.

Proposition 21. Let O: [0, 1]2 —> [0, 1] be a generalized sub-uninorm generated by a quasi-generating pair (f, g) and let the
preimage of {0} in the mapping f be the interval [a,b], 0 <a<b <1.If O on [0, e]2 is a continuous t-subnorm then f is strictly
increasing on [0, a].

Proof. From Proposition 19 we know that g(0) =a and Proposition 20 then implies that O on [O,b]2 is a continuous
t-subnorm if and only if f is strictly increasing on [0, O(b,b)]=[0,a]. O

If we put Propositions 16, 18 and 21 together we obtain the following.

Proposition 22. Let O: [0,1]> —> [0, 1] be a generalized sub-uninorm generated by a quasi-generating pair (f, g) and let the
preimage of {0} in the mapping f be the interval [a,b], 0 <a <b < 1. Then O on [0, e]? is a continuous t-subnorm if and only if f is
strictly increasing on [0, a] and on |b, 1].

In this case O is continuous on [0,e]> and also on e, 1]%. Similarly we can show the result for generalized super-
uninorms.
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Proposition 23. Let 0: [0,1]> —> [0, 1] be a generalized super-uninorm generated by quasi-generating pair (f, g) and let the
preimage of {0} in the mapping f be the interval [a, b], 0 <a <b < 1. Then O on [e, 1]? is a continuous t-superconorm if and only if
f is strictly increasing on [0, a[ and on [b, 1].

Thus in both cases we obtain a generator from the class Illa.
Example 6. Let f: [0, 1] — [—o0, o0] be given by
In 4x ifx e [O, }l]
fe =10 ifxe ]} 3],
—In(4 — 4x) otherwise.

Then if g€ Q(f), g(0) = %, with the convention oo + (—o0) = —oo, the binary operation O : [0, 1]2 —> [0, 1] generated by
(f, g) is a generalized sub-uninorm given for x < y by

4xy if (x, ) € [0, }1]2,
Z if (x, y) € [}1, %]2.
1-4(1-x1—y) if®xy) e [%,1]2,
X ifxe]O,}—l[,ye]%,%],

o, y)=1Y ifye]%,][,xe[}l,%[,
1 ifxy) e 0.4 x |3.1[ x=1-.
P ity e 0.4 x |31[x<1-.
txty—1 ity e o3[ x [3[x=1-v,
0 ifx=0,
1 ify=1,x>0.

If ge Q(f), q(0) = %, with the convention co + (—o0) = —oo, the binary operation 05: [0,1]> —> [0, 1] generated by
(f,q) is a generalized super-uninorm given by

if (x,y) € [% %]2,

O02(x,y) = ifx=1—y,x>0,

O AW AW

(x, y) otherwise.

7. Conclusions

In our work we have studied the ordinal sum construction yielding uninorms. We have introduced the basic formula
for ordinal sum of uninorms and then we have examined the most general operations that can be used in the construc-
tion of uninorms via the ordinal sum construction. We have distinguished four kinds of operations: uninorms, generalized
sub-uninorms, generalized super-uninorms and generalized composite uninorms. The first three types of operations can be
isomorphically transformed to the unit interval and therefore we have investigated additive generators that yield these oper-
ations. We have generalized generators of uninorms by relaxing the strict monotonicity which means the lost of the neutral
element. Another possibility of generalization of the generator of a representable uninorm is to keep strict monotonicity
and relax the continuity condition. In the case when the range of such a generator is contained in the set [0, co], several
interesting results can be found in [20].
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Abstract

We investigate properties of an ordinal sum of uninorms in the case that the summands are proper representable uninorms.
We show sufficient and necessary conditions for a uninorm to be an ordinal sum of representable uninorms. An example is also
included.
© 2016 Elsevier B.V. All rights reserved.

Keywords: Uninorm; Representable uninorm; t-norm; Ordinal sum

1. Introduction

Triangular norms, t-conorms and uninorms [1,7] are applied in many domains and therefore several construction
methods for such aggregation functions were developed. Among others, let us recall the construction using the additive
generators and the ordinal sum construction. A triangular norm is a binary function 7 : [0, 11> —> [0, 1] which is com-
mutative, associative, non-decreasing in both variables and 1 is its neutral element. Due to the associativity the n-ary
form of any t-norm is uniquely given and thus it can be extended to an aggregation function working on |, [0, 11".
Dual functions to t-norms are t-conorms. A triangular conorm is a binary function S: [0, 112 —> [0, 1] which is com-
mutative, associative, non-decreasing in both variables and O is its neutral element. The duality between t-norms and
t-conorms is expressed by the fact that from any t-norm 7" we can obtain its dual t-conorm S by the equation

S,y )=1-T1 —x,1—y)

and vice versa.

Proposition 1. Let t: [0, 1] —> [0, o0] be a continuous strictly decreasing function such that t(1) = 0. Then the
binary operation T : [0, 112 — [0, 1] given by

T(x,y)=t""(min(t(0),(x) +1()))

is a continuous t-norm. The function t is called an additive generator of T

E-mail address: zemankova@mat.savba.sk.
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An additive generator of a continuous t-norm 7 is uniquely determined up to a positive multiplicative constant.
Similarly, an additive generator of a continuous t-conorm S is a continuous strictly increasing function c: [0, 1] —
[0, oco] such that ¢(0) = 0.

Now let us recall an ordinal sum construction for t-norms and t-conorms [2,7].

Proposition 2. Let K be a finite or countably infinite index set and let (lax, bxrex ((Ick, drDrek ) be a disjoint
system of open subintervals of [0, 1]. Let (Ty)kek ((Sk)kek ) be a system of t-norms (t-conorms). Then the ordinal sum
T = ({ak, b, Ti) | k € K) (S = ({ck, dy, Sk) | k € K)) given by

ap + (bx — ap) T (=2, 2=y if (x, y) € [ak, bi[%,

br—ay’ bp—ay
min(x, y) else

T(x,y)={

and

Ste.y) = ck 4 (di — ) ST, 7=5)  if (x, y) € Jex, di P,
’ max(x, y) else

is a t-norm (t-conorm). The t-norm T (t-conorm S) is continuous if and only if all summands Ty (Si) for k € K are
CONtinUous.

More details on t-norms and t-conorms can be found in [1,7]. In order to model bipolar behaviour, uninorms were
introduced in [16] as binary functions on [0, 1] which are commutative, associative, non-decreasing in both variables
and have a neutral element e € ]0, 1] (see also [5]). A uninorm can be also taken as a bipolar t-conorm on [—1, 1] (see
[13]), i.e., a bipolar operation that is disjunctive with respect to the neutral point O (i.e., aggregated values diverge
from the neutral point). If we take a uninorm in a broader sense, i.e., if for a neutral element we have e € [0, 1], then
the class of uninorms covers also the class of t-norms and the class of t-conorms. In order to stress that we assume
a uninorm with e € 0, 1] we will call such a uninorm proper. For each uninorm the value U (1, 0) € {0, 1} is the
annihilator of U. A uninorm is called conjunctive (disjunctive) if U (1,0) =0 (U (1, 0) = 1). Due to the associativity
we can uniquely define the n-ary form of any uninorm for any n € N and therefore in some proofs we will use its
ternary form instead of binary, where suitable.

For each uninorm U with neutral element e € [0, 1], the restriction of U to [0, 6]2 is a t-norm on [0, e]2 (.e.,
a linear transformation of some t-norm 7;) and the restriction of U to [e, l]2 is a t-conorm on [e, 1]2 (i.e., a linear
transformation of some t-conorm Sy). Moreover, min(x, y) < U (x, y) < max(x, y) for all (x,y) € [0,¢e] x [e, 1]U
[e, 1] x [0, e].

Definition 1. A uninorm U : [0, 1]*> —> [0, 1] is called internal if U(x,y) €{x,y}forall (x,y) €0, 112
Lemma 1 (/3]). Let U : [0, 112 — [0, 1] be a uninorm such that Ty = min and Sy = max. Then U is internal.

For more details and a survey on other classes of uninorms we recommend [12].
In the following result we see that from any pair of a t-norm and a t-conorm we can construct the minimal and the
maximal uninorm with the given underlying functions.

Proposition 3 (/9]). Let T : [0, 112 —> [0, 1] be a t-norm and S: [0, 11> —> [0, 1] a t-conorm and assume e € [0, 1].
Then the two functions Unpin, Unax : [0, 11> — [0, 1] given by

e-T(, %) if (x.y) €10, e]?,
Unin(x, y) = e+ (1 —e) - S(F=%, 1=5) if (x,y) €[e. 1],
min(x, y) otherwise

and

106



44 A. Mesiarovd-Zemdnkovd / Fuzzy Sets and Systems 308 (2017) 42-53

eT(%a%) l:f(x’y)e[o’e]za
Umax(x9Y): €+(1—6)S(%,%) UC(X,)’)G[E, 1]25
max(x, y) otherwise

are uninorms. We will denote the set of all uninorms of the first type by Umin and of the second type by Umax-
Similarly as in the case of t-norms and t-conorms we can construct uninorms using additive generators (see [5]).

Proposition 4. Let f: [0,1] — [—00,00], f(0) = —o0, f(1) = 00 be a continuous strictly increasing function.
Then a binary function U : [0, 11> —> [0, 1] given by

UG, y)= ' f)+ £,

where f~': [—00,00] —> [0, 1] is an inverse function to f, is a uninorm, which will be called a representable
uninorm. This uninorm is conjunctive if we take the convention 0o + (—00) = —oo and it is disjunctive if we take the
convention o0 + (—00) = 0o.

Note that if we relax the monotonicity of the additive generator then the neutral element will be lost and by relaxing
the condition f(0) = —oo, f(1) = oo the associativity will be lost. In [15] (see also [13]) we can find the following
result.

Proposition 5. Let U: [0, 11> — [0, 1] be a uninorm continuous everywhere on the unit square except of the two
points (0,1) and (1,0). Then U is representable, i.e., there exists such a function u: [0,1] — [—00, 00] with
u(e) =0, u(0) = —o0, u(1) = oo that U (x, y) = u N u(x) + u(y)).

Thus a uninorm U is representable if and only if it is continuous on [0, 112 \ {(0, 1), (1, 0)}, which completely
characterises the set of representable uninorms.

Definition 2. We will denote the set of all uninorms U such that Ty and Sy are continuous by U, and the set of all
uninorms V such that V (x,0) =0 for all x € [0, 1[ and V (x, 1) = 1 for all x € ]0, 1] by V. Further, we will denote by
Nmax (Nmin) the set of all uninorms U € A such that there exists a uninorm Uy € Upax (U1 € Upin) such that U = U,
on 10, 1[2.

Note that the class of representable uninorms belongs to the intersection & NN

In the case of t-norms (t-conorms), each continuous t-norm (t-conorm) is an ordinal sum of continuous generated
t-norms (t-conorms). The aim of this paper is the characterisation of the uninorms that are ordinal sums of proper
representable uninorms. In the following section we will investigate properties of ordinal sums of proper representable
uninorms and in Section 3 we will completely characterise uninorms which are ordinal sums of proper representable
uninorms. We give our conclusions in Section 4.

2. Ordinal sum of representable uninorms

An ordinal sum of uninorms was introduced in [14] (see also [2]). We will use the following transformation. For
any0<a<b<c<d<1,velb,c],and a uninorm U with neutral element e € [0, 1] let f: [0, 1] —> [a, b[U{v}U
]c, d] be given by

(b—a)-%+a ifxel0,el,

fx)y=14v ifx=e, (1)

(d—x)(d—c)
d— (I-e)

Then f is linear on [0, e[ and on ]e, 1] and thus it is a piece-wise linear isomorphism of [0, 1] to ([a, b[U {v} U ]c, d])
and a function U%?¢4: ([a, b[ U (v} U]c,d])? — ([a, b[ U {v} U]c, d]) given by
U0, y) = OG0, £ )
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Fig. 1. The function f (left) and its inverse f -1 (right) from Example 1.

is an operation on ([a, b[ U {v} U ]c, d])2 which is commutative, associative, non-decreasing in both variables (with
respect to the standard order) and v is its neutral element. The function f is piece-wise linear, however, more generally
we can assume any increasing isomorphic transformation.

Example 1. Leta =0, b=}, v=c=3,d =1, e =} Then the function /: [0, 1] —> [0, }[ U[3, 1] from (1) is

given by

. 1
f(X):{% lfxel:o’§|;
1+x .
= otherwise,

)1 .
(x, y) can be then found in Example 3

)

=
Bl

. . . 0,
see Fig. 1. If we assume uninorm U from Example 3 the operation (Uy) ,
I

as that part of the uninorm U¢ which is defined on ([O, %[ U [%, 1])2.

Proposition 6 (//4]). Assume e € [0, 1]. Let K be an index set which is finite or countably infinite and let (Jag, brDrex
be a system of open disjoint subintervals (including empty subintervals) of [0, e], such that | g [ak, bx] = [0, e].
Similarly, let (Ick, diDrex be a system of open disjoint subintervals (including empty subintervals) of [e, 1], such
that UkeK [ck, di] = le, 1]. Further, let these two systems be anti-comonotone, i.e., by < a; if and only if ¢, > d;
for all i,k € K. We will denote by K, = {k € K | lag, bx[ # 0} and by K* = {k € K | Ick, dr[ # @}. Assume a
Sfamily of proper uninorms (Uy)rek,nk+ on [0, 113, a family of t-norms (Ti)rek,\k* on [0, 11? and a family of t-
conorms (Sp)kek+\k, on [0, 112. Denote By = {by | k € K} \{ar |k € Ky} and Cy ={cx | k€ K} \ {dy | k € K*}
and let g: By \ {e} — [e, 1], h: C1 \ {e} —> [0, e] be two functions given for b € By \ {e} and c € C1 \ {e}
by

g(b) = lim dy,
I —> 0
where b= lim ay, for k; € Ky and
I —> 00

h(c) = lim ay,,
1 —> 00
where c = lim dy, for k; € K*. We further denote B ={b € By \{e} | g(b) € C1}, C ={c e Ci\{e} | h(c) € B1} and
I—>
we assume a functionn: B —> B U C given for all b € B by

n(b) € {b, g(b)}.
Let the ordinal sum U¢ = ({ag, bk, ¢k, di, U) | k € K) be given by
108



46 A. Mesiarovd-Zemdnkovd / Fuzzy Sets and Systems 308 (2017) 42-53

y ifx=e,

X ify=e,

(Uk)g',i’bk'ck’dk if (x, ) € (lax, be[ U ek, dD? k € K. N K*,

(T ) %Pk if (x,y) € (lak, bp[ Ulck, di])?, k € Ky \ K*,

(S ) ok if (x,y) € (lak, be[ Ulek, di])?, k € K*\ Ky,

X ify € bk, ckl, x € lag, di] \ [bk, ck], k € K. U K¥,
y ifx € by, ckl,y €lax, di]\ [br, ck]l, k € K, UK*,

VDT Nmingey) i) € b\ Qb2 U LD, o). (. b)),

wherebe B,c=g(b), x+y<c+b,
max(x,y)  if (x,y) € [b,cP\ (b, c[* U{(B, ), (c, b)),
wherebe B,c=g(b)x+y>c+b,
n(b) if (x,y)=(b,c)or(x,y)=(c,b),be B,c=g(b),
min(x, y) if (x,y) €{b} x [b,c]U[b,c] x {b},b € B\ (BUf{e}),c=g(b),
max(x, y) if (x,y)e{c} x[b,c]U[b,c] x{c},ce Ci\ (CU({e}),b=h(c),

where vy = ci (v = by) if there exists an i € K such that by = a;, ¢, = d; and U; is disjunctive (conjunctive) and
v =n(by) if by € B, vp =bg if by € Bl \ B, vg =cx if cx € C1 \ C and (Uk)ﬁ’,:’bk’ck’d" is given by the formula (2),
(Tr) ™ Pk ((Sp)* ) is a linear transformation of Ty (Sy) to [ay, br]? ([ck, dk]z). Then U¥€ is a uninorm.

An example of an ordinal sum of two uninorms can be found in Example 3.

Remark 1. It is evident that ordinal sum of uninorms U¢ = ({ay, by, cx,dr, Ux) | k € K) is on [0, e]2 equal
to an ordinal sum of t-norms, i.e., Ty = ({ak, br, Ty,) | k € K) and on [e, l]2 to an ordinal sum of t-conorms
Su = ({ck, dk, Su,) | k € K). In the case that we assume an ordinal sum of uninorms such that Uke x lax, br] #10, e]
(Uke x [ck, di] # [e, 1]) this can be given by the above ordinal sum, where the missing summands are covered by
internal uninorms. Later we will see that this holds also vice versa, i.e., if U is an ordinal sum of uninorms and
Ty = ({ak, br, Tx) | k € K) and Sy = ({ck, dk, Sk) | k € K) and [a, b[U]c, d] is a missing summand support, i.e., such
that is not covered by (g [ax, bl U Uik [k, di], then U(x, y) = min(x, y) on [a, b]? and U (x, y) = max(x, y)
on [c, d]z. Moreover, similarly as in Lemma 1 we get that U is internal on ([a, b] U [c, d))?.

Example 2. Assume U € Unin and Uy € Unax then Uy and U; are ordinal sums of uninorms, Uy = ({e, e, e, 1, Sy, ),
<07 ea 15 15 TU] )) and U2 = (<O’ es e7 ea TUz)a <05 Oa e’ 1, SUZ))

Assume a uninorm U : [0, 1]*> —> [0, 1] such that U = ({ag, br, ck,di, Uy) | k € K), where all conditions from
Proposition 6 are satisfied and both Jag, bx[ and ]c, di[ are non-empty for all k € K. We will call such an ordinal sum
complete. Let each Uy for k € K be a representable uninorm. Then by Proposition 5 the uninorm Uy is continuous on
[0, 1T\ {(0, 1), (1, 0)}. Since the summand corresponding to Uy acts on [ak, bx[ U ]ck, di] the uninorm U is continuous
on ([ag, br[ U lck, di])? except the set {(fx(x), fr(»)) | Uk(x,y) = ex} U {(axk, dx), (dx, ax)}, where e is the neutral
element of Uy and f; is the transformation given by (2) respective to the summand corresponding to Uy. Here let
us note that for a representable uninorm Uy there exists a strictly decreasing function ry: ]0, 1[ — ]0, 1[ with
rr(ex) = ey such that Ug (x, y) = ei if and only if ri(x) = y.

The ordinal sum construction further implies that for x € {ax, b, ck, dx} and y € [0, 1] we have U (x, y) € {x, y}.
Moreover, U (ag, y) = ax and U (dg, y) = di for y € lag, di| and U (bg, y) = by and U (ck, y) = ¢k for y € by, ckl.
Since also Ui (z, ¢) = max(z, e) for z > ¢ and U (z, ¢) = min(z, e) for 7 < e we see that U is continuous on {b;} x
lak, br], ak, bkl x {br}, {ck} X [ck, di], [ck, di] x {ck}, {bk} X [ck, di] \ {(bk, ck)}, [k, di] % {br} \ {(ck, br)} and on
{ck} x lag, br] \ {(ck, br)}, lak, bx] x {cx} \ {(bg, cx)}. If we summarise this over all summands for £ € K we obtain
the following result.

Proposition 7. Assume a uninorm U : [0, 11> —> [0, 1). If U is a complete ordinal sum of representable uninorms, i.e.,
U = ({ak, bk, ¢k, dx, Uy) | k € K), for some suitable systems (lag, byDxex and (Ick, dxDkex and a family of (proper)
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*|
[ max 1
1
min Us max

%
Ut min Ui

U*

1

Fig. 2. The uninorm U¢ from Example 3. Here Ui“ is a transformation of U1 to ([0, %[U [%, 1])2 given by (2), and Uﬁ" is a linear transformation

2
of Uj to [%, %] . The oblique lines denote the points of discontinuity of U.

representable uninorms (Uy)rek then there exists a continuous strictly decreasing function r: [0, 1] — [0, 1] with
r(0) =1, r(e) = e and r(1) = 0 such that U is continuous on [0, 1]\ {(x,7(x)) | x € [0, 1]}. Note that U need not be
non-continuous on the whole set {(x,r(x)) | x € [0, 1]}.

Example 3. Let Uy, U;: [0, 112 — [0, 1] with U; = U, be representable uninorms generated by

In(2x) ifx <}

—In(2 —2x) otherwise,

fx) =

with Uy (1, 0) = 1. Then the ordinal sum U¢ = ({0, }L, %, 1, Uy), (}‘, %, % %, Uj)), with e = % is given in the following
table
1 11 13 3
£\ [o-4] [4:4] 3] Ji1]
P
[0.4] T max(x, y) max(x. y) 140 -0 - y)
4—x;;+y ifx+y>1
1
X—=y+5 .
. ifx+y<l1
[%, %] min(x, y) 34y X Y % —4(% —x)(% -y) max(x, y)
3x+y—7 .
7 fx+y>1
1
, A — yy— 1y L Yty 1
]% %] min(x, y) C-pPO-—p+7 33;4)5 . Hx+y< max(x, y)
yrx—5 .
4),_12 ifx+y>1
y .
]%,1] dxy min(x, y) min(x, y) =gy Mty <l

D ifx ety > 1

2
where if x +y =1then U(x, y) = 1 for (x,y) e ]i, [ and otherwise U (x, y) = %. Thus here U*€ is non-continuous

3

1
only in the points from the set {(x,1 —x) | x € [O, zlt] U [%, 1]}. Moreover, evidently U¢ € U N N. The uninorm U*
can be seen in Fig. 2.

Further we will show some general properties of uninorms that we will use later.

Proposition 8. Assume a uninorm U : [0, 112 —> [0, 1] such that U € U and U ¢ N. Then U is an ordinal sum of a
uninorm and a non-proper uninorm (i.e., a --norm or a t-conorm).
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Proof. Assume U(1,0) = 1, the case when U (1, 0) = 0 can be shown analogically. Then U (x, 1) = 1 for all x € [0, 1]
and U (x,0) =0 for all x € [0, e]. If U ¢ A then there exists a y € Je, 1[ such that U (0, y) =z > 0, i.e.,z €0, y]. If
z<eweget0=U(0,e)>U(0,z) =U(0,0, y) =z what is a contradiction, i.e., z € ]e, y]. Moreover, U(0, z) = z.
Since Sy is continuous then for all x € [z, 1] there exists a u € [e, 1] such that U (z, u) = x. Then

U@, x)=U(@0,z,u) =U(z,u) =x.

Thus if U (0, y) > 0 for some y € Je, 1[ then U(0, y) = y. Let b = inf{y € [e, 1] | U (0, y) > 0}. Then b is an idem-
potent point of U, since otherwise the continuity of Sy implies existence of x| € Je, b[ such that U (x1,x;) =v > b
which means

b<v=U0,v)=U@0,x1,x1)=U0,x1)=0

what is a contradiction. Further, if U (0, y) =y for some y € [e, 1] then U (x,y) = U (x,0,y) =U (0, y) = y for all
x € [0, e] and thus U (x, y) = max(x, y) if (x, y) € [0,e] x ]b,1]U ]b, 1] x [0, e].

Since b is an idempotent point, Sy (its transformation onto [e, 1]2) is an ordinal sum Sy = ({e, b, S1), (b, 1, $3))
and thus U on [b, 1] corresponds to S> and U (x, y) = max(x, y) for all (x, y) € [0, b] x ]b, 1]U ]b, 1] x [0, b]. Also,
[0, b]2 is closed under U. Thus

U = ((O’ e? e’ b’ U*>’ (O’ O’ b’ 1’ SZ))’

where U™ is uninorm which is a linear transformation of U on [0, b]z. O

Definition 3. Let p be arelation on X x Y and denote p(x) ={y € Y | (x, y) € p}. Then p will be called a continuous
non-increasing pseudo-function if

(i) forall x1,xp € X, x1 < x3 there is p(x1) = p(x2), i.e., forall y; € p(x1) and all y, € p(x2) we have y; > y, and
thus Card(p(x1) N p(x2)) <1,
(ii) forall x € X and all y € Y there exist y; € Y and x| € X such that (x, y;) € p and (x1, ¥) € p,
(iii) if y1, y2 € p(x) for some x € X then y € p(x) forall y € [yl, yz].

A relation p is called symmetric if (x, y) € p if and only if (y, x) € p.
Remark 2.

(i) In the case that U is an ordinal sum of representable uninorms which is not complete, then the function that
determine the non-continuity points need not be strictly decreasing, just non-increasing. If there is a non-proper
summand such that ay = by = 0 (¢x = di = 1) then for rp we have r;(0) = ¢ (rx(1) = by). Further if there is a
non-proper summand, i.e., ax = by > 0 (cx =dy < 1) for some k € K then U is non-continuous on {ax} x [ck, dk]
({ck} x lag, br]). Thus in such a case ry is no longer a function since it contains also some vertical segments,
however, rx is a symmetric continuous non-increasing pseudo-function.

(ii) If we assume an ordinal sum, where some summands are representable uninorms and some summands are in-
ternal uninorms then again we can obtain a symmetric continuous non-increasing pseudo-function r such that
U is continuous on [0, 1]\ {(x,r(x)) | x € [0, 1]}. This follows from the fact that for an internal uninorm V
the monotonicity implies existence of a symmetric continuous non-increasing pseudo-function py such that
V(x,y) =max(x,y)if y > py(x) and V(x,y) =min(x, y) if y < py(x).

In the following section we will discuss the characterisation of uninorms that are ordinal sums of proper repre-
sentable uninormes.

3. Characterisation of uninorms that are equal to an ordinal sum of proper representable uninorms

For a given uninorm U : [0, 112> —> [0, 1] and each x € [0, 1] we define a function u,(z) = U (x, z) for z € [0, 1].
We will start with the following useful result.
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Lemma 2. Let U: [0, 11> —> [0, 1] be a uninorm, U € N' N U. If for some a € 10, e[ U le, 1], a is an idempotent
element of U, then u, is non-continuous.

The above result follows from the fact that if a is an idempotent element of U different from 0, e, resp. 1, then
e ¢ Ran(u,). Indeed, if U (a, b) = e for some b € [0, 1] then e = U (a, a, b) = a what is a contradiction.

Proposition 9. Let U : [0, 112 —> [0, 1] be a uninorm, U € N'NU. Then if U(a,b) =e for some a,be0,1],a<e
then U is continuous on [0, 11>\ ([0, a[ U 1b, 1)

Proof. If U(a,b) = e then a ¢ {0, 1}. Also if U(a,b) = U(a,c) =e then b=U(b,a,c) =c, i.e., b = c. First we
show that u, is continuous on [0, 1]. Since U is monotone and u,(0) = 0, u, (1) = 1 the continuity of u, is equivalent
with the equality Ran(u,) = [0, 1]. Assume that Ran(u,) # [0, 1], i.e., there exists a ¢ € [0, 1] such that ¢ ¢ Ran(u,).
However, we have U(a, b, ¢) = c, i.e., for z = U (b, ¢) we have u,(z) = ¢ what is a contradiction.

Thus u, and similarly u; are continuous functions. Next we will show that for all x € ]a, b[ there exists a v* €
[0, 1] such that U (x, v*) = e. Assume f € la, e¢] (for f € [e, b[ the proof is analogous). Since Ty is continuous and
Ula, f) <a,U(f,e) = f there exists a a’ €10, e] such that U(f, a’) =a. Then

e=U(a,b)=U(f,a’,b)

and if w/ = U(a’, b) then U(f, wl) =e. Summarising we get that all sections u, with x € [a, b] are continuous.
From the previous lemma we see that a and b are not idempotent elements, i.e., there exist g, h with g <a <b < h
such that U (g, h) =e, i.e., all u, for x € [g, h] are continuous. Now the monotonicity of U implies the continuity on

[0, 112\ ([0, a[ U 1b, 1])? (see [8]). O

From the previous proposition we see that if U € NN and U is non-continuous in some point (¢, d) € [0, 112
then u, is non-continuous for all x € [0, c] U [d, 1].

Lemma 3. Assume a uninorm U : [0,1]> — [0,1], U e U N N. If a € [0, 1] is an idempotent element of U then U
is internal on {a} x [0, 1].

Proof. If a € {0, 1, e} the result is evident. Otherwise we will assume a < e (the proof for a > e is analogous).
Since a is an idempotent point we have U (a, x) = min(x, y) for all x € [0, e]. From Lemma 2 it follows that u, is
non-continuous and e ¢ Ran(u,). Assume y > e and let U(a,y) =v < y. Thenif v <e we have v=U(a,a, y) =
U(a,v) <a,i.e.,v=a. Thus if v > a also v > e. Denote

b=inf{y €[0,1]| U(a, y) > al.

Then U(a,y) > a for y > b and U(a,y) = min(a, y) for y < b. For v = U(a, y) > a we further have v =
Ula,a,y)=U(a,v).Since U € U the continuity of Siy ensures for any y, > v existence of y; such that S(v, y;) = y».
Then

U, y2)=U@,v,y1) =UW,y1) =y.

Summarising, for all y > b we have U(a,y) =y and for all x < b we have U (x, a) = min(a, x). To conclude the
proof we have only to check the value U (a, b). Assume U (a, b) =c € ]a, b[. Then ¢ > e and U (a, ¢) = ¢ < b, what
is a contradiction since U (a, x) =min(a, x) forall x <b. O

The above lemma shows, that if we denote the set of all idempotent points of U by [y, then U restricted to / 5 is
an internal uninorm.

Lemma 4. Each uninorm U : [0, 11> —> [0, 1] with U € U is continuous in (e, e).

Proof. If Ty and Sy are continuous, since U is commutative, we only have to check that for two monotone sequences

{an}ien and {b,},eny With lim a, = e = lim b, and a, < e, b, > e for n € N there is lim U(a,, b,) = e.
n—-o0 n—-o0 n—-0oo

However, monotonicity gives us a, < U(ay, b,) <b, andthuse < lim U(a,, b,) <e. 0O
n—-:o0
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From now on we will investigate uninorms such that there exists a continuous strictly decreasing function
r: [0,1] — [0, 1] with r(0) =1, r(e) = e and (1) = 0 such that U is continuous on [0, 1]\ {(x,r(x)) | x € [0, 1]}.
Then if U is non-continuous only in (0, 1), (1, 0) the uninorm U is representable. Thus if U is not representable
then due to Proposition 9 there exist a, b € [0, 1] such that U is non-continuous in all points of {(x,r(x)) | x €
[0,a]U[b, 1]}, wherea >0and b < 1.

Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous Archimedean t-norms (t-conorms).
Note that a continuous t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent points 0 and 1.
A continuous Archimedean t-norm 7 (t-conorm S) is either strict, i.e., strictly increasing on ]0, 1]2, (on [0, 1[2) or
nilpotent, i.e., there exist (x, y) € ]0, 1[% such that 7 (x, y)=0(Skx,y)=1).

For Archimedean underlying functions we can show the following result (compare [6,10,11]).

Proposition 10. Assume a uninorm U : [0, 1?7 — 10,11, U eUNN. If Ty and Sy are Archimedean then either U
is a representable uninorm or U € Npin U Nmax.

Proof. If for all x € ]0, 1] there exists a y € [0, 1] such that U (x, y) = e then since Ty and Sy are continuous and
Archimedean U is continuous on [0, 112 except points (0, 1) and (1, 0) and thus U is a representable uninorm. If for
any x € ]0, 1[, x # e there exists a y € [0, 1] such that U(x, y) = e then also U(x, x, y,y) = e and since Ty and
Sy are continuous and Archimedean Proposition 9 implies that for all x € ]0, 1] there exists a y € [0, 1] such that
U(x, y) = e and thus U is representable. Therefore we will suppose that U (x, y) = e for (x, y) € [0, 1]2 if and only
ifx=y=e.
If Ux,y) =x = U(x,e) (or similarly if U(x,y) = y) for some x,y € ]0,1[, x < e and y > e then
Ux,y,...,y)=x forall n € N and since Sy is continuous and Archimedean we have U (x, z) = x for all z € [e, 1[.
n-times
Further, since Ty is continuous and Archimedean for all 0 < g < x there exists x] € [0, e] such that U (x, x;) = ¢g and
thus U(q,z) =U(x1,x,z) =U(x1,x) =q forall z € [e, 1]. Let

1
b—inflx € [0, e] | Ulx, —<

) > x}.

Then U(x,y)=x forall x <band y € [e, 1[ and U(x, y) > x for all x > b and y € [e, 1[. If b is not an idempotent
point then since Ty is continuous and Archimedean there exists by, b < by < e such that U (b1, b1) = v < b. Then
foraye[e,1[ and U (b1, y) = w > by we have U (b1, w) =U (b1, b1,y) =U(v,y) =v=U (b1, by) what is possible
only if there is an idempotent point in [b1, w]. However, then

b>v=UWb1,b))=UMb,w)=b1 >b

what is a contradiction. Thus b is an idempotent point. Since 7Ty and Sy are Archimedean we have b € {0, e}. Thus we
get that either U (x, y) = x for all (x, y) € 10, e[ x le, 1[, i.e., U € Npin, or U(x, y) =y forall (x, y) €10, e[ x le, 1],
i.e., U € Nimax, or thereis U (x, y) € ]x, y[ for all (x, y) € ]0, e[ x ]e, 1[. From now on we will suppose that U (x, y) €
Jx, y[ forall (x, y) €10, e[ x le, 11.

Take any (x,y) €10, e[ x Je, 1[ and then U(x,y) =c € ]x, y[. Without loss of generality assume ¢ < e (the case
when ¢ > e is analogous). Then since x < ¢ < e and Ty is continuous and Archimedean there exists a x1 € ]0, e[ such
that U(c, x1) = x. Then

c=U(x,y)=U(c,x1,y)

which is a contradiction if U(x1, y) € Je, 1[. Since U (x1,y) <y and U(x1,y) # e we have x; <U(x1,y) =z <e.
Then since z € ]0, e[ and Ty is Archimedean the equality ¢ = U (c, z) implies that z is an idempotent point what is a
contradiction. Summarising, U is either a representable uninorm or U € Nyin U Npax. O

Corollary 1. Assume a uninorm U : [0, 11?2 — [0, 1], U e U NN and let there exist a continuous strictly decreasing
function r: [0,1] — [0, 1] with r(0) = 1, r(e) = e and r(1) = 0 such that U is continuous on [0, 1]\ {(x, r(x)) |
x € [0, 11}. Then if there exist a € [0, e[ and b € e, 1] such that U is an Archimedean (i.e., nilpotent or strict) t-norm
on [a, e)? and U is an Archimedean (i.e., nilpotent or strict) t-conorm on |e, b]2 then U on [a, b]2 is a representable
uninorm.
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Proof. Since U is a t-norm on [, ¢]* and a t-conorm on [e, b]* then a and b are idempotent points of U and U is
closed on [a, b]?, i.e., U on [a, b]? is isomorphic to a uninorm which we denote by U*. The previous proposition and
Proposition 8 imply that either U* is a representable uninorm or U* € Npin U Npax. However, if U* € Nyin then
U* is non-continuous in all points from the set ]0, e[ x {1}, i.e., r is not strictly decreasing what is a contradiction.
Similarly, if U* € Npax then U* is non-continuous in all points from the set ]e, 1[ x {0}. Thus U* is representable. O

Before we introduce another result we recall the claim of [4, Theorem 5.1]. Here U(e) = {U: [0, 1? —
[0, 1] U is associative, non-decreasing, with the neutral element e € [0, 1]}. Thus U € U (e) is a uninorm if it is com-
mutative.

Theorem 1. Let U € U(e) and a,b,c,d € [0,1], a < b < e <c¢ <d be such that Ul[a,b]2 is associative, non-
decreasing, with the neutral element b and U |[C AP is associative, non-decreasing, with the neutral element c. Then
the set ([a,b] U |[c, d))? is closed under U.

Now we can show the following.

Proposition 11. Assume a uninorm U : [0, 11> — [0, 11, U e U NN and let there exist a continuous strictly decreas-
ing functionr: [0, 1] —> [0, 1] with r(0) = 1, r(e) = e and r (1) = 0 such that U is continuous on [0, 1]\ {(x,r(x)) |
x €[0, 11}. Then

(i) if a, b € [0, e] are idempotent elements such that U (x, x) < x for all x € la, b| then also ¢ =r(b) and d =r(a)
are idempotent elements and U(y,y) >y forall y € ]c, d[;

(ii) if c,d € [e, 1] are idempotent elements such that U(y,y) >y forall y € ]c, d[ then also b =r(c) and a = r(d)
are idempotent elements and U (x, x) < x for all x € ]a, b[.

Proof. We will only show the first part, the second part is analogous. Let a, b € [0, e] be idempotent elements of U
such that U (x, x) < x for all x € Ja, b[ and let c =r(b) and d = r(a). Let g be the smallest idempotent element of U
such that g > d. Then according to Theorem 1 interval [a, g]2 is closed under U, i.e., it is a linear transformation of
some uninorm U*, U* e Y. If U* € N then U is non-continuous in (a, g) which means that g =d. If U* ¢ A then
Proposition 8 implies that U* is an ordinal sum of a uninorm and a non-proper uninorm and since U is non-continuous
in (a,d) whered < g wehave U(a, z) <eforz <d and U(a, z) > e for z > d, i.e., U* is an ordinal sum of a uninorm
and a t-conorm and d is an idempotent point, i.e., d = g. Thus in all cases d is an idempotent element of U'.

Further, uj, is non-continuous exactly in the point x = ¢ and since b is idempotent Lemma 3 implies U (b, x) =
min(x, b) forx <cand U (b, x) =x forx > c,U(b,c) € {b,c}.If U(b, c) = b then also U (b, ¢, ¢) = b which implies
U(c,c) <c,i.e., cis an idempotent point of U. Assume U (b, ¢) = c. Then for x € Je, c[ we have

c=Ub,c)=Ub,x,c)=U(x,c)

which means that there is an idempotent point in [x, c]. Since Sy is continuous, i.e., the set of all idempotent points
is closed we see that ¢ is an idempotent point of U. Thus both ¢ and d are idempotent points.

Assume that & € ]c, d[ is an idempotent point. Then similarly as above we can show that r (k) is also an idem-
potent point of U and a = r(d) < r(h) < r(c) = b, i.e., there is an idempotent point between a and b what is a
contradiction. O

Definition 4. An internal uninorm U : [0, 11> —> [0, 1] will be called s-internal if there exists a continuous and strictly
decreasing function vy : [0, 1] — [0, 1] such that U (x, y) = min(x, y) if y < vy(x) and U (x, y) = max(x, y) if
y > vy (x).

Proposition 12. Assume a uninorm U : [0, 11?2 — [0,1], U e U NN and let there exist a continuous strictly
decreasing function r: [0,1] — [0, 1] with »(0) =1, r(e) = e and r(1) = 0 such that U is continuous on
[0, 171\ {(x,r(x)) | x € [0, 1]}. Then U is an ordinal sum of representable uninorms and s-internal uninorms, i.e.,
U = ({am, bm, cm,dm, Up) | m € M), where (an, bmDmem and (Jcm, dn)mem are two anti-comonotone systems of
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disjoint non-empty open intervals such that | J,,c s [am, bm1 = [0, €] and | J,,cps [cm, dn] = e, 11, and (Up)mem is a
family of (proper) representable uninorms and s-internal uninorms on [0, 1]°.

Proof. Since Ty and Sy are continuous the set of idempotent elements I;; of U is closed and thus [0, e] \ Iy =

U lam,bwl and [e, 11\ Iy = | Jei, di[ for some countable index sets M, L and two systems of open non-empty
meM leL
disjoint intervals (lan,, bm)mem and (lci, di[)ier. From Proposition 11 it follows that each interval la,,, b,,[ can

be paired with the interval ]c;, d;[ for some [ € L such that r(a,) = d; and r(b,,) = ¢; and vice versa, i.e., we
can set L = M and obtain two anti-comonotone systems of open non-empty disjoint intervals (la,, b;[)mey and
(Iems dmDmenm, where lay,, by, [ C [0, e] and ¢y, dn[ C e, 1] for all m € M. Since ay,, by, ¢, dyy, are idempotent
points, Lemma 3 and monotonicity of U implies that U (x, y) =y if x € [by,, ¢;n] and y € [ap, dim] \ [Om, Cm ]

Further, ([ay, bym] U [cm, dm])? is closed under U and U on [ay,, by, ]? is a continuous Archimedean t-norm and U
on [c, dm]2 is a continuous Archimedean t-conorm. In order to use backward transformation inverse to (2) we have
only to show that

Card(Ran(U|[am,bm[u]cm,dm]) N [bm, cm]) < 2.

Assume U (x1, y1) = q for some x; € [a;;, by, y1 € lem, dn] and g € [by,, ¢iy]. Then for any z € [by,, ¢, ] we have
U(g,z) =U(x1,y1,z2) =U(x1, y1) = ¢q. Thus ¢ is the annihilator of U on [b,,, c¢iy], i.e., ¢ = U (b, cpy). Now if we
transform U on ([a,,, by YU {U (b, cm)} U ]cm,dm])2 using f‘l, where f is given in (2), where ¢ = a,,, a = by,
v=U(bu,cn), b=cy and d =d,, and e € ]0, 1[ we obtain a uninorm U,, on [0, 1]? with the neutral element e such
that Ty, and Sy, are Archimedean and U,, € N'NU. Then by Proposition | the uninorm U,, is representable.

If U [am,bm] =10,e] and |J [cm,dm] = [e, 1] the proof is finished. In the opposite case we have [0, e] \
meM meM

U lam.bml= U ] 8o, ho [, where (] 8o, ho Don is a system of non-empty open intervals, i.e., O is a countable index
meM 0€0

set. Then we have [e, 11\ U [cm.dn]l= U Jr(ho). r(g0)[. The set ([go, ho[ U LU (ho, r(ho))} U Jr(ho). r(go)])? is
meM 0e0
closed under U and thus it is isomorphic to some uninorm U,, such that 7y, = min and Sy, = max. Thus by Lemma 1

U, is internal. Moreover, since r is continuous and strictly decreasing there exists a continuous and strictly decreasing
function vy, : [0, 1] — [0, 1] such that U, (x, y) = min(x, y) if y < vy, (x) and U, (x, y) = max(x, y) if y > vy, (x),
1.e., U, is an s-internal uninorm. O

Corollary 2. A uninorm U : [0, 1]2 — [0, 1], U e U NN is a complete ordinal sum of representable and s-internal
uninorms if and only if there exists a continuous strictly decreasing function r: [0, 1] — [0, 1] withr(0) =1, r(e) =
e and r (1) = 0 such that U is continuous on [0, 1]\ {(x, r(x)) | x € [0, 1]}.

Corollary 3. A uninorm U : [0, 11> —> [0, 1], U e U NN is a complete ordinal sum of representable uninorms if and
only if there exists a continuous strictly decreasing function r: [0, 1] —> [0, 1] with r(0) =1, r(e) = e and r (1) =0
such that U is continuous on [0, 1]\ {(x,r(x)) | x € [0, 11} and U has countably many idempotent points.

This result follows from the fact that if there are countably many idempotent points then there is no interval of
idempotent points, i.e., |J [am,bm]=1[0,e] and |J [cm,dn] = [e, 1]. On the other hand, if |J [am,bm] =0, €]
meM meM meM
and |J [cm,dm] = [e, 1] then idempotent points are only a,, by, ¢y, dy for m € M and since M is countable also
meM
the set of idempotent points is countable.

Finally, let us note that if we have a uninorm U : [0, 1? —[0,1,U el and U ¢ N then according to Propo-
sition 8 the uninorm U is an ordinal sum of a uninorm and a t-norm (t-conorm). This means that u (#¢) is non-
continuous in some point x > 0 (x < 1) which means that there cannot exist a continuous strictly decreasing function
r: [0, 1] — [0, 1] with #(0) =1, r(e) = e and r (1) = 0 such that U is continuous on [0, 1]\ {(x,r(x)) | x € [0, 1]}.

4. Conclusions

In this paper we have shown that a uninorm is equal to a complete ordinal sum of representable uninorms and s-
internal uninorms if and only if there exists a continuous strictly decreasing function »: [0, 1] — [0, 1] with r(0) =1,
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r(e) = e and r(1) = 0 such that U is continuous on [0, 1]\ {(x,r(x)) | x € [0, 1]}. Moreover, such a uninorm U is a
complete ordinal sum of representable uninorms if the set of all idempotent elements of U is countable. We conjecture
that a similar result can be shown for all uninorms, where Ty and Sy are continuous. In such a case we conjecture
that the set of all points of non-continuity is characterised by a symmetric continuous non-decreasing pseudo-function
and each such a uninorm can be decomposed into an ordinal sum of representable uninorms, continuous Archimedean
t-norms, t-conorms and internal uninorms. However, any uninorm U € Npi, such that Siy has no non-trivial elements
is irreducible with respect to the ordinal sum construction, i.e., can be expressed only as a trivial ordinal sum with
summand on ([0, e[ U ]e, 1])2, and thus modification of the ordinal sum construction, such where summands will be
defined on (ay, bim[Ulcm, dnl)? should be assumed in this case. However, we leave this research for the future work.
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1. Introduction

The (left-continuous) t-norms and their dual t-conorms play an indispensable role in many domains [10,32,33]. Each
continuous t-norm (t-conorm) can be expressed as an ordinal sum of continuous Archimedean t-norms (t-conorms), while
each Archimedean t-norm (t-conorm) is generated by an additive generator (see [1,12]). Generalizations of t-norms and
t-conorms that can model bipolar behavior are uninorms (see [9,22,34]). The class of uninorms is widely used both in theory
[5,7,19,29] and in applications [28,35]. The complete characterization of uninorms with continuous underlying t-norm and
t-conorm has been in the center of the interest for a long time, however, only partial results were achieved (see [6,8,11,18,
15,20,31]).

Ordinal sum of uninorms was introduced in [23], where also the most general operations yielding a uninorm via the
ordinal sum construction were studied (see also [25]). This paper is a continuation of the paper [26], where we have
characterized uninorms with continuous underlying operations by properties of their set of discontinuity points. Our aim
is to completely characterize all uninorms with continuous underlying functions and obtain a similar representation as in
the case of t-norms and t-conorms. In this paper we will therefore show that each uninorm with continuous underlying
t-norm and t-conorm can be decomposed into an ordinal sum of semigroups related to representable uninorms, continuous
Archimedean t-norms, continuous Archimedean t-conorms and internal uninorms.

The paper is structured as follows. In Section 2 we will recall all necessary notions and results. We will recall the
ordinal sum construction of Clifford (Section 3) and show several examples of basic uninorms that are constructed using
this construction. In Section 4 we will recall some results on the characterizing set-valued function of a uninorm with
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continuous underlying functions and add several new. Section 5 then contains the main result of the paper. We give our
conclusions in Section 6.

2. Basic notions and results

Let us now recall all necessary basic notions.

A triangular norm is a binary function T: [0, 1]> —> [0, 1] which is commutative, associative, non-decreasing in both
variables and 1 is its neutral element. Due to the associativity, n-ary form of any t-norm is uniquely given and thus it
can be extended to an aggregation function working on |, [0, 11". Dual functions to t-norms are t-conorms. A triangular
conorm is a binary function S: [0, 112 —> [0, 1] which is commutative, associative, non-decreasing in both variables and 0
is its neutral element. The duality between t-norms and t-conorms is expressed by the fact that from any t-norm T we can
obtain its dual t-conorm S by the equation

Sx,y)=1-T(A—-x,1—y)

and vice-versa.
Now let us recall an ordinal sum construction for t-norms and t-conorms [12].

Proposition 1. Let K be a finite or countably infinite index set and let (Jak, bxkex ((Ick, dxDrek) be a system of open, disjoint
subintervals of [0, 1]. Let (Ty)kek ((Sk)kek) be a system of t-norms (t-conorms). Then the ordinal sum T = ({ay, by, Tx) | k € K)
(S = ({ak, bk, Sk) | k € K)) given by

_ X—0g  y—0g 1 2
Tt y) = ak'+ (bk — @) Ti(p =4 5=a.)  If (X, ¥) € [ag, be[*,
min(x, y) else
and
_ X—Ck  Y—Ck . 2
St y) = e+ e — ) Sk(G— g If (X y) € ek di ],
max(x, y) else

is a t-norm (t-conorm). The t-norm T (t-conorm S) is continuous if and only if all summands Ty, (Sy) for k € K are continuous.

Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous Archimedean t-norms (t-conorms). Note that
a continuous t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent points 0 and 1. A continuous
Archimedean t-norm T (t-conorm S) is either strict, i.e., strictly increasing on ]0,1]> (on [0, 1[?), or nilpotent, i.e., there
exists (x,y) €10, 1[2 such that T(x, y) =0 (S(x, y) = 1). Moreover, each continuous Archimedean t-norm (t-conorm) has a
continuous additive generator.

Proposition 2. Let t: [0,1] —> [0, 0o] (s: [0,1] —> [0, o0]) be a continuous strictly decreasing (increasing) function such that
t(1) = 0(s(0) = 0). Then the binary operation T: [0, 1]> — [0, 1] (S: [0, 11> —> [0, 1]) given by

T(x, y) =t~ (min(£(0), t(x) + £(¥)))
S(x, y) =s""(min(s(1), s(x) + ()

is a continuous Archimedean t-norm (t-conorm). The function t (s) is called an additive generator of T (S).

An additive generator of a continuous t-norm T (t-conorm S) is uniquely determined up to a positive multiplicative
constant. More details on t-norms and t-conorms can be found in [1,12].

A uninorm (introduced in [34]) is a binary function U: [0,1]> —> [0, 1] which is commutative, associative, non-
decreasing in both variables and have a neutral element e € |0, 1] (see also [9]). If we take uninorm in a broader sense,
i.e, if for a neutral element we have e € [0, 1], then the class of uninorms covers also the class of t-norms and the
class of t-conorms. In order the stress that we assume a uninorm with e € |0, 1] we will call such a uninorm proper. For
each uninorm the value U(1,0) € {0, 1} is the annihilator of U. A uninorm is called conjunctive (disjunctive) if U(1,0) =0
(U(1,0) =1). Due to the associativity we can uniquely define n-ary form of any uninorm for any n € N and therefore in
some proofs we will use ternary form instead of binary, where suitable.

For each uninorm U with the neutral element e € ]0, 1], the restriction of U to [0,e]* is a t-norm on [0, e]?, ie. a
linear transformation of some t-norm Ty on [0, 1]2 and the restriction of U to [e, 1] is a t-conorm on [e, 1], i.e., a linear
transformation of some t-conorm Sy. Moreover, min(x, y) < U(x, y) < max(x, y) for all (x, y) €[0,e] x [e,1]U]e, 1] x [0, e].

From any pair of a t-norm and a t-conorm we can construct the minimal and the maximal uninorm with the given
underlying functions (see [17]).
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Proposition 3. Let T: [0,1]> — [0, 1] be a t-norm and S: [0,1]> — [0, 1] a t-conorm and assume e < [0, 1]. Then the two
functions Uppin, Umax: [0, 112 —> [0, 1] given by

e-T(% ) if x, y) €[0,e]%,
Unin®.y) = {e+(1—e) - SCG=2, =5) if(x,y) e[e. 1],
min(x, y) otherwise
and
e-T(% ) if (x.y) €[0,e]?,
Umax(X, y) ={e+(1—e)- SG=2, =) if(x.y) ele. 112,
max(x, y) otherwise

are uninorms. We will denote the set of all uninorms of the first type by Unin and of the second type by Umax-

Definition 1. A uninorm U: [0, 1]2 —> [0, 1] is called internal if U(x, y) € {x, y} for all (x, y) € [0, 1]2. Moreover, U is called
d-internal if it is internal and there exists a continuous and strictly decreasing function gy: [0,1] — [0, 1] such that
Ux,y) =min(x, y) if y < gy(x) and U(x, y) = max(x, y) if y > gy (x). Finally, U is called locally internal on A(e) if U is
internal on A(e) =[0,e] x [e,1]U]e, 1] x [0, e].

For example all uninorms from Ui, U Umax are locally internal on A(e). More results on internal and locally internal
uninorms can be found in [2,4,8,21,30].
Similarly as in the case of t-norms and t-conorms we can construct uninorms using additive generators (see [9]).

Proposition 4. Let f: [0,1] —> [—o00, 00], f(0) = —o0, f(1) = oo be a continuous strictly increasing function. Then the binary
function U : [0, 11> — [0, 1] given by

U y)=f 1@+ f),

where f~1: [—00, 00] —> [0, 1] is an inverse function to f, is a uninorm, which will be called a representable uninorm. The unique
point e € 10, 1] such that f(e) = 0 is then the neutral point of U.

Note that if we relax the monotonicity of the additive generator then the neutral element will be lost and by relaxing
the condition f(0) = —oc0o, f(1) = co the associativity will be lost (if f(0) <0 and f(1) > 0). In [29] (see also [22]) we can
find the following result.

Proposition 5. Let U : [0, 112 —> [0, 1] be a uninorm. Then U is representable if and only if it is continuous on [0, 112 \{(0, 1), (1,0)}.
This result completely characterizes the set of representable uninorms.

Definition 2. We will denote the set of all uninorms U such that Ty and Sy are continuous by /. Further, for a given
uninorm U: [0, 112 —> [0, 1] and each x € [0, 1] we define a function uy: [0, 1] —> [0, 1] by ux(z) = U(x, z) for z € [0, 1].

3. Ordinal sum construction of Clifford

Our aim in this paper is to decompose each uninorm U € U using the ordinal sum construction. Therefore we have to
first recall the fundamental result of Clifford [3].

Theorem 1. Let A # ) be a totally ordered set and (Gy)gea With Gy = (Xg, *¢) be a family of semigroups. Assume that for all
a, B e Awitha < B the sets X, and Xg are either disjoint or that X, N Xg = {Xo, g}, where x4 g is both the neutral element of Gy
and the annihilator of Gg and where for each y € A with a <y < p we have X, = {xq p}. Put X = |J X and define the binary

acA
operation x on X by

Xxg Y If (X Y) € Xa X Xa,
Xxxy=14x if(x,y) € Xo x Xgand o < B,
y if(x,y) € Xo x Xg and o > .

Then G = (X, *) is a semigroup. The semigroup G is commutative if and only if for each a € A the semigroup G is commutative.
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Note that ordinal sum construction of t-norms, t-conorms and uninorms are all based on this result (see [13,14,23]).
Next we will recall several results on uninorms with continuous Archimedean underlying operations and show how are
these related to the ordinal sum construction.

For uninorms with continuous nilpotent underlying operations the following result was shown in [15].

Theorem 2 ([15]). Let U : [0, 1] —> [0, 112 be a uninorm with the neutral element e € 10, 1[ such that both Ty and Sy are nilpotent.
Then either one of the following two statements holds:

(i) U € Unmin,
(ii)) U € Umax-

Example 1. If ([0, 1], U) is an ordinal sum of semigroups {Gy}qea With Gy = (X4, *¢) for @ € A then Ty is an ordinal
sum of semigroups {G}x}aeA with G}x = (Xg N[0,e],*y) for @ € A and Sy is an ordinal sum of semigroups {Gi}ae/\ with
G?X =(XqNJe, 1], *¢) for o € A. From [13] we know that then each Xy N[0, e] (X, N[e, 1]) is a subinterval of [0, e] ([e, 1]).
If Ty (Sy) are nilpotent then each support of a subsemigroup of ([0, 1], U) contains at least one point from the set {0, e, 1}.
Therefore as the respective sets in the ordinal sum should cover the whole interval [0, 1], the finest partition which we
can make is to divide [0, 1] into [0, e[, {e} and ]e, 1]. Thus we have three semigroups G4, = ([0, e[, U), Gq, = ({e}, U) and
Gg; = (Je, 1], U). Let < be an order on the set A = {ay, az, az}. Since e is the neutral element it is obvious that a; < az and
as < ay. Further, if U € Upjn then a1 < as and if U € Upax then az < ay. It is easy to verify that U € Un, is an ordinal sum
of Gq;, Gg, and Gg, with the order on the set A given by a1 < a3 <az and U € Umax is an ordinal sum of Gg,, Gg, and Gg,
with the order on the set A given by a3 < a; < ay.

For uninorms with continuous strict underlying operations the following result was shown in [15] (see also [11]).

Theorem 3 ([15]). Let U: [0, 112 —> [0, 1] be a uninorm with the neutral element e € 10, 1[ such that both Ty and Sy are strict.
Then one of the following seven statements holds:

(i) U € Unin,
(i)
e-Ty(3, %) if(x, y) €[0,el?,
Ui ) — e+(1—e)-Sy(¥EL, =5 if(x,y) ele 11,
1 ifx=1ory=1,
min(x, y) otherwise,
(iii)
e-Ty%, L) if %, y) €0, e]%,
Uk gy 16T A0S0 = 10 fayele1p,
1 ifx=1,y>00ry=1,x>0,
min(x, y) otherwise,
(iv) U € Umax,
(v)
e-Ty(%, ) if (x. y) €[0,e]%,
Ui ) — e+(1—e)-Sy(FEL. ) ifxy)ele 11
0 ifx=00ry=0,
max(x, y) otherwise,
(vi)
e-Ty(%, %) if (x, y) €[0,e]?,
Uy 1T A0S =) fayele1p
0 ifx=0,y<lory=0,x<1,
max(x, y) otherwise,

(vii) U is representable.
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Example 2. In the case when for a uninorm U operations Ty and Sy are strict we have two possibilities:

Case 1. There exist x, y € [0, 1], x <e < y, such that U(x, y) =e. From [11] we know that then U is representable. In such
a case for all x € ]0, 1] there exists a y € ]0, 1] such that U(x, y) = e. Then the finest possible partition that we can get is
to divide [0, 1] into {0}, ]0, 1[, and {1}. Thus we have three semigroups Gq, = ({0}, U), Go, = (]0, 1[, U), and Gq; = ({1}, U).
Let < be an order on the set A = {ay, ay, as}. Then the monotonicity implies a; < a; and as < ay. Therefore we have two
possible orders on the set A: either a; < as < az, which corresponds to a conjunctive representable uninorm, or as < a; < a,
which corresponds to a disjunctive representable uninorm. Thus in both cases, i.e., whether U is conjunctive or disjunctive,
it is easy to see that U is equal to an ordinal sum of Gg,, Gg, and Gg,.

Case 2. For all (x,y) € [0,1]? the equality U(x, y) =e implies x = y = e. Similarly as above we can show that then the
finest partition which we can make is to divide [0, 1] into {0}, ]0, e[, {e}, ]e,1[ and {1}. Thus we have five semigroups
Gq, = ({0}, U), Gg, = (]0,¢[,U), Ggy, = ({e},U), Gq, = (Je,1[,U) and Ggz = ({1}, U). Let < be an order on the set A =
{ay,ay,as, a4, as}. Since e is the neutral element we have a; < a3 for i =1, 2, 4, 5. Further, the monotonicity implies a1 < a,
and as < ag. Then we have the following six possible orders on the set A:

(i) a] <0y <05 <a4 <as,
(11) a1 <0as5 <0dp <044 <as,
(iii) a1 <0d5 <044 <04y <as,
(iv) 5 <1 <0y <044 <as,
(v) as <ay <aq4 <a <as,
(vi) a5 < a4 <ay <ax <as.

Again it is easy to see that an ordinal sum of Gg,, Gg,, Gay, Gg, and G, with the first order corresponds to the form (i)

from Theorem 3, the second to the form (iii), the third to the form (v), the fourth to the form (ii), the fifth to the form (vi)
and the last to the form (iv).

Similarly as Theorems 2 and 3 we have the following.

Theorem 4 ([16]). Let U : [0, 1] — [O, 1]? be a uninorm with the neutral element e € 10, 1] such that Ty is strict and Sy is nilpotent.
Then either one of the following three statements holds:

(i) U € Unin,
(i) U € Umax,
(iii)
Uk y) e+(1—e)-Su(3=2, =5 if(xy)ele. 1]
7 ifx=0o0ry=0,
max(x, y) otherwise.

In this case the corresponding semigroups act on {0}, 10, e[, {e}, le, 1].

Theorem 5 ([16]). Let U : [0, 1] —> [0, 112 be a uninorm with the neutral element e € 10, 1[ such that Ty is nilpotent and Sy is strict.
Then either one of the following three statements holds:

(i) U € Unin,
(ii) U € Umax,
(ii)
e-Ty g’%) if(x’y)e[(),elzy
U(X y)_ €+(1—€)SU(%,%) l'f(x,y)e[e,l]Z'
| ifX =1 ory= 1,
min(x, y) otherwise.

In this case the corresponding semigroups act on [0, e[, {e}, le, 1], {1}.
In the previous we can see several examples of semigroups that can be used for construction of uninorms via the ordinal
sum. In order to characterize them we will use the following transformation.
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Forany 0<a<b<c=<d<1,velb,c], with [a,b[U]c,d] # ¥ and a uninorm U with the neutral element e € [0, 1] we
will use a transformation f: [0, 1] — [a,b[U{v}U]c,d], where ifa=b thene=0and v =c, if c=d thene=1 and v =b,
given by

(b—a)-§+a ifxe[0,e,
fx)y=qv fx=e, :
d— (1—(?)77(21)—6) otherwise.

Then f is linear on [0, e[ and on ]e, 1] and thus it is a piece-wise linear isomorphism of [0, 1] to ([a, b[ U {v} U ]c,d]) and
the binary function U%?%: ([a, b[ U {v} U]c, d])> —> ([a, b[ U {v} U]c,d]) given by

Uy = FUU 0, F1 o) 2

is a uninorm on ([a, b[ U {v} U ]c,d])?. Backward transformation f~! can then transform a uninorm on ([a, b[ U {v} U ]c, d])?
to a uninorm on [0, 1]2.
Now we are able to give the following definition.

Definition 3. Let a, b, c,d € [0, 1] with a <b < c <d. Then

(i) a semigroup (Ja,b[ U {v}U ]c,d[, *) will be called a representable semigroup if * is isomorphic via (2) to a restriction
of a representable uninorm on [0, 1% to 10, 1[2,
(ii) a semigroup (]a, b[, *) will be called a t-strict semigroup if * is linearly isomorphic to a restriction of a strict t-norm
on [0, 1]% to ]0, 1[%,
(iii) a semigroup (]c,d[,*) will be called an s-strict semigroup if * is linearly isomorphic to a restriction of a strict t-
conorm on [0, 1]% to ]0, 1[%,
(iv) a semigroup ([a, b[, ) will be called a t-nilpotent semigroup if * is linearly isomorphic to a restriction of a nilpotent
t-norm on [0, 1]2 to [0, 1,
(v) a semigroup (]c,d], ) will be called an s-nilpotent semigroup if * is linearly isomorphic to a restriction of a nilpotent
t-conorm on [0, 112 to ]0, 1]%,
(vi) a semigroup (Ja,b[ U ]c,d[,*) will be called a d-internal semigroup if * is isomorphic via (2) to a restriction of an
d-internal uninorm on [0, 1]% to (]0, 1] \ {e})?,
(vii) a semigroup (]a, b[, ) will be called a t-internal semigroup if « is linearly isomorphic to the min on ]0, 1[,
(viii) a semigroup (]c,d[, *) will be called an s-internal semigroup if * is linearly isomorphic to the max on |0, 1[2.

Results on related operations can be found in the following literature: for strict and nilpotent t-norms see [12], for
representable uninorms see [9,11], for internal uninorms see [2,8,21,30].
For semigroups that are defined on singletons we will further use an operation

Id: {x}> —> {x} given by Id(x, X) = x.

Proposition 6 ([24]). Let U: [0, 11> —> [0, 1] be an internal uninorm. Then ([0, 1], U) is an ordinal sum of singleton semigroups
({x},1d) for all x € [0, 1].

Proposition 7 ([24]). Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X, = {x} if i(p) = x. Let
e € [0, 1] and let < be a linear order on P. Then the ordinal sum of {(Xp, Id)}pep with the linear order < is an internal uninorm with
the neutral element e if and only if the following two conditions are fulfilled:

(i) p1 < pa forall p1, pa € P such that Xp, = {x1}, Xp, ={x2}, X1 <x2 and x1,x2 € [0, ],
(ii) p1 < p2 forall pq, p2 € P such that Xp, = {y1}, Xp, ={y2}, y1 > y2 and y1,y2 €[e, 1].

Remark 1. In the rest of the paper we will show that each uninorm U € U/ can be decomposed into ordinal sum of the
nine types of semigroups, eight from Definition 3 plus semigroups defined on singletons. Due to Proposition 6 we see that
internal semigroups can be decomposed further to singletons, however, our aim is to perform such a decomposition where
the number of summands is countable. Therefore we include also internal semigroups. It is clear that if ([0, 1], U) is an
ordinal sum of the above mentioned semigroups then from each of the eight types of semigroups from Definition 3 we can
have only a countable number (since each subinterval of [0, 1] contains some rational number). Thus in our decomposition
a singleton semigroup will be always between two non-singleton semigroups (or it will be an accumulation point of the set
of their end points) which will ensure that the number of summands is countable.

Further we recall several useful results. The first is the result of [6, Theorem 5.1]. Here U (e) = {U: [0,1]> — [0, 1] |
U is associative, non-decreasing, with the neutral element e € [0, 1]}. Thus U € U/(e) is a uninorm if it is commutative.

122



182 A. Mesiarovd-Zemdnkovd / International Journal of Approximate Reasoning 83 (2017) 176-192

Theorem 6. Let U € U{(e) anda,b,c,d € [0,1],a <b <e < c <d be such that U|[a.b]2 is associative, non-decreasing, with the neutral
element b and U|[C dP? is associative, non-decreasing, with the neutral element c. Then the set ([a, b] U [c, d])? is closed under U.

Moreover, we have the following result.

Lemma 1 (/26]). Let U e U. Then if a € [0, 1] is an idempotent element of U then U (a, x) € {a, x} for all x € [0, 1], i.e., U is internal
on {a} x [0, 1].

Using these results we can show the following.

Proposition 8. Let U € 4. Ifa,b € [0,e] and c,d € [e, 1] are idempotent elements, a <b and ¢ <d, then ([a,b[ U {U(b,c)}U]c, d])2
is closed under U.

Proof. Since U €/ we know that b is the neutral element of U on [a, b]* and c is the neutral element of U on [c, d]?. Thus
by Theorem 6 we know that the set ([a, b]U[c, d])? is closed under U. Since b and c are idempotent points by Lemma 1 we
have U(b, c) € {b, c}. If b =c =e then the claim evidently holds. Suppose b # ¢ and U (b, c) = b (the case when U(b,c) =c
is analogous). Assume that there are x, y € ([a, b]U ]c,d])? such that U(x, y) =c. If x € [a, b] (similarly if y € [a, b]) then

b=U(c,b)=UU(y,x),b) =U(y,U(x,b)) =U(y,x) =c¢
what is a contradiction. Thus both x, y € |c, d]. Then, however,
c=U(x,y)>max(x,y) >c¢

what is again a contradiction. Thus ([a, b[ U {U (b, c)} U ]c,d])? is closed under U. O

Lemma 2. Let U € U and let ([a, b|U{v}U]c, d])zfora <b<v<c<dwitha,b,c,d,v €0, 1] be closed under U. Then U restricted
to ([a, b[ U {v} U ]c, d])? is isomorphic with a uninorm U* on [0, 1]2, via the backward transformation f~1 to the transformation f
given in (1), if and only if v is the neutral element of U restricted to ([a, b[ U {v} U ]c, d])>.

Proof. Since f~! is an isomorphism U* is commutative, associative and non-decreasing in each variable. Further, e is the
neutral element of U* if and only if v is the neutral element of U restricted to ([a, b[U {v}U]c,d])?. O

Lemma 3. Let U e Y and let a, b € [0, e] and c,d € [e, 1] be idempotent elements, a < b and ¢ < d, such that there is no idempotent
in |a, b[ neither in |c, d[. If there exist (x1, ¥1), (X2, y2) € la, b[ x |c, d[ such that U (x1, y1) <e and U(xz, y2) > e then U (b, c) is the
neutral element of U restricted to ([a, b[ U {U (b, ¢)} U ]c, d])>.

Proof. Since b,c are idempotents U(b,c) € {b,c}. Assume U(b,c) = b (the proof for U(b,c) = c is analogous). Then

U(b, x) = x for all x € [a, b]. Further, since b is idempotent U(b, y) € {b, y} for all y € |c,d]. If U(b, y) =b for some y € ]c,d]

then monotonicity implies U(b,z) =b for all z<y and b=U(b,y,...,¥), ie, since U is Archimedean on [c,d] we get
n-times

U(b,z) =b for all z € |c,d[. Now since U(x2, y2) > e we have b =U(b, y2) > U(x2, y2) > e > b what is a contradiction. Thus

Ub,y)=y forall yelc,d]. O

Lemmad4. Let U ed andleta,b € [0,e]and c,d € [e, 1] be idempotent elements, a < b and c < d, such that there is no idempotent in
la, b[ neither in Ic, d[. If ([a, b[ U ]c, d])? is not closed under U then U (b, c) is the neutral element of U restricted to ([a, b[U{U (b, c)} U
Jc, d])2.

Proof. Similarly as in the previous proof we have U(b, ¢) € {b, c} since b, c are idempotents. Assume U (b, ¢) = b (the proof
for U(b, c) = c is analogous). Then U (b, x) = x for all x € [a, b]. Further, since b is idempotent U (b, y) € {b, y} for all y € ]c,d].
If ([a,b[ U]c,d])? is not closed under U then there exist x; € [a,b[, y1 € ]c,d] such that U(xy, y1) =b. If U(b,y) =b for
some y € ]c,d] then b=U(,y,...,y), ie, U,q) =b for all q € |c,d]. Then, however,
H,—J
n-times

b=U(b,b)=U(x1,U(y1,b)) =U(x1,b) =x1,

what is a contradiction. Therefore U (b, q) = q for all q € ]c,d]. Summarizing, U (b, ¢) is the neutral element of U restricted
to ([a, [ U{U(b, )} U]c,d])?. O

Remark 2. A uninorm U from Lemma 4 (as well as from Lemma 3) is on ([a,b[ U {U (b, c)} U ]c,d])? isomorphic to a
representable uninorm.
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Before we will show the main result we should recall the characterizing set-valued function of a uninorm U € ¢/ which
will help us to divide U into respective semigroups.

4. Characterizing set-valued function

In this section we will recall several results from [26,27].

Definition 4. A mapping p: [0, 1] — P([0, 1]) is called a set-valued function on [0, 1] if to every x € [0, 1] it assigns a
subset of [0, 1], i.e., p(x) C [0, 1]. Assuming the standard order on [0, 1], a set-valued function p is called

(i) non-increasing if for all x1,x; € [0, 1], X1 < x, we have y; > y, for all y; € p(x7) and all y, € p(x) and thus the
cardinality Card(p(x1) N p(x2)) <1,
(ii) symmetric if y € p(x) if and only if x € p(y).

The graph of a set-valued function p will be denoted by G(p), i.e., (x, ¥) € G(p) if and only if y € p(x).

Definition 5. A set-valued function p: [0, 1] —> P([0, 1]) is called u-surjective if for all y € [0, 1] there exists an x € [0, 1]
such that y € p(x),

Lemma 5 (/26]). A symmetric set-valued function p: [0, 1] — P([0, 1]) is u-surjective if and only if we have p(x) # @ for all
x €0, 1].

The graph of a symmetric, u-surjective, non-increasing set-valued function p: [0, 1] —> P([0, 1]) is a connected line (i.e.,
a connected set with no interior) containing points (0, 1) and (1, 0) (see [27]).

We will denote the set of all uninorms U: [0, 1]2 — [0, 1] such that U is continuous on [0, 1]% \ R, where R = G(r)
and r is a symmetric, u-surjective, non-increasing set-valued function such that U(x, y) = e implies (x, y) € R, by UR. The
function r will be called the characterizing set-valued function of U.

Theorem 7 ([26]). Let U [0, 11> —> [0, 1] be a uninorm. Then U € U if and only if U € UR and in each point (x, y) € [0, 1]% the
uninorm U is either left-continuous or right-continuous.

Remark 3. Note that although for U € U the previous theorem implies that U is continuous on [0, 1] \ R for R =G(r)
it does not mean that all points of R are points of discontinuity of U. In fact, in [26] it was shown that for a uninorm
U €U either U(x,y) =e implies x =y = e or there exists a non-empty interval ]a,d|[ such that U(x, y) = e if and only if
X,y € la,d[. In the later case U is continuous in all points from [0, 1]?\ ([0, a]U[d, 1])%. Moreover, for a conjunctive uninorm
U € U (similarly for a disjunctive uninorm U € I/) we have either U(x,1) =1 for all x> 0 or U(x, 1) < e for some 0 < x <e.
In the later case U is continuous in all points from [0, x[ x [0, 1] U [0, 1] x [0, x][.

Definition 6. Let U € U/ and let r: [0, 1] —> P([0, 1]) be its characterizing set-valued function. Then

(i) the set I C [0, 1] is called a maximal horizontal segment of r if Card(I) > 1 and there exists a y € [0, 1] such that
yep) if and only if x eI,
(ii) if for x € [0, 1] there is Card(r(x)) > 1 then the set {x} is called a maximal vertical segment of r,
(iii) the interval [a, b] is called a strictly decreasing segment of r if for all x € ]a, b[ we have
Card(r(x)) =1, Card(r(max(r(x))) =1, (3)

(iv) the interval [a, b] is called a maximal strictly decreasing segment of r if there is no interval [c,d] which is a strictly
decreasing segment of r such that [a, b] C [c, d].

The monotonicity of r implies that all maximal segments are intervals. Further, a subinterval of a maximal horizontal
segment will be called a horizontal segment.

The symmetry of r implies that a maximal horizontal segment I can be paired with a maximal vertical segment {y} for
which we have
yerx) forallxel.
Then I x {y} as well as {y} x I belong to the graph of r.

Lemma 6 ([27]). Let U € U and let r: [0, 1] —> P ([0, 1]) be its characterizing set-valued function. Then all maximal segments of r
are closed intervals.
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max S* max S*
*
. * . Ul
min Ui min U
1
max max
T min T min

Fig. 1. The uninorm U from Example 3. Left: the bold lines denote the points of discontinuity of U. Right: the oblique and bold lines denote the character-
izing set-valued function of U.

Due to the symmetry of r the previous result implies that for every x € [0, 1] the set r(x) is a closed interval and
therefore min(r(x)) and max(r(x)) always exist. Let us now recall an example from [26].

Further we will denote by S, the set of end points of all maximal segments of r and by S; its closure. Note that there
is a countable number of maximal horizontal and strictly decreasing segments and due to the symmetry of r there is also a
countable number of maximal vertical segments. Therefore S, is countable. Then we have the following result.

Proposition 9 ([27]). Let U e U, letr: [0, 1] —> P([0, 1]) be its characterizing set-valued function and assume x € [0, 1]. Then either
x € S; or x is an interior point of exactly one maximal segment of .

Example 3. Assume a representable uninorm Uj: [0,1]2 — [0, 1] and a continuous t-norm T: [0,1]> — [0,1] and a
continuous t-conorm S: [0, 1]2 —> [0, 1]. Let U7 be a linear transformation of U to [% %]2 T* a linear transformation of
Tl to [0, %[2 and S* a linear transformation of S|, ;2 to ]% 1]2. Then the ordinal sum of Gq, = ([0, %[ T*), Ga,
([%, %], U3) and Gg, = (]% 1], S*) with the order az < a; < ay is a uninorm U € Y. For simplicity we will assume that
is the neutral element of Uy and that U1(x,1 — x) = % for all x € ]0,1[. On Fig. 1 we can see the characterizing set-valued
function r of U as well as its set of discontinuity points.

1
2

Remark 4. From Theorems 2, 3, 4 and 5 we see that if U € I/ is such that both Ty and Sy are Archimedean then either
its characterizing set-valued function is strictly decreasing on [0, 1] - in which case it is a representable uninorm, or the
interval [0, e] ([e, 1]) is a horizontal segment, i.e., there is y € [0, 1] such that r(x) = {y} for all x € |0, e[ (x € ]e, 1[). For the
value y we then have y € {1,e} (y €{0, e}).

Now we recall the result which will be important for the division of U € U/ into respective semigroups.

Proposition 10 ([27]). Let U € U and let r be its characterizing set-valued function. Then end points of all types of maximal segments
of r are idempotent points.

Further we will recall a relation between nilpotent components of U and maximal horizontal segments of the character-
izing set-valued function.

Lemma 7 ([27]). Let U € U and let r be its characterizing set-valued function. Then ifa, b € [0, 1], a < b, are idempotent elements of
U such that there is no idempotent in |a, b[ and there exists x € ]a, b[ such that U(x,x) =a (U(x,x) =b) thenr on [a, b] corresponds
to a horizontal segment.

In the following two lemmas we recall how does a maximal strictly decreasing segment of the characterizing set-valued
function relate the components of [0, e] to the components of [e, 1].

Lemma 8 ([27]). Let U € U and let r be its characterizing set-valued function.

(i) Ifa,b € [0,1],a < b < e, are idempotent elements of U such that there is no idempotent in la, b[ and r on [a, b] corresponds to a
strictly decreasing segment then d = min(r(a)) and c = max(r(b)) are idempotent elements of U such that there is no idempotent
in |c,d[ and r on [c, d] corresponds to a strictly decreasing segment. Further, a = max(r(min(r(a)))) and b = min(r(max(r(b)))).

(ii) If c,d € [0, 1], e < ¢ < d, are idempotent elements of U such that there is no idempotent in |c, d[ and r on [c, d] corresponds to a
strictly decreasing segment then b = min(r(c)) and a = max(r(d)) are idempotent elements of U such that there is no idempotent
in |a, b[ and r on [a, b] corresponds to a strictly decreasing segment. Further, c = max(r(min(r(c)))) and d = min(r(max(r(d)))).
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Lemma 9 ([27]). Let U € U and let r be its characterizing set-valued function.

(i) Ifa,b €[0,1],a < b <e,aresuch that U (x,x) = x forall x € [a, b] and r on [a, b] corresponds to a strictly decreasing segment then
for d = min(r(a)) and c = max(r(b)) we have U(y,y) =y forall y € [c,d] and r on [c, d] corresponds to a strictly decreasing
segment. Further,a = max(r(min(r(a)))) and b = min(r(max(r(b)))).

(ii) Ifc,d € [0,1],e <c <d, are such that U(y,y) =y forall y € [c,d] and r on [c, d] corresponds to a strictly decreasing segment
then for b = min(r(c)) and a = max(r(d)) we have U (x, x) = x for all x € [a, b] and r on [a, b] corresponds to a strictly decreasing
segment. Further, c = max(r(min(r(c)))) and d = min(r(max(r(d)))).

We conclude this section with the following useful result.
Lemma 10. Let U € U{.

(i) fU(x,y) =xforsomex € ]0,e[,y € e, 1] then U(x1, y1) = x1 forall x; €[0,x], y1 € [e, y].
(ii) IfU(x,y) =y forsome x € ]0,e[, y € le, 1] then U(xa, y2) =y, forall x; € [x,e], y2 € [y, 1].

Proof. We will show only the first part as the second is analogous. If U(x, y) = x for some x € ]0, e[, y € ]e, 1] then since
U(x, e) = x the monotonicity of U implies U(x, y1) = x for all y; €[e, y]. Since U € U for each x; € [0, x] there exists a
q €10, e] such that U(g, x) = x1. Then we have

U1,y1)=UWU@Q.x),y1)=U@Q, UK, y1)=U(qx)=x1. O
Now we are ready to show the main result.
5. Decomposition of uninorm with continuous underlying functions via ordinal sum

In this section we will successively show that each uninorm U € I/ can be decomposed into an ordinal sum, with a
countable number of summands, of the nine types of semigroups, eight from Definition 3 plus semigroups defined on
singletons.

In the following definition we will define a partition of [0, 1] related to the given U € U.

Definition 7. Let U € U/ and let r be its characterizing set-valued function. We will proceed in three steps.

Step 1: Definition of Archimedean segments.

Since U is continuous on the diagonal u: [0, 1] — [0, 1] given by u(x) = U(x, x), then the set of all idempotent points
of U is a closed set — we will denote it by Iy. Then [0, e]\ Iy = Uk lak, bk[, where (Jag, bx[)kek is a system of a countable
number of open and disjoint subintervals of [0, e] for some index set K (see [13]). Similarly, [e, 1]\ Iy = U, I, dil, where
(Jer, di)ier is a system of a countable number of open and disjoint subintervals of [e, 1] for some index set L. Note that we
will select L in such a way that KNL=4¢.

Now we denote K1 = {k € K | a, = U(x, x) for some x € [0,1],x # ax} and K, = {k € K | r on [ay, by] corresponds to a
strictly decreasing segment }, Lemma 7 implies that K1 N K; = @. Let K3 = K\ (K; U Ky). Further L1 ={le L |dy =
U(x, x) for some x € [0,1],x #d,} and L, ={l € L | r on [c,d;] corresponds to a strictly decreasing segment } and L3 =
L\ (L1 ULy). Similarly as above, Lemma 7 implies that L1 N L, =#.

Due to Lemma 8 each k € K, can be paired with some [ € L, and vice-versa. Therefore instead of [ € L, we will assume
the corresponding k € K».

Step 2: Definition of idempotent segments.
Denote

X ={xe[0,1]|xis an end point of a maximal segment of 1}
and

B=Jlaw. bl U | J @} U | UGk o}

keK keKq keKy

Let

[0.e]\(BUX)= ] Ym,

meM

where the sets Y, are components of [0, e]\ (B U X) with respect to connectedness. Note that we can select such an M that
K, L, M are mutually disjoint. We denote

A* ={supYp,infY, |me M} \ (BU ({e})
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and define Z, =Yy \ A* for all m € M, i.e., Zn = lam, bm| for some an, by, € [0, e] for all m € M. Denote M, = {me M |
Zm # 0},

M1 ={me M, |ron lan, by|[ corresponds to a horizontal segment},

My ={m € M, |r on |ay, by| corresponds to a strictly decreasing segment}. Then M, is countable. Further denote

A=[0.e[\(BU | J Zm).

meM,

Then A is countable since between any two points from A there is a rational number from [0, e]. Therefore there exists an
isomorphism i between A and some countable index set M3 which again can be selected to be mutually disjoint with all
previous index sets. We set Z,; = {i(m)} for all m € M3, i.e.,, Zy,, = {by} for some by, € [0, e] for all m € Ms.

Similarly, let

C=Jledifu | Jtdyu [ (U, co)

leL leLq keKy,

and let

e, 11\ (CUX) =[] Yo,

0e0

where the sets Y, are components of [e, 1]\ (C U X) with respect to connectedness. Note that we can select such an O that
0,K, L, M, M3 are mutually disjoint. We denote

D* ={supY,,infY, |0 € O}\ (CU{e}).
We define Z, =Y, \ D forallo€ 0, i.e. Z, =]c,, d,[ for some c,,d, € [e, 1] for all 0 € O. Denote O, ={o <€ O | Z, # @},
01={0€ 0, |ron |cy,d,| corresponds to a horizontal segment},

0, ={0€ 0, |ron |c,d,| corresponds to a strictly decreasing segment}. Then O, is countable. Further, denote

D=le, 1]\ (CU | J o).

0€0,

Then D is countable and there exists an isomorphism j between D and some countable index set O3 which again can
be selected to be mutually disjoint with all previous index sets. We set Z, = {j(0)} for all 0 € O3, i.e.,, Z, = {c,} for some
co €[e,1] for all 0 € O3.

Due to Lemma 9 each m € M, can be paired with some o € O, and vice-versa. Therefore instead of 0 € 0, we will
assume the corresponding m € M».

If U(x, y) =e for some x # e then the point e is already covered in our partition, however, if U(x, y) =e impliesx=y =e
then we should add a separate set {e}.

Step 3: Summarization.

Thus we have a partition of [0, e] into sets: [a, bx| for k € K1, ]ak, bi[ U ({U (b, ck)} N[0, e]) for k € K3, lak, by| for k € K3,
lam, bm[ for m € M1 U M3, {an} for m € M3 and eventually {e}.

Similarly, we have a partition of [e, 1] into sets: |c;, d;] for I € Ly, ]ck, dp [ U ({U (b, ck)} N e, 1]) for k € Ko, ]c;, dj] for l € L3,
Ico, do[ for o € 01 U M3, {d,} for o € O3 and eventually {e}.

For simplicity we denote P* = K1 UK, UK3UM{UM>UM3UL{UL3U01UO03 and for p € P we will denote corresponding
sets described above by X,. If U(x, y) = e implies x = y = e then we additionally assume an index p* ¢ P* and the set
Xp+ ={e}. Then P = P* U {p*}. In the other case we put P = P*. Note that X,, N X,, =¥ for p1, p2 € P, p1 # p>.

Lemma 11. Let U € U and let r be its characterizing set-valued function. Assume the partition from Definition 7. Letq: [0, 1] — [0, 1]
be a function given by

if x € [0, e[ and uy is continuous,
if uy is non-continuous in y,
ifx=e,

ifx € |e, 1] and uy is continuous.

q(x) =

O 0N < =
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We will define two functions L, H: P —> [0, 1] by

Wil ifpekn, g3y ifpeky,
@ if pe Ky, q(m) ifpeky,
Wi ifpeks, q(l23Pey ifp e ks,
@ibifpemy, q(23) ifp e My,
Wi ifpe My, q(“23P2) ifp e My,

L(p)=1bp ifpeMs, H(p) = {q(bp) if p e M3,
q(23%) ifpely, b ifpely,
q(3%y ifpels, @t ifpels,
q(23%y ifpe 0y, @b ifpeoy,
q(cp) ifpe 03, Cp ifpe0s,
e else, e else.

Then there are no such p1, p2 € P that either L(p1) < L(p2) and H(p1) < H(p2), or L(p1) > L(p2) and H(p1) > H(p>). Further, if
L(p1) = L(p2) and H(p1) = H(p2) for some py # p» then py, p2 € M3 U Os.

Proof. The monotonicity of the characterizing set-valued function r ensures that L(pj) < L(p2) implies H(p1) > H(p2),
H(p1) < H(p2) implies L(p1) > L(p2), H(p1) > H(p2) implies L(p1) < L(p2) and L(p1) > L(p2) implies H(p1) < H(pz) for
all p1, p2 € P. Further, if L(p1) = L(p2) and H(p1) = H(p3) for some p1 # p, then both L(p1) and H(p;) are idempotent
points and thus either p; € M3 and p € O3, or p; € O3 and p, € M3. O

Lemma 12. Let U € U and assume functions L, H from Lemma 11. We will define a relation < on the set P as follows: for any
D1, D2 € P thereis p1 < p3 if one of the following is fulfilled:

(i) p1=p2
(it) L(p1) < L(p2) and H(p1) > H(p2),
(iii) L(p1) < L(p2) and H(p1) > H(p2),
(iv) L(p1) =L(p2), H(p1) = H(p2), p1 #p2 and U(b,c) =b, where b € Xp, and c € Xp,.

Then < is a linear order on P.

Proof. To show that < is an order on P we have to show that it is reflexive, anti-symmetric and transitive. Reflexivity
is evident. Assume that p; < p2 and pz < p1. If p1 # p2 we get L(p1) = L(p2), H(p1) = H(p2) and thus by (iv) we have
b=U (b, c) =c what is a contradiction. Therefore p; = p>.

For transitivity assume that p; < p2 and p; < p3. If p1 = p2 or p, = p3 the transitivity is clear. Further if L(p1) < L(p2)
or L(p2) < L(p3), or H(p1) > H(p32), or H(p2) > H(p3) the transitivity is also easily shown. Suppose that L(p1) = L(p2) =
L(p3), H(p1) = H(p2) = H(p3) and p1, p2 and p3 are mutually different. Then p1, p2, p3 € M3 U O3. Let a € Xp,, b € X,
and ¢ € Xp,. Then U(a, b) =a and U (b, c) =b. The associativity of U then gives

U@, c)=U(a,U(,c))=U(a,b)=a.

Thus p1 < p3 and the relation < is transitive. Finally we have to show that < is linear, i.e., that for all pq, pp € P we have
either p1 < p or pz < p1. Assume any p1, p2 € P. If p; = p2 then we have both p; < py and p, < p1. Let now pq # p».
If L(p1) = L(p2) and H(p1) = H(pz) then U(b,c) € {b,c} for b e Xp, and c € Xp, and p1 < pp if U(b,c)=b and py < p1 if
U(b, c) =c. In the other case we have one of the following four inequalities:

(i) L(p1) < L(p2),
(ii) L(p1) > L(p2),
(iii) H(p1) < H(p2),
(iv) H(p1) > H(p2).

In the first case Lemma 11 implies H(p1) > H(p2) and thus p; < p,. Similarly, in the fourth case we get p; < p, and in the
second and the third case we get p; < p1. Thus < is a linear order. O
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Remark 5. Note that the order < from previous lemma is compatible with the standard order < on [0, e] and reversed to
the standard order < on [e, 1].

Before we will show the main result we introduce two useful results.

Lemma 13. Let U e { and let q: [0,1] —> [0, 1], L, H: P — [0, 1] be the functions from Lemma 11. Then for any p1, p» € P we
have:

(i) if H(p1) > H(p2) then forallx € X,, N[0, e], y € Xp, N[e, 1] thereis q(x) > y.
(ii) if L(p1) < L(p2) then for all x € X,, N[0, e], y € Xp, N[e, 1] thereis x < q(y).

Proof. We will show only the first part as the second is analogous. If p;1 € K1 U K3 U M1 U M3 or x=e then H(p1) = q(x)
and q(x) is an idempotent point of U. On the other hand, H(p3),y € X, N [e, 1]. Thus H(p1) > H(p2) implies q(x) > y.
If p1 € Kz UM, then H(p1),q(x) € Xp, N[e, 1] and since H(pz),y € Xp, N [e, 1] the inequality H(p1) > H(p2) implies
qx) >y. O

Lemma 14. Let U € U and assume the partition from Definition 7. Then for all p € P

(i) xe XpN[0,e]and y € [e, 1]\ X, implies U(x, y) € {x, y}.
(ii)) xe Xp N[e,1]and y € [0, e] \ Xp implies U (x, y) € {x, y}.

Proof. We will show only the first part as the second is analogous. If x = e then the claim is trivial. Otherwise p € K; U
Ky UK3 UM71 UM, UM;s. If pe M; UM, U Ms then x is an idempotent point and the result is trivial. Assume p € K,. Then
Xp = |ap, bp[ U{U(bp, cp)} U ]cp.dp[ and for x € Jap, by[ we have e > U(x,cp) € {x,¢p}, i.e, U(x,cp) = X. Moreover, e <
U(x,dp) € {x,dp}, i.e, U(x,dp) =dp,. Then Lemma 10 implies U(x, y) € {x, y} for all y € [e, 1]\ Xp. If x e {U(bp, cp)} N[0, €],
ie, x=bp=U(bp,cp) then x is an idempotent element and the claim is trivial.

Finally assume p € K1 U K3. Then X, = ]ap, by[ or X, = [ap, bp[ and either u; is continuous for all z € [0, bp[ or there
exists an idempotent point y € [e, 1] such that u, is non-continuous in y for all z € ]ap, bp [ In the first case we take y =1.

Let y1 =sup{ze€[e,y[|U(z,z) =z} and let y, =inf{z € |y, 1]| U(z, z) = z}. Then Lemma 10 implies that U(x, z) € {x, z}
for all ze[e, y1]U[y2,1]. If y1 =y = y; the proof is finished. Suppose the opposite.

First we will show that [ap,bp[u le, 1] is closed under U. From Theorem 6 we know that [ap,bp] U [e, 1] is closed
under U. It is evident that if U(x,z) = b, for some x,z € [ap,b,[ U[e, 1] then we can select x < b, and z > e. Then z < y.
However, then also U(xy, z) = b, for all x € |x, b,[. Since Ty is continuous there exists a q € |a,, by such that U(xy, q) = x.
Then

q=U(q,bp) =U(x2,q,2) =U(x,2) =by

what is a contradiction.

If y1 <y then [ap,by[ U[y1,y] is closed under U and U(x, y1) =x for all x € [ap,bp[ U[y1,y]. Thus U restricted to
([ap, bp[u[y1, y])? is isomorphic to a uninorm with continuous Archimedean underlying operations and thus U (x, z) € {x, z}
for all x e X, ze[y1, y].

Now assume y < y,. Here we will proceed as above. We first show that [ap, bp] U ]y, y2] is closed under U and then
since U(bp,z) =z for all z € [ap, bp] U ]y, y2] by isomorphism with a uninorm with continuous Archimedean underlying
operations we can show that U(x, z) € {x, z} for all xe Xp, z€ [y, y2]. O

Proposition 11. Let U € U/ and let r be its characterizing set-valued function. Assume the partition from Definition 7. Then U is an
ordinal sum of the following semigroups:

(i) a t-nilpotent semigroup on [ay, by[ for all k € K4,

(ii) a representable semigroup on lay, bi[ U {U (bk, cx)} U Ick, di| for all k € K>,

(iii) a t-strict semigroup on lay, by[ for all k € K3,

(iv) an s-nilpotent semigroup on |c;, d;] for alll € L1,

(v) an s-strict semigroup on |c;, dj[ foralll € L3,

(vi) a t-internal semigroup on |am, bm[ for allm € My,
(vii) a d-internal semigroup on |am, bm[ U Icm, dm[ for allm € My,
(viii) a semigroup defined on {an} for allm € M3,

(ix) an s-internal semigroup on |c,, d,[ forallo € 01,

(x) a semigroup defined on {d,} for allo € O3,

(xi) eventually a semigroup defined on {e}.
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Proof. It is evident the U restricted to

({co})2 foralloe O3 is a smgleton semigroup,

({eh? is a singleton semigroup.

Further we will focus on K, and M». For any k € K Lemmas 2, 3 and 8 imply that U restricted to ([ay, bx[ U {U (by, cx)} U
lck, di])? is isomorphic to a representable uninorm. Thus U restricted to (Jak, bi[ U {U (bk, ck)} U ]ck, di[)? is a representable
semigroup.

Further, for any m € My Lemmas 2 and 9 imply that U restricted to ([am,bm| U {e} U ]Cm,dm])2 is isomorphic to a
d-internal uninorm, i.e., U restricted to (Jam, bm[ Y [cm, dm[)2 is a d-internal semigroup.

Now assume the order from Lemma 12. To conclude the proof we should show that if p1, p2 € P, p1 # p2, with p1 < p>
then for any x € Xp, and any y € Xp, we have U(x, y) =x. If both x, y € [0, e] then x < y since L(p1) < L(p2) and since
there is an idempotent point in [x, ¥] then continuity of Ty implies U(x, y) = min(x, y) = x. Similarly, if x, y € [e, 1] then
Ui, y)=x.

Now suppose that x € [0,e] and y € [e, 1] (the case when x € [e, 1] and y € [0, e] can be shown analogously). If L(p1) =
L(p2) and H(p1) = H(p2) then U(x, y) =x.

If H(p1) > H(p2) then Lemma 13 implies q(x) > y and Lemma 14 implies U(x, y) € {x, y}. Thus U(x, y) = x.

Finally suppose L(pi) < L(pz). Then Lemma 13 implies x < q(y) and Lemma 14 implies U(x,y) € {x, y}. Thus
UX,y)=x. O

Remark 6. Due to the ordinal sum structure and monotonicity of U it is easy to see that restriction of U

(i) to [ag, b] for all k € K7 is isomorphic to a nilpotent t-norm,

(ii) to [ak, bk[ U {U (by, ck)} U |ck, dy] for all k € K, is isomorphic to a representable uninorm,
(iii) to [ak, by] for all k € K3 is isomorphic to a strict t-norm,
(iv) to [, d] for all I € Ly is isomorphic to a nilpotent t-conorm,

(v) to [c, dj] for all I € L3 is isomorphic to a strict t-conorm,

(vi) to [am, bm] for all m € My is isomorphic to the minimum t-norm,

(vii) to [am, bm[ U {U (bm, cm)} U [cm, dm] for all m € M, is isomorphic to a d-internal uninorm.
(viii) to [co,d,] for all 0 € O is isomorphic to the maximum t-conorm.

Despite this fact, U need not to be an ordinal sum of representable uninorms (including continuous Archimedean t-norms)
and internal uninorms (including the min and the max). Indeed, it can happen that the end point of the set where the
respective uninorm is transformed is ‘separated’ from the remainder of the semigroup support and there exists a p3 € P
such that p1 < p3 < p3 (or p2 < p3 < p1), where p; corresponds to the singleton semigroup of the end point and p, to the
remaining semigroup. Due to the given order this is possible only if p3 ¢ K U M,. Sketch of this situation can be seen on
Fig. 2.

To conclude our characterization we have to show also an opposite result.

Proposition 12. Assume e € 10, 1] and let K1, K2, K3, L1, L3, M1, M2, M3, 01, O3 be mutually disjoint countable index sets and let
P*=K{UKy;UK3UL{UL3UM;UM,UMs3U 01U O3. Further assume

(i) at-nilpotent semigroup on [ay, by|[ for all k € K1,
(ii) a representable semigroup on |ay, bi[ U {U (b, ck)} U Jck, di[ for all k € K>,
(iii) a t-strict semigroup on |ay, by[ for all k € K3,
(iv) an s-nilpotent semigroup on |c;,d;] foralll € L4,
(v) an s-strict semigroup on |c;, d[ for alll € L3,
(vi) a t-internal semigroup on |ap, by | for allm € My,
(vii) a d-internal semigroup on |am, by[ U [cm, dm[ for allm € My,
(viii) a semigroup defined on {an} for allm € M3,
(ix) an s-internal semigroup on |c,, d,[ forallo € 01,
(x) a semigroup defined on {d,} forallo € O3,

130



190 A. Mesiarovd-Zemdnkovd / International Journal of Approximate Reasoning 83 (2017) 176-192

m + 1 max m + 1
m
max 4
3
2
) max

min

1 max
m + 1| mlH/ m + 1

Fig. 2. Sketch of a uninorm U € U/ which is an ordinal sum with m + 1 non-singleton summands, P ={1, ..., m,m+ 1} U Ps, where P are indices related to

singleton semigroups. Here 1,m+1¢€ K, UM; and 2, ..., m ¢ K, U M. The rounded area (the line in the center) designates the place where U can differ
from an ordinal sum of representable and internal uninorms.

and ife # U (b, cx) for all k € K; also a semigroup defined on {e}, such that [0, e] is partitioned into sets: [ak, bg[ for k € K1, lak, bg[ U
({U (bg, c)} N[0, e]) for k € Ky, |ay, by[ for k € K3, |am, bm[ for m € M1 U M3, {an} for m € M3 and eventually {e}, and [e, 1] is
partitioned into sets: |c;, d;] for l € Ly, [ck, di[ U ({U (b, ck)} N [e, 1]) for k € K>, Jc;, dj[ for I € L3, ]co, do[ for o € 01 U My, {d,} for
0 € O3 and eventually {e}.

If there is a separate semigroup on {e} we will take p* ¢ P* and set P = P* U {p*}. Otherwise P = P*.

Let L, H: P — [0, 1] be two functions partially given by

@ibe ifp e K, “@3hifpe ks,
@ ifpeky, @ ifpeMpy,
@b ifp e Ka, 93 ifpely,
L(p) =% ifpemy, Hp)=12% fpels,
@b ifp e My, @b ifpeoy,
bp if p e Ms, Cp ifpe0s,
e ifp=p", e ifp=p~

such that for all p1, p € P there is neither L(p1) < L(p2) and H(p1) < H(p3), nor L(p1) > L(p2) and H(p1) > H(p2). Assume a
linear order < on P such that if p1 < p; one of the following is satisfied:

(i) p1=p2

(ii) L(p1) < L(p2) and H(p1) > H(p2),
(iii) L(p1) < L(pz) and H(p1) = H(p2),
(iv) L(p1) = L(p2) and H(p1) = H(p2).

Then the ordinal sum of the above described semigroups with the order < on the set P is a uninorm U € U.

Proof. Let ([0, 1], U) be an ordinal sum of the above described semigroups. First observe that U restricted to [0, e]? is iso-
morphic to an ordinal sum of continuous t-norms and U restricted to [e, 1]* is isomorphic to an ordinal sum of continuous
t-conorms.

Since each of the respective semigroups is commutative also U is commutative. The associativity follows from Theorem 1.
Further, if P # P* Then p* = max(P) and thus U(e,x) = x for all x € [0,1]. If P = P* then there is a p € K2 such that
bp=cp=e, ie, Xp= ]ap,d,[J [ Then e is the neutral point of the semigroup corresponding to p and p = max(P). Thus
U(e,x) =x for all x [0, 1].

Now we will focus on monotonicity. Since U is monotone on [0, e]?> U [e, 1]* the monotonicity has to be shown on
[0,e] x [e, 1] and on [e, 1] x [0, e]. We will focus on [0, e] x [e, 1] as the other part is analogous. Due to commutativity of U
it is enough to show that for all x € [0, e] and all yq, y2 €[e, 1], y1 < y2 we have U(x, y1) < U(x, y2). Let x € X, y1 € Xp,
and y; € Xp,. If p=p1 = p» then monotonicity follows from monotonicity of the semigroup corresponding to p.

Let p = p1 # p2. Since y; <y, we have p; < p1 =p, ie, Ux,y2) =y2 > y1 > U(x, y1). If p=p; # p1 then y1 <>
implies p = p> < p1, i.e., U(x,y2) > x=U(X, y1). Suppose p # p1 = p2 then either U(x, y1) =x=U(X, y2) or U(X, y2) =
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y2 > y1 =U(x, y1). Finally suppose that p, p; and p, are mutually different. Then y; < y, implies p, < p; and we have
the following possibilities:

(i) p<p2 <p1,
(ii) p2 < p < p1,
(iii) p2 < p1 <p.

In the first case we get U(x, y2) =x=U(x, y1). In the second case we get U(x, y2) = y2 > x = U(x, y1). Finally, in the
third case we get U(x, y2) =y2 > y1 = U(x, ¥1). Thus in all possible cases we get U(x, y1) < U(x, ¥2) and the monotonicity
holds. O

6. Conclusions

Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous Archimedean t-norms (t-conorms). In this
paper we have extended this characterization onto uninorms with continuous underlying t-norm and t-conorm. Using the
characterizing set-valued function we have shown that such a uninorm can be decomposed into an ordinal sum of a count-
able number of semigroups related to representable uninorms, continuous Archimedean t-norms, continuous Archimedean
t-conorms and internal uninorms (including the min and the max). However, we have shown that not every uninorm with
continuous underlying t-norm and t-conorm can be decomposed into an ordinal sum of representable uninorms(including
continuous Archimedean t-norms and t-conorms) and internal uninorms (including the min and the max). This result to-
gether with the properties of the characterizing set-valued function offer a complete characterization of uninorms from U,
i.e., of uninorms with continuous underlying t-norm and t-conorm. The applications of these results are expected in all
domains where uninorms are used.
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Characterization of Uninorms With Continuous
Underlying T-norm and T-conorm by Their Set of
Discontinuity Points

Andrea Mesiarova-Zemankova

Abstract—Uninorms with continuous underlying t-norm and t-
conorm are discussed and properties of the set of discontinuity
points of such a uninorm are shown. This set is proved to be a subset
of the graph of a special symmetric, u-surjective, nonincreasing set-
valued function, which gives us a necessary condition for a uninorm
to have continuous underlying functions. A sufficient condition for
a uninorm to have continuous underlying operations is also given.
Several examples are included.

Index Terms—Continuous t-conorm, continuous t-norm, ordinal
sum, set-valued function, uninorm.

1. INTRODUCTION

HE (left-continuous) t-norms and their dual t-conorms

have an indispensable role in many domains [9], [31],
[32]. Generalizations of t-norms and t-conorms that can model
bipolar behavior are uninorms (see [7], [23], [33]). The class of
uninorms is widely used both in theory [18], [29] and in appli-
cations [13], [34]. The complete characterization of uninorms
with continuous underlying t-norm and t-conorm has been in the
center of the interest for a long time, however, only partial re-
sults were achieved (see [4]-[6], [8], [10], [15]-[17], [19]-[21],
(28], [30]).

In [24], we have introduced ordinal sum of uninorms and
in [25] we have characterized uninorms that are ordinal sums
of representable uninorms. We would like to characterize all
uninorms with continuous underlying functions and obtain a
similar representation as in the case of t-norms and t-conorms.
In this paper, we will show that underlying operations of a
uninorm U are continuous if and only if U is continuous on
[0,1])% \ G(r), where G(r) is the graph of a special symmetric,
u-surjective, nonincreasing set-valued function, and U is in each
point (z,y) € [0,1]? either left-continuous or right-continuous
(or both, in which case it is continuous). We will then continue
and in [26] and [27] we will show that each uninorm with contin-
uous underlying t-norm and t-conorm can be decomposed into
an ordinal sum of semigroups related to representable uninorms,
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continuous Archimedean t-norms and t-conorms, internal uni-
norms, and singleton semigroups.

In Section II, we will recall all necessary basic notions and
results. We will characterize uninorms with continuous under-
lying functions via the properties of their set of discontinuity
points (see Section III). We give our conclusions in Section IV.

II. BASIC NOTIONS AND RESULTS

Let us now recall all necessary basic notions.

A triangular norm is a function 7" : [0, 1]*> — [0, 1] which is
commutative, associative, nondecreasing in both variables and
1 is its neutral element. Note that in this paper we stick to the
definition from [11], where a nondecreasing function means an
increasing function that need not to be strictly increasing. Due
to the associativity, n-ary form of any t-norm is uniquely given
and thus it can be extended to an aggregation function work-
ing on J, .x[0, 1]". Dual functions to t-norms are t-conorms.
A triangular conorm is a function S : [0, 1]> — [0, 1] which
is commutative, associative, nondecreasing in both variables
and O is its neutral element. The duality between t-norms and
t-conorms is expressed by the fact that from any t-norm 7'
we can obtain its dual t-conorm S by the equation S(z,y) =
1—T(1 —x,1 —y) and vice-versa.

Proposition 1 ([11]): Lett : [0,1] — [0,00] (s : [0,1] —
[0, 0]) be a continuous strictly decreasing (increasing) func-
tion, such that £(1) = 0 (s(0) = 0). Then, the operation T :
[0,1]> — [0,1] (S : [0,1]*> — [0, 1]) given by

T(w,y) =t~ (min(t(0), t(x) + t(y)))
S(x,y) = s~ (min(s(1), s(z) + s(y)))

is a continuous t-norm (t-conorm). The function ¢ (s) is called
an additive generator of T' (.5).

An additive generator of an Archimedean continuous
t-norm 7" (t-conorm .S) is uniquely determined up to a positive
multiplicative constant. Each continuous t-norm (t-conorm) is
equal to an ordinal sum of continuous Archimedean t-norms
(t-conorms). Note that a continuous t-norm (t-conorm) is
Archimedean if and only if it has only trivial idempotent
points O and 1. A continuous Archimedean t-norm 7' (t-
conorm \S) is either strict, that is, strictly increasing on |0, 1]2
(on [0,1[?), or nilpotent, that is, there exists (z,y) €]0,1[?,
such that T'(z,y) = 0 (S(z,y) = 1). Moreover, each continu-
ous Archimedean t-norm (t-conorm) has a continuous additive

1063-6706 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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generator. More details on t-norms and t-conorms can be found
in[1]and [11].

A uninorm (introduced in [33]) is a function U : [0, 1]> —
[0, 1] which is commutative, associative, nondecreasing in both
variables, and has a neutral element ¢ €]0, 1[ (see also [7]). If we
take a uninorm in a broader sense, that is, if for a neutral element
we have e € [0, 1], then the class of uninorms covers also the
class of t-norms and the class of t-conorms. In order to stress that
we assume a uninorm with e €]0, 1], we will call such a uninorm
proper. For each uninorm, the value U(1,0) € {0,1} is the
annihilator of U. A uninorm is called conjunctive (disjunctive)
if U(1,0) =0 (U(1,0) = 1). Due to the associativity, we can
uniquely define n-ary form of any uninorm for any n € N and
therefore in some proofs we will use ternary form instead of
binary, where suitable.

For each uninorm U with the neutral element e € [0, 1],
the restriction of U to [0,e]” is a t-norm on [0,¢]*, that is,
a linear transformation of some t-norm 7y on [0, 1]? and
the restriction of U to [e, 1] is a t-conorm on [e,1]”, that
is, a linear transformation of some t-conorm Sy on [0, 1]2.
Moreover, min(z,y) < U(x,y) < max(x,y) for all (x,y) €
[0,¢] x [e,1] U e, 1] x [0, €] . We will denote the set of all uni-
norms U, such that Ty and Sy are continuous by .

From any pair of a t-norm and a t-conorm, we can construct
the minimal and the maximal uninorm with the given underlying
functions.

Proposition 2 ([14]): Let T :[0,1]> — [0,1] be a t-
norm and S :[0,1]> — [0,1] a t-conorm and assume e €
10, 1[. Then, the two functions Uin, Unax : [0,1]2 — [0, 1]
given by

Unlin(xvy)
¢-T (f 3) if (x,y)€ [0, e]?
e’ e
r—e y—e\ . 2
e+(1—e) S(l—e’l—e) if(x,y) € [e, 1]
min(z, y) otherwise
and
Umax(x7y)
Ty . 2
-T(f,f) f(z,y) € [0,
e (2! iz, ) [0,
— r—e y—e\ . 5
= l—e)-S(2—°27%) i 1
e+ -5 (T5 2 ity € e
max(x,y) otherwise

are uninorms. We will denote the set of all uninorms of the first
type by Uy, in and of the second type by U, ax -
Similarly as in the case of t-norms and t-conorms, we can
construct uninorms using additive generators (see [7]).
Proposition 3 ([7]): Let f:[0,1] — [—o0,00], f(0) =
—00, f(1) = oo be a continuous strictly increasing function.
Then, a function U : [0, 1]> — [0, 1] given by

Ulz,y) = f~(f(z) + f(y))

where f~!:[—00,00] —> [0,1] is an inverse function to f,
with the convention 0o + (—00) = 00 (or 00 + (—00) = —00),
is a uninorm, which will be called a representable uninorm.
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Since f is continuous and f(0) = —oco, f(1) = oo, there
exists an e €]0, 1 such that f(e) = 0. The point e is then the
neutral element of the uninorm U. Note that if we relax the strict
monotonicity of the additive generator, then the neutral element
will be lost and by relaxing the condition f(0) = —oco, f(1)
= oo the associativity will be lost (if f(0) < 0 and f(1) > 0).
In [29] (see also [23]) we can find the following result.

Proposition 4 ([29]): LetU : [0,1]*> — [0, 1] be a uninorm
continuous everywhere on the unit square except of the two
points (0, 1) and (1,0). Then, U is representable.

For our examples we will use the following ordinal sum con-
struction introduced by Clifford.

Theorem 1 ([3]): Let A # () be a totally ordered set and
(Ga)aea with G, = (X, *, ) be a family of semigroups. As-
sume that for all o, § € A with a < 3 the sets X, and X3 are
either disjoint or that X, N X3 = {x, s}, where z, g is both
the neutral element of G, and the annihilator of G5 and where
for each v € A with a <y < 8 we have X, = {z, g}. Put
X = Unea Xo and define the binary operation * on X by

T,y if (z,y) € Xo X X4,
rxy=<{ x if (z,y) € X, x Xz and o < 3,
Yy if (z,y) € X, x Xgand o > .

Then, G = (X, %) is a semigroup. The semigroup G is com-
mutative if and only if for each o € A the semigroup G, is
commutative.

Therefore, in our examples, the commutativity and the asso-
ciativity of the corresponding ordinal sum uninorm will follow
from Theorem 1. Monotonicity and the neutral element can be
then easily checked by the reader.

Furthermore, we will use the following transformation. For
any0<a<b<c<d<1,ve€Elbc|,and auninorm U with
the neutral element e €]0, 1] let f : [0, 1] — [a, b]U{v}U]c, d]
be given by

(b—a)-Z+a ifzecl0e]
flx)y=<wv ifz =e, (1)
d— % otherwise.
Then, f is linear on [0, e[ and on e, 1] and thus it is a piece-
wise linear isomorphism of [0, 1] to ([a, b] [U{v}U] [¢,d]) and a
function U%%-< : ([a, b[U{v}U]e, d])? — ([a, b]Uu{v}U]e, d])
given by

Ut t(a,y) = FUF (@), f 7 (1)) 2

is an operation on ([a, b[U{v}U]c, d])? which is commutative,
associative, nondecreasing in both variables (with respect to the
standard order) and v is its neutral element.

Example 1: Assume Uy € Uiy and Us € Uy, With re-
spective neutral elements e, es. Then, U; is an ordinal sum
of semigroups G, = ([0, e[, Ty; ) and G5 = ([e, 1], Sp;, ) with
o < B, where Ty, = Ui| ., 2 and Sj; = Ui, 2. Similarly,
U, is an ordinal sum of semigroups G, = ([0,¢],Ty;, ) and
Gp = (Je, 1], Sp;, ) with a > . If all underlying operations are
continuous, then the set of discontinuity points of U; is equal to
the set S1 = {e} x]e, 1]U]e, 1] x {e} and the set of discontinu-
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min S(*]1 max

x
S,

* M kd
TU1 min TU2 max

Fig. 1. Uninorm U; (left) and the uninorm Uy (right) from Example 1. The
bold lines denote the points of discontinuity of U; and Us.

ity points of Us is equal to the set Sy = {e} x [0, e[U[0, e[x{e}.
Both uninorms can be seen in Fig. 1 .

More detailed discussion on the ordinal sum construction for
uninorms can be found in [26].

III. CHARACTERIZATION OF UNINORMS U € U BY MEANS OF
SPECIAL SET-VALUED FUNCTIONS

In this section, we will show that for a uninorm U we
have U € U if and only if U is continuous on [0, 1]? \G(r),
where G(r) is the graph of a special symmetric, u-surjective,
nonincreasing set-valued function » and U is in each point
(z,y) € [0,1]? either left-continuous, or right-continuous (or
both, in which case it is continuous). In the first part, we will fo-
cus on the necessity part, that is, we will show that each uninorm
U € U is continuous on [0, 1]? \ G(r), where G(r) is the graph
of some symmetric, u-surjective, nonincreasing set-valued func-
tion r (see Theorem 2). We will also show (see Theorem 3) that
U € U implies that U is in each point (x,y) € [0, 1]? either
left-continuous, or right-continuous (or both, in which case it is
continuous).

A. Necessity Part

The following lemmas and propositions are necessary for the
proofs of Theorems 2 and 3.

Lemma 1 ([25]): Each  uninorm
U € U, is continuous in (e, €).

Next, we show that for z,y € [0,1] we have U(z,y) =
min(z,y) or U(z,y) = max(z,y) if = is an idempotent ele-
ment of U.

Lemma 2: Let U : [0,1]> — [0,1] be a uninorm and let
U eU.TIfa € [0, 1] is an idempotent point of U then U is inter-
nal on {a} x [0, 1], thatis, U(a,z) € {z,a} forall x € [0, 1].

Proof: If a = e the result is obvious. Suppose a < e (the
case when a > e is analogous). Since 7y is continuous, we
have U (a,x) = min(a, ) if = € [0, ¢] . Suppose that there ex-
ists y € [e, 1], such that U(a,y) = ¢ €]a, y[. Then, U(a,c) =
U(a,a,y) =U(a,y) =c and if ¢ <e then ¢ =U(a,c) <a
which is a contradiction. Thus, y > ¢ > e. Then, since Sy is
continuous, there exists a y; such that U(c,y;) = y. Then,
however,

U:[0,1* — [0,1],

U(avy) = U(a7 = yl) = U(cv yl) =Y

which is again a contradiction. Thus, U is internal on {a} x
[0,1]. [ ]
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For a given uninorm U : [0, 1]> — [0, 1] and each = € [0, 1],
we define a function u, : [0,1] — [0,1] by u, () = U(z, 2)
for z € [0,1].

Lemma 3: Let U : [0,1)> — [0, 1] be a uninorm, U € U,
and assume x € [0,1]. The function u, is continuous if and
only if one of the following conditions:

1) u (1) <e;

2) u,(0) > e;

3) e € Ran(uy)

is satisfied.

Proof: If e € Ran(uy, ), then there exists a y € [0, 1], such
that U(z,y) = e. Since U is monotone continuity of u,, is equiv-
alent with the equality Ran(u, ) = [a, b] for some a = U(0, x)
and b = U(1,z). Assume ¢ € [0, 1]. Then, U(z,y,c) = ¢ and
for z = U(y, ¢) we have u, (z) = ¢, that is, Ran(u,) = [0, 1].
If u, (1) = v < e (the case when u, (0) > e can be shown simi-
larly), then due to the monotonicity the continuity of u, is equiv-
alent with the equality Ran(u,) = [0,v]. Assume w € [0,v].
Since Ty is continuous there exists a ¢ € [0,¢] such that
U(v,q) = w,thatis,U(x,1,q) = wand thenu, (U(1,q)) = w.
Therefore, Ran(u, ) = [0, v].

Vice versa, if u, is continuous and u, (0) < e < u, (1) then
evidently e € Ran(u, ). [ ]

Example 2: For a representable uninorm U, the function u,
is continuous for all = €]0, 1[. Moreover, if U is conjunctive
(disjunctive), then wug (u;) is continuous and u; (ug) is non-
continuous in 0 (1). For a uninorm U € Uy .y (U € Upin) u, 18
continuous forall z € [e, 1] (x € [0, e]) and u, is noncontinuous
ineforall x € [0, e[ (z €le, 1)).

Now we recall a result [12, Proposition 1] which shows a
connection between continuity on cuts and joint continuity of a
monotone function.

Proposition 5: Let f(x,y) be a real-valued function defined
on an open set G in the plane. Suppose that f(x, y) is continuous
in x and y separately and is monotone in x for each y. Then,
f(z,y) is (jointly) continuous on the set G.

Proposition 6: Let U : [0,1]> — [0, 1] be a uninorm, U €
U. Then, for each € [0, 1], there is at most one point of discon-
tinuity of w, . Furthermore, if . is noncontinuous in y € [0, 1],
then U(z,z) < eforall z < yand U(z,z) > e forall z > y.

Proof: If u, is noncontinuous, then Lemma 3 implies e ¢
Ran(uy ), u,(0) < e and u, (1) > e. We will denote

f=sup{U(z,y) |y €[0,1],U(z,y) < e}
and
g =inf{U(z,y) |y €[0,1],U(z,y) > e}.

Note that the inequality u, (0) < e (u, (1) > e) implies that f
is the supremum (g is the infimum) of a nonempty set. Fix ar-
bitrary fi; < f. Then, there exist an s > 0 and y;, such that
i £ f—s<U(z,yr) < f < e because f is the supremum.
Since U(U (z,y¢),0) =0, U(U(x,yy),e) = U(z,yys) and Ty
is continuous, there exists an f3 such that U(U(z,yy), f3) =
fi. Therefore, U(x,U(yy, f3)) = f1 and f; € Ran(u,). Sim-
ilarly, for each g, > g, there is ¢; € Ran(u, ). Therefore,
[0,1] \ Ran(u,) is a connected set. Since wu, is mono-
tone it has only one point of discontinuity. Also, if u, is
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noncontinuous in y € [0, 1], then U(z, z) < e forall z < y and
U(z,z) >eforall z > y. [ |

The following result shows that if U(a,b) = e, then U is
continuous in the point (a, b). First, however, we introduce three
useful lemmas.

Lemma 4: Let U : [0,1]> — [0, 1] be a uninorm with the
neutral element e € [0, 1]. Then, if U(a,b) = e, for some a, b €
[0, 1], there is either « = b = e, or a and b are not idempotent
elements of U.

Proof: If a is an idempotent point (similarly for b), then

e="U(a,b) =U(a,U(a,b)) =Ula,e) =a
and
e=U(a,b) =U(e,b) =b

ie,a=b=c. [ |
Lemma 5: Let U : [0,1]> — [0, 1] be a uninorm with the
neutral element e € [0, 1]. Then, if U(a, b) = e, for some a,b €
[0, 1], there is eithera = b = e,ora < e,b > e,ora > e,b < e.
Proof: If a = e, then evidently also b =e. If a < e, then
b # e and we have

e=U(a,b) <U(e,b) =0
i.e.,, e < b. Finally, if @ > e, then b # e and we have
e=U(a,b) > U(e,b) =b

ie.,e>b. [ |
Lemma 6: Let U : [0,1]*> — [0, 1] be a uninorm, U € U,
with the neutral element e € [0, 1]. If w,(y) < e (u,(y) > €)
for some x,y € [0, 1], then u, is continuous on [0, y] ([y, 1]).
Proof: We will show only that u, (y) < e implies the conti-
nuity of u, on [0, y]. The continuity of u, on [y, 1] following
from u, (y) > e can be shown analogously. If u,(y) < e the
continuity of 7y ensures (similarly as in Proposition 6) that the
range of u, on [0,y] is a connected set. Since u, is monotone,
this means that u, is continuous on [0, y] . [ |
Proposition 7: Let U : [0,1]> — [0, 1] be a uninorm, U €
U.If U(a,b) = e for some a,b € [0,1], a < e, then U is con-
tinuous on [0, 1]% \ ([0, a] U [b, 1])%. [ |
Proof: Since a < e Lemma 4 implies that ¢ and b are not
idempotent elements of U and Lemma 5 implies that b > e.
From Lemma 3 we know that u, and u; are continuous func-
tions. Next, we will show that for all f €]a,b] there exists
a v/ €[0,1], such that U(f,v/) = e. Assume f €]a,e] (for
f € [e, b] the proof is analogous). Since Ty is continuous and
Ula, f) < a, U(f,e) = f there exists an a/ € [0, e] such that
U(f,a’) = a. Then

e =U(a,b) =U(f,a’,b)

and if v/ = U(a’,b), then U(f,v!) = e. Summarizing, we get
that for all = € [a, b] the function u, is continuous. Now, since a
and b are not idempotents, we have U (a,a) = p < a, U(b,b) =
g >band U(a,a,b,b) = e. Therefore, also all u, forz € [p, q]
are continuous and thus U is continuous separately in x and
in y on [p, q]2 . Moreover, since U(p —e,q) < e forall e > 0
with € < p, Lemma 6 implies that U is continuous separately
in z and in y also on [0, p] x [p, ¢] (and by symmetry also on
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[p, q] x [0, p]). Furthermore, U (p, ¢ + €) > e for all ¢ > 0 with
€ <1 — gand Lemma 6 implies that U is continuous separately
inzandiny on [p, ¢] x [¢,1] (and by symmetry also on [g, 1] x
[p, ¢]). Summarizing, U is continuous separately in z and in y
on [p,q] x [0,1] U [0,1] x [p, ¢] and then Proposition 5 implies
the result.

Proposition 8: Let U : [0,1]*> — [0, 1] be a uninorm, U €
U. Then, there exist idempotent points a,d € [0,1],a < e < d,
suchthat foranz € [0, 1] thereexistsay € [0, 1] with U (z,y) =
e if and only if = €]a, d[U{e}. Moreover, U is continuous on
Ja,d[x[0,1] U [0, 1]x]a, d[.

Proof: For U € U there either U(x,y) = e implies x =y
= e, orthere exists an x # e such that U (z,y) = e forsome y €
[0, 1]. We will focus on the second case. Then, Lemma 5 implies
that either x < e, y > e, or x > e, y < e. We will suppose that
x < e and y > e (as the other case is analogous). Lemma 4
shows that the points = and y are not idempotents. Since both
underlying functions are continuous, the points a,d € [0, 1],
given by

a= lim Ul(x,...,x)
n—oo e et

n-times

and

n——o0

d= lim Ul(y,...,y)
W—/
n-times

are idempotent. Furthermore, the monotonicity of U implies

Uz,...,z) <e<U(y,...,y) foralln € N and therefore we
—— —

n-times n-times

have a < e < d.

First we will show that if b €]a, d[U{e}, then there exists a
¢ €10, 1] suchthatU(b, ¢) = e. Since b €]a, d[U{e} there exists
an n € N such that

be |U(x,...,x),U(y,...,y)

——
n-times n-times
Furthermore, associativity implies
Ulz,...,z,y,...,y) =c¢
——
n-times n-times

for all n € N and similarly as in the proof of Proposition 7 we
can show that for all

ze |U(z,...,2),U(y,...,y)
——

n-times n-times

there exists a ¢ € [0, 1] suchthat U(z, ¢) = e. Thus, there exists
ac € [0,1], such that U (b, c) = e.

Now we will show that if for an b € [0, 1] there exists a
¢ € 10,1] such that U(b,c) = e, then b €]a, d[U{e}. Suppose
that b < a (the case when b > d is analogous). Then, similarly
as in the proof of Proposition 7 we can show that there exists
az € [0, 1] such that U(a, z) = e, which is not possible due to
Lemma 4. Therefore, b €]a, d[U{e}.

Proposition 7 implies that U is continuous on |z, y[x[0, 1] U
[0,1]x]a, y[ for any x,y €]a, d[ and thus, taking the union, we
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Uy !
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. Uy
Uy min )
Uy

Fig. 2. Uninorm U from Example 3. The oblique lines denote the points of
discontinuity of U.

see that U is continuous on ]a, d[x [0, 1] U [0, 1] X]a, d[. In order
to include also the case when U(x,y) = e implies z = y = e,
we can generally say that for an = € [0, 1] there exists a y €
[0, 1] such that U(z,y) = e if and only if z €]a, d[U{e}. Note
that in the case when U (x,y) = e implies x = y = e, we take
a=e=d. |

Example 3: Assume two representable uninorms U, Us :
[0,1]2 — [0,1] with respective neutral elements e, ey. Let
U; bea transformation of Uy to ([0, £[U{w}U]3,1])? given by
(2), where v = 3 Lw= 3) if Us is conjunctive (dlS]llIlCthG) and

let U be a linear transformation of U to [5, =] - Then, the or-
dinal sum of semigroups G, = ([0, +[U{v}U]2,1],U7),Gs =
([3, 3] Us), with o < 3, is a semigroup ([0, 1],U), where U
is a uninorm with the neutral element e = % We can find
the structure of U on Fig. 2 . All points of discontinuity of
U except (0,1), (0,1) correspond to the transformation of the
points (z,y) € [0,1]* such that Uy (z,y) = €1 For simplicity,
we will assume that U; (x 1—x)=e =3 for all x € [0,1].

Moreover, for every a €3, 2[ there exists a b €)%, 2[ such that
U(a,b) = e. The prev1ous result then implies that U is contin-
uous in every point from ] %, 2[x[0, 1] and from [0, 1]x]4, 2[.

In the following results we will continue to investigate prop-
erties of the function wu, .

Proposition 9: Let U : [0,1]*> — [0, 1] be a uninorm, U €
U. Then, for all x €[0,1] the function wu, is either left-
continuous or right-continuous (or both, in which case it is
continuous).

Proof: Assume x € [0, 1]. From Proposition 6 we know that
u, 1S noncontinuous in at most one point, and thus we will
suppose that wu, is noncontinuous in the point p € [0, 1]. Fur-
thermore, from the proof of the same proposition, we know that
[0,1] \ Ran(u, ) is a connected set, that is, an interval I, and

u, (p) is an end point of the interval I. Then, it is evident that
1f uy (p) = inf I then u, is left-continuous and u, (p) < e, and
if u, (p) = sup I then u, is right-continuous and u, (p) > ¢. W

Remark 1: From the proof of Proposition 9 we see that if
ug (p) < e for some p € [0,1], then u, is left-continuous on
[0, p] and if u, (p) > e then w, is right-continuous on [p, 1].

Next we will show that the points of discontinuity of u, are
nonincreasing with respect to z € [0, 1].

Proposition 10: LetU : [0,1]> — [0, 1] be auninorm, U €
U. Suppose that for z, z; € [0, 1], 21 < z, the functions u, and
u,, are noncontinuous in points y and y;, respectively. Then

Y1 =2y
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Fig. 3.  Uninorm U from Example 4. The oblique and bold lines denote the
points of discontinuity of U.

Proof: From the proof of Proposition 6 we see that if w,
is noncontinuous in y, then U(x,z) < e for all z <y and
U(z,z) > eforall z > y. The monotonicity implies U (z1, z) <
U(z,z) < efor z < y. However, if u,, is noncontinuous in y;,
then by Proposition 6 there is U(z1, z) > e for all z > y; and
therefore y; > y. |

Corollary 1: LetU : [0,1]*> — [0, 1] be a uninorm, U € U.
If u,, is noncontinuous in y and u,, is noncontinuous in y
for some x; < x5, then u, is noncontinuous in y for all x €
[1, 2] .

Proof: Assume x € [x1,22]. Since wu,, is noncontinuous
in y, we have U(x1,2) > e for all z > y and the monotonicity
givesU(x, z) > eforall z > y. Since u,, is noncontinuous iny,
we have U(x9, 2) < e for all z < y and the monotonicity gives
U(zx,z) < e for all z < y. Thus, u, is either noncontinuous in
yorU(zx,y) = e. Assume that U(z,y) = e. If x = y = e, then
r1 < e < T9 and we get

e< Uz, xg) <e

which is a contradiction. Therefore, by Lemma 4, the points x
and y are not idempotent elements of U and = # e, y # e.

Suppose that y >e. Then, U(z,z,y,y) =e with
U(z1,y,y) > e implies U(z,z) < x1 < x and by Proposition
7 U is continuous on [0,1]*\ ([0,U(x, )] U[U(y,y),1])*.
Then, however, u,, is continuous, which is a contradiction.

In the case when y <e then U(x,z,y,y) =e with
U(xo,y,y) < e implies x < w9 < U(x,x) and using Propo-
sition 7 again we obtain that u,, is continuous, which is a
contradiction. Therefore, in both cases U (z, y) # e and thus u,
is noncontinuous in ¥. |

Example 4: Assume a representable uninorm U : [0, 1]?
— [0, 1] with the neutral element e; and a uninorm Uy € Uy ax
with the neutral element e; = L. Let U} be a transformation of
Upto ([0, 5[U [3,1])? given by (2), and let U5 be a linear trans-

formation of U, to [ T J . Then, the ordinal sum of semigroups
Go = ([0,3U[3,1], Ul)GS_([qu U3), with e < 3, is
a semigroup ([0, 1],U), where U is a uninorm. We can find
the structure of U in Fig. 3 . Here, uy is continuous and uy
(u1) is continuous if U; is conjunctive (dlsJunctlve) In all other

cases, Uy is noncontinuous. Furthermore, U% is noncontinuous

ine = % and v 2 1S noncontinuous in %

Now we will show how can be a point of discontinuity of a
uninorm U related to the noncontinuity of corresponding func-

tions .
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Proposition 11: LetU : [0,1]> — [0, 1] be auninorm, U €
U. Then, U is noncontinuous in (xg,vo) € [0,1]%, (zo,y0) #
(e, e), if and only if one of the following is satisfied.

1) wu,, is noncontinuous in yy.

2) uy, is non-continuous in x.

3) There exist €1 > 0 and 9 > 0, such that u, is non-
continuous in zy and wu, iS noncontinuous in ¥, ei-
ther for all z €lyy, yo + €1], v €]xo, o + 2], or for all
z € [yo — €190, v € [w0 — €2, 20].

Proof: Suppose that U is noncontinuous in (zg,yy) €
[0,1]°. Then, due to Proposition 8 and Lemma 1 there
is U(xg,y0) #e. Since Ty and Sy are continuous, we
have (zg,y0) € [0,€] x [e,1] U [e, 1] x [0, e] . We will assume
(x0,90) € [0,€] x [e,1] (the other case is analogous). From
Proposition 5 it follows that if U is noncontinuous in (g, yo) €
[0,1]%, then for all 6 >0 and all d; > 0 there exist = €
Jxo — 61,20 + 01 [and y €]yy — d2, Yo + d2| such that either u,,
is noncontinuous in y or u, is noncontinuous in x. Thus, U
on [xg — d1, g + 01] X [yo — d2, Yo + O2] attain values smaller
than e and bigger than e as well. Let W be a subset of [0, 1]?,
such that (z,y) € W if U(xy,y1) <e for all xy <z, <
y and U(xq,ys) > e for all 9 > x,y, > y. Then, the set
[xo — O1,m0 + 01] X [yo — O2,Y0 + d2] N W is nonempty for
all §; > 0 and all 5, > 0. Thus, (zg,y) € W.

If u,, is continuous in Yo, then there exists an € > 0,
such that either wu,,(2) < e for all z € [yy — &1,y + £1] or
Uy, (2) > e forall z € [yg — e1,yo + €1 . Similarly, if u,, is
continuous in xg, then there exists an €9 > 0, such that ei-
ther wu,, (v) < e for all v € [xg — €2,y + 2] or uy, (v) > e
for all v € [xg — e2,20 +2]. Since we cannot have both
U(xo,y0) < e and U(xg,yo) > e we have either u,, (v) < e
and wu,,(z) <e for all z € [yg —e1,y0 +¢e1] and all v €
[xo — €2, %0 + €3], or uy, (v) > e and u,, (z) > e for all z €
[yo —e1,y0 +e1] and all v € [zg — €9,z + €3] . As these two
cases are analogous, we will assume u,, (v) < eand u,, (2) <e
for all z € [y —e1,y0 + 1] and all v € [xg — &9, + €2] .
Then, U(xg,y) < efory € [yo — 1,90 + €1] and U(x,yp) <
e for © € [xg — 2,20 + 2] . However, since (zg,yo) € W,
U(f,g) > e forall f>xy,g9> yo. Thus, u, is noncontinu-
ous in x( and u, is noncontinuous in y, for all z €]y, yo + €1],
v €|xg, xo + €2].

Vice versa, if u,, is noncontinuous in ¥y, or if u,, is noncon-
tinuous in zg, then evidently U is noncontinuous in (xg, o).
Suppose that there exist e; > 0 and g2 > 0, such that u, is non-
continuous in zy and u, is noncontinuous in y, either for all
z €lyo, yo + 1], v €]xo, xo + &2, or for all z € [y — &1, v0],
v € [xg — &2, 0] Then, (zo,yo) € W and either U(xq,yy) =
e, or U is noncontinuous in (xg, yo ). However, if U(zg, y) = €
then since (¢, yo) # (e, ¢) Lemma 4 implies that = and y are
not idempotents and Proposition 7 implies that U is continuous
on [0, 1%\ ([0, U (o, 20)[UIU (y0,%0), 1])* if 2y < e < yo and
on [0,1]*\ ([0, U (o, v0)[UU (0, x0),1])* if g > e > yo. In
both cases, we obtain a contradiction with the noncontinuity of
u, and w, . Therefore, U(x¢,yo) # e and thus U is noncontin-
uous in (g, Yo ). [ |

Example 5: Assume two t-norms 17,75 : [0,1]2 — [0,1],
such that T has no zero divisors, and a t-conorm S : [0,1]> —
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Fig. 4. Uninorm U from Example 5. The bold lines denote the points of
discontinuity of U.

[0, 1]. Let T} (T%) be alinear transformation of 7 (T3) to [0, %]2
([3 5] ), and let S} be a linear transformation of Sg to[2,1] ’

Then, the ordinal sum of semigroups G, = ([0, £[, T}).Gs =
([3.2].75).G, = ([3,1],53), with a <y < 67 is a semi-
group ([0,1],U), where U is a uninorm (see Fig. 4 ). If we

define an operation V' : [0, 1]> — [0, 1] by
min(z, y) ifac—% Yy € [%,1],
V =< min(z,y) 1fy—1 xe[%,l],
U(z,y) otherwise

then V' is also a uninorm. Here, V' is noncontinuous in the
point (,2), however, both vy and vy are continuous. Note
that ([0, ] V') is an ordinal sum of semigroups G, G, and
Gy = (15,21, T5),Gs = ({4}, T5), where a < 6 < 7 < 5.

The following two results show that the set of discontinuity
points of a uninorm U € U from the set [0, e] X [e, 1] (e, 1] x
[0, €]) is connected.

Proposition 12: LetU : [0,1]> — [0, 1] be auninorm, U €
U. Let u,, be noncontinuous in y; and u,, be noncontinuous
iny, forz; < a9 <e(e < <) Then, forally € [y2,y1]
either there exists * € [x7, x5] such that u,- is noncontinuous
in y or there is an interval [c, d] , where y € [c,d] C [0, 1], and
p € [x1, x2], such that u, is noncontinuous in p forall z € [¢, d] .

Proof: If u,, is noncontinuous in y; and u,, is noncon-
tinuous in y, for z; < z9 < e (the case when e < z; < 9 is
analogous), then U(xs,2) < e for all z < yy and U(xy,2) >
e for all z >y, and the monotonicity implies that for all
x € [x1, 2] the function w, is noncontinuous in some point

€ [y2,41] - Note that e ¢ Ran(u, ) since otherwise by Propo-
sition 7 either u,, or u,, would be continuous. Assume the
function g : [x1,x9] —> [y2, y1] which assigns to v € [z1, xs]
a point w € [y2,y1] such that w, is noncontinuous in w.
Then, by Proposition 10, the function g is nonincreasing. If
q € [y2,y1] \ Ran(g), then by the monotonicity there exists a
p € |z1,22], such that g(d) > qifd < pand g(d) < qifd > p.
Furthermore, since g is monotone, there exists an interval [c, d]
suchthatq € [¢,d] C [y2,y1] \ Ran(g). Then, for z € [c, d], we
have U(z,v) < e for all v < p and U(z,v) > e forall v > p
thus u. has a point of discontinuity in p. |

Lemma 7: Let U : [0,1]> — [0,1] be a uninorm, U € U.
Let u,, be noncontinuous in y; and u,, be noncontinuous in
for some y; # yo. Then, for all y € [y1,y2] (¥ € [y2,y1]), the
function u, is noncontinuous in x.
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Proof: We will assume y; < ys (the case when y; > 1o is
analogous). Then, U(x,y) > e for all y > y; and U(z,y) <
U(z,y2) < e for all z < x,y < y,. Then, since U(x,y) # e,
the function u,, is noncontinuous in . u

In the following result, we show that the set of discontinuity
points of a uninorm U € U/ has a nonempty intersection with
the border of the unit square.

Lemma 8: Let U : [0,1]*> — [0, 1] be a uninorm, U € U.
Assume x < e (z > e) such that u, is continuous on [0, 1] and
let u,, be noncontinuous in . Then, forall ¢ € [y, 1] (¢ € [0,y]),
the function u, is noncontinuous in .

Proof: We will assume = < e (the case for x > e is analo-
gous). If U(x, z) = e for some z € [0, 1], then by Lemma 4 the
points z, z are not idempotents and Proposition 7 implies that
U is continuous on [0, 1]% \ ([0, a[U]b, 1])? for some a < z and
b > z. Therefore, forall y € [0, 1], the function u, is continuous
in 2, which is impossible. Since x < e, by Lemma 3, we have
uy (1) < e, thatis,U(z, z) < eforall z € [0, 1]. If u, is noncon-
tinuous in z, then U (p, y) > eforall p > z and U(p,y) < e for
all p < z. Assumeany g € [y, 1]. Then, U(p,q) < U(x,q) < e
ifp<zandU(p,q) > U(p,y) > eif p > x, that s, u, is non-
continuous in x. |

Lemma 9: Let U : [0,1]> — [0,1] be a uninorm, U € U
and let U be noncontinuous in (xg,4,) € [0, 1]?. Then

1) for all & > 0 such that (zg —€,y9 — €) € [0, 1] there is

U(xg —e,90 —€) < ¢
2) for all € > 0 such that (zg + €,y + ) € [0,1]? there is
U(zg+e,y0 +¢) >e.

Proof: The result easily follows from the monotonicity of
U, Proposition 11, and the fact that if u, is noncontinuous in y,
then u, (y — ) < e and u, (y +¢) > e for all £ > 0, such that
y—c€[0,1](y+e€l0,1]. [

Next we define a set-valued function.

Definition 1: A mapping p : [0,1] — P([0,1]) is called a
set-valued function on [0, 1] if to every x € [0, 1] it assigns a
subset of [0, 1], that is, p(x) C [0,1]. Assuming the standard
order on [0, 1], a set-valued function p is called

1) non-increasing if for all x1, xo € [0,1], 1 < xo, we have

y1 > yo forally; € p(x;)andall y, € p(x-) and thus the
cardinality Card(p(z1) Np(aq)) <1,

2) symmetric if y € p(x) if and only if x € p(y).

The graph of a set-valued function p will be denoted by G(p),
that is, (x,y) € G(p) if and only if y € p(z).

Definition 2: A set-valued functionp : [0, 1] — P([0,1])is
called u-surjective if for all y € [0, 1] there exists an = € [0, 1]
such that y € p(x).

The following is evident.

Lemma 10: A symmetric set-valued function p : [0,1] —
P([0,1]) is u-surjective if and only if we have p(x) # @ for all
x € 1[0,1].

The graph of a symmetric, u-surjective, nonincreasing set-
valued function p : [0, 1] — P([0, 1]) is a connected line (i.e.,
a connected set with no interior) containing points (0,1) and
(1,0). Indeed, the monotonicity of such a set-valued function
ensures that the graph of p has no interior. Furthermore, since p
is u-surjective, monotone, and symmetric the graph of p contains
points (0, 1) and (1, 0). If G(p) is not a connected set, then either
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p(x) is not a connected set for some = € [0, 1], which, however,
due to the monotonicity implies that p is not u-surjective, or due
to the monotonicity there exists an « € [0, 1] such that either

inf (U p(q)) > sup(p(x))

q<z

or

sup (U p(q)> < inf(p(x))

q>x

which, however, due to the symmetry implies that p is not
u-surjective.

The previous results can be summarized in the following
theorem. First, however, we introduce important remark and
lemma.

Remark 2: For any uninorm U : [0,1]> — [0,1], U € U
denote A = inf{z | U(z,0) > 0}, B =sup{z | U(z,1) < 1}
andleta,d € [0, 1] be such that U (x, y) = e for some y € [0, 1]
if and only if = €]a, d[U{e} (see Proposition 8). If U is con-
junctive, i.e., U(0,1) = 0, then A is the infimum of an empty
set on [0, 1], i.e., A = 1. If U is disjunctive, i.e., U(0,1) =1,
then B is the supremum of an empty set on [0, 1], i.e., B = 0.
Therefore, we have either A=1,B#0,or A#1,B=0, or
A =1, B = 0. Furthermore, U(z,0) < e for some z € [0,1]
implies

0=Ul(e,0) > Ul(x,0,0) = U(z,0)

and thus for all z € [0, 1] either U (z,0) = 0or U(x,0) > e (see
also [22]). Therefore, U is noncontinuous in (0, A) if A # 1.
Similarly, U(x, 1) > e for some = € [0, 1] implies

1=U(e, 1) <U(x,1,1) =U(x,1)

and thus forall z € [0, 1] either U(z,1) = lorU(x, 1) < e(see
also [22]). Therefore U is noncontinuous in (B, 1) if B # 0.
Finally, if A =1,B =0, then U(z,0) =0 for all x < 1 and
U(z,1) =1 for all > 0 and therefore U is noncontinuous in
(0, 1). Due to Proposition 8 either a = d = e, or U is continuous
on Ja,d[x[0,1] U [0, 1] x]a, d] and therefore we have 0 < B <
a<e<d<A<LI.

Lemma 11: Let U : [0,1]> — [0, 1] be a uninorm, U € U.
If U is noncontinuous in (zg,yo) € [0,1], then (zg,yo) €
[B,a] x [d,A]U[d, A] x [B,a], where a,d are defined in
Proposition 8 and A, B are defined in Remark 2.

Proof: Let U be noncontinuous in (xg,o) € [0, 1]*. Since
U € U we see that (z0,y0) ¢ [0,€]* U [e, 1]> . Due to Proposi-
tion 8 (xo,v0) ¢]a,d[x[0,1] U [0,1]x]a, d[. Furthermore, due
to Lemma 3, we see that w, is continuous for all x €
[0,1], such that either = > A or x < B. Thus, Proposition
5 and Lemma 6 imply (zo,%0) ¢]4, 1] x [0,1] U [0, 1]x]A4, 1]
and (zg,y0) ¢ [0, B[x[0,1]U[0,1] x [0, B[. Summarizing,
(xo,y0) € [B,a] x [d, AJU [d, A] x [B,a]. ]

Theorem 2: Let U : [0,1]> — [0, 1] be a uninorm, U € U.
Then, there exists a symmetric, u-surjective, nonincreasing set-
valued function r on [0, 1] such that U is continuous on [0, 1] \
G(r) and U(z,y) = e implies (x,y) € G(r) for all (z,y) €
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[0, 1]%. Note that U need not to be noncontinuous in all points
from G(r).

Proof: We will define the set R* = {(x,y) € [0,1]* | U
is noncontinuous in (z,y)}. Then, due to the commutativity of
U the set R* is symmetric, that is, (z,y) € R* if and only if
(y,z) € R*. If we define a set-valued function r : [0,1] —
P([0,1]) by

{1} if z €]0, B,
{0} if # €]A, 1],
0,B ifz =1,
@)= it 0 G)
{y|U(z,y) =€} ifz €la,dU{e},
{y| (z,y) € R*} otherwise

then r is a symmetric set-valued function (see Remark 2).
Evidently, U(z,y) = e implies (z,y) € G(r) for all (z,y) €
[0,1]2.

Next we will show that r is u-surjective. Assume ay € [0, 1].
If w, is noncontinuous in point € [0, 1], then due to the sym-
metry of r, we have (z,y), (y,z) € G(r), that is, y € r(z).
Now suppose that u, is continuous. Then, due to Lemma 3
and Proposition 7, there is y € [0, B[U]a, d[U{e}U]A,1]. If
y €la, d[U{e}, then Proposition 8 ensure the existence of an
x €la, d[U{e}, such that U(z,y) = e and then y € r(z). Sup-
pose now thaty €] A, 1] (the case when y € [0, B]is analogous).
Then, A < 1 and B =0 and y € r(0). Summarizing all cases
we see that r is u-surjective.

It is evident that if U is noncontinuous in (z,yo), then
xo € r(yo)-

Now we only have to show that r is nonincreasing. Note that
(e,e) € G(r) and thus it is easy to see that if r is nonincreasing
on [0, e] by symmetry it is nonincreasing on the whole [0, 1].

1) First we will show that 7 is nonincreasing on [0, B] . If

B = 0 the result is trivial. If B > 0, then due to Remark
2 thereis A = 1 and r(x) = {1} forall z € [0, B[. Since
y < 1forall y € r(B) we see that r is nonincreasing on
[0, B].

2) Now we will show that  is nonincreasing on [a, e] . Due
to Proposition 8, there is Card(r(z)) = 1 forall z €]a, e[
and since U is continuous on Ja, d[x[0,1] U [0, 1] x]a, d|
there is min(r(a)) = d. The monotonicity of U implies
monotonicity of  on |a, d[ and the fact that y < d for all
y € r(x) for all x €]a, d[. Therefore, r is nonincreasing
on [a,€].

3) Finally, we will show that 7 is nonincreasing on
[B,a]. From the definition of r, we see that if
x1,%9 € [B,a], w1 <xy and y; € r(x1), yo € r(x9),
then (z1,y1), (x2,y2) € R*. Suppose thaty; < y. Then,
for any ¢ €]0, W[ Lemma 9 and the mono-
tonicity of U give

e<U(xy +0,y1 +0) <U(xa —d,ys — ) <e

which is a contradiction. Therefore, if z; < x2, then y; >

y2 which means that 7 is nonincreasing on [B, a] .
If we summarize results for all partial intervals we obtain the
main result, that is, that r is nonincreasing. [ |
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max S* max S*
*
. . . Uy
min Uy min | o,
1
max max
T* min T* min

Fig. 5. Uninorm U from Example 6. Left: the bold lines denote the points of
discontinuity of U. Right: the oblique and bold lines denote the characterizing
set-valued function of U.

Remark 3: U need not to be noncontinuous in all points of
G(r). From the previous proof we see that U is continuous in all
points from {z} x [0, 1] for all 2 € [0, B[U]a, d[U{e}U] A, 1].
The symmetric nonincreasing set-valued function from the pre-
vious theorem will be called the characterizing set-valued func-
tion of a uninorm U for U € U.

Example 6: Assume a representable uninorm U : [0, 1]
— [0, 1] and a continuous t-norm 7' : [0, 1]> — [0, 1] and a
continuous t-conorm S : [0, 1]* — [0, 1]. For simplicity, we
will assume that % is the neutral element of U; and that
Ui(z,1—x) = 1forallz € [0,1]. Let U; be a linear transfor-
mation of Uy to [+, 2

to [0, %] ? and let S* be a linear transformation of S to [%, 1} ’
Then, the ordinal sum of semigroups G, = ([0, ] ,77%),Gs =
([3.2].0)).G, = ([3,1],8%), with vy < a < 3, is a semi-
group ([0, 1],U), where U is a uninorm, U € Y. In Fig. 5, we
can see the characterizing set-valued function 7 of U as well as
its set of discontinuity points.

Remark 4: Tt is easy to see that for U € U its characterizing
set-valued function r divides the uninorm U into two parts: U
on points below the characterizing set-valued function attains
values smaller than e, and U on points above the characterizing
set-valued function attains values bigger than e.

Proposition 13: LetU : [0,1]> — [0, 1] be auninorm, U €
U. Then, in each point (xg,yo) € [0, 1]* the uninorm U is either
left-continuous or right-continuous (or continuous).

Proof: From Proposition 9, we know that for all x € [0, 1]
the function wu, is either left-continuous or right-continuous.
If (z0,yo) is the point of continuity of U the claim is trivial.
Suppose that (xg, o) is not the point of continuity of U. If
U(xo,y0) = e, then by Proposition 7 the uninorm U is continu-
ousin (g, yo ), which is impossible, and thus either U (¢, yo) <
eor U(xg,yo) > e. If U(xg,yo) < e, then for all x <z, y <
yo also U(z, y) < e and thus w, is left-continuous in y and u,, is
left-continuous in x (see Remark 1). Now forany ¢ > 0 there ex-
ists 1 > 0, such that |U(z¢ — é1,90) — U(xo,40)| < 5. Since
also u,,_g, is left-continuous in y, there exists do > 0, such
that |U(zg — 01,50 — 02) — U(zo — d1,40)| < 5. The mono-
tonicity of U then implies that

0 < U(zo,y0) — U(zo — 01,90 — 62) = U(xo, y0)—
U(zo —d1,90) +U(zo — d1,90) — U(zo — d1,0 — d2) < &.

2 . .
|7, let T* be a linear transformation of T

Taking § = min(d;,dy), by the monotonicity of U we have
shown that for each & > 0 there exists a § > 0 such that
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max max

0 max

Fig. 6. Uninorm U from Example 7. The bold lines denote the characterizing
set-valued function r of U.

if € [xg—0,20] and y € [yo — &, 0] we have |U(z,y) —
U(zo,y0)| < e, that is, that U is left-continuous in (o, yp).
Similarly, if U(zg,y0) > e, then U is right-continuous in
(0, ¥0)- u

The previous proposition and the construction of the char-
acterizing set-valued function r of a uninorm U implies the
following.

Corollary 2: LetU : [0,1]> — [0, 1] be auninorm, U € U.
Then, there exists a symmetric, u-surjective, nonincreasing set-
valued function r on [0, 1] such that U is continuous on [0, 1]% \
G(r) and if U(z,y) = e then (z,y) € G(r). Moreover, in each
point (x,y) € [0, 1] the uninorm U is either left-continuous or
right-continuous.

B. Sufficiency Part

In this part, we will show that if for a uninorm U there exists a
symmetric, u-surjective, nonincreasing set-valued function r on
[0, 1], such that U is continuous on [0, 1]*> \ G(r),and U (z,y) =
e implies (x,y) € G(r), then U € U if and only if in each point
(z,y) € [0, 1]? the uninorm U is either left-continuous or right-
continuous (or continuous).

We will denote the set of all uninorms U : [0, 1]*> — [0, 1]
such that U is continuous on [0,1]> \ G(r) and r is a symmet-
ric, u-surjective, nonincreasing set-valued function, such that
U(z,y) = eimplies (x,y) € G(r), by UR. First, we will show
that there exists a uninorm U € UR such that U ¢ U.

Example 7: Let U : [0,1]> — [0, 1] be given by

0 if max(z,y) < e,
T ify =e,

Ulz,y) = y ifx=e
max(x,y) otherwise.

Then, Proposition 2 implies that U € Uy, .« 1s a uninorm, where
the underlying t-norm is the drastic product and the underlying
t-conorm is the maximum. This uninorm is noncontinuous in
points from {e} x [0, €] U [0, e] x {e}. Thus, the corresponding
set-valued function is given by (see Fig. 6 )

e, 1] ifx=0,
Je if z €]0,¢],
r(z) = [0,e] ifax=e,
0 otherwise.

Since U(z,y) = e implies 2 = y = e, we see that U is con-
tinuous on [0,1]> \ G(r) and 7 is a symmetric, u-surjective,
nonincrefiigg set-valued function, such that U(z,y) = e im-

plies (z,y) € G(r). However, the drastic product t-norm is not
continuous and thus U ¢ U.

Assume U € UR. Then, for the corresponding characterizing
set-valued function r, we have (e, e) € G(r). Denote

D ={e} x [0,1]U[0,1] x {e}.

We have two possibilities: either G(r) N D = {(e,e)}, or
Card(G(r) N D) > 1. First, we will assume the case when
G(r) N D = {(e,e)}. Then, Ty (Sy) is continuous in all points
from [0, €] ([e, 1]*) except possibly the point (e, €) and we have
the following result.

Lemma 12: Let T : [0,1]> — [0, 1] be a t-norm which is
continuous on [0, 1]\ {(1, 1) }. Then, T'is continuous on [0, 1]%.

Proof: Assume that 7T is not continuous in the
point (1,1). Then, there exist two sequences {a;},eN,
a, €10,1] and {b,},en, bn €0,1], such that lim,
a, =lim, b, =1 and lim, o T(a,,b,) < 1. Since
T(ay,b,) > T(min(ay,, b, ), min(a,, b, )), we see that there
exists a sequence {c,}n,en, ¢ €[0,1], lim, ¢, =1,
such that lim, .. T(c,,¢,) =1—3 <1, for some ¢ > 0.
Since T is a t-norm, we have T(1 — g,l) =1 —g and
necessarily 7'(1 — %, 1-— %) <1 — 4. Since T is continuous on
[0,1]2\ {(1,1)}, there exists an & > 0 such that T'(1 — §,1 —
g)=1- ? and the monotonicity of 7" implies ¢ < % Thus,

20 0
1—3:T(1—2,1—5) <T(l-gl1—-g)<1-94
which is a contradiction. |
By duality between t-norms and t-conorms we get the follow-
ing.

Lemma 13: Let S :[0,1]> — [0,1] be a t-conorm which
is continuous on [0,1]% \ {(0,0)}. Then, S is continuous on
[0,1]2.

From the two previous results, we see that if U € YR and
G(r)ND = {(e,e)}, then U € U.

Furthermore, we will suppose that Card(G(r) N D) > 1.
Then, we obtain the following result.

Lemma 14: Let U :[0,1]> — [0,1] be a uninorm, U €
UR, U ¢ U. Then there exists a point (x,y) € [0, 1]? such that
U is neither left-continuous nor right-continuous in (x, ).

Proof: Since U ¢ U Lemmas 12 and 13 imply that
Card(G(r) N D) > 1. Then there exists an 21 € [0,1], 21 # e,
such that (x, e) € G(r). We will suppose that x; < e (the case
when z; > e is analogous). Let

zo = inf{z € [0,¢] | (z,e) € G(r)}.

Then, the monotonicity of r implies that Sy is contin-
uous and |zg,e| x {e} C G(r). Moreover, U(z,y) = e im-
plies © =y = e for all x,y € [0,1]. Since U is continuous
on |z, e]x]e, 1]Ule, 1]x]xg, ¢] we see that U(z,y) > e for
all = €]z, €], y €le,1]. On the other hand, the neutral ele-
ment e and the monotonicity of U implies U(z,y) € [z, y]
for all « €]z, €], y €le, 1]. Thus, for all x €]z, e[, we have
lim, .+ U(x,s) = e. Therefore, on |z, e[ the uninorm U is
not right-continuous. Since U ¢ U and Ty is continuous on
[0, 1[* we see that U is not left-continuous in some point (z, €)
forz € [xg, €] . Now similarly as in Lemma 12 we can show that
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U is not left-continuous in some point (x, e) for x € [z, e]. Fi-
nally, the neutral element and the monotonicity of U imply that
U is not left-continuous in some point (z,e) for = €]z, e[.
Summarizing, there exists a point (z,y) € [0, 1]?, such that U
is neither left-continuous nor right-continuous in (x, y). |

All previous results can be compiled into the following
theorem.

Theorem 3: Let U : [0,1]> — [0,1] be a uninorm, U €
UR. Then, U € U if and only if in each point (x,y) € [0, 1]?
the uninorm U is either left-continuous or right-continuous (or
continuous).

Corollary 3: Let U : [0,1]> — [0, 1] be a uninorm. Then,
U € U if and only if U € UR and in each point (z,y) € [0, 1]?
the uninorm U is either left-continuous or right-continuous (or
continuous).

IV. CONCLUSION

We have shown that a uninorm with continuous underlying
t-norm and t-conorm is continuous on [0,1]% \ G(r), where
G(r) is the graph of some symmetric, u-surjective, nonincreas-
ing set-valued function. On the other hand, we have shown also a
sufficient condition for a uninorm to have continuous underlying
operations. In the follow-up papers [26], [27], we will employ
these results, and using the characterizing set-valued function
of a uninorm, we will show that each uninorm with continuous
underlying t-norm and t-conorm can be decomposed into an
ordinal sum of semigroups related to representable uninorms,
continuous Archimedean t-norms, continuous Archimedean
t-conorms, internal uninorms and singleton semigroups. Thus,
these three papers together offer a complete characterization of
uninorms from U/, that is, of uninorms with continuous under-
lying t-norm and t-conorm. The applications of these results are
expected in all domains where uninorms are used.
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Abstract

The uninorms with continuous underlying functions were characterized by their set of discontinuity points in the previous work
of the author, using the characterizing set-valued function. In this paper properties of this characterizing set-valued function are
studied. It is shown that the type of the monotonicity of such a set-valued function is always changed in idempotent points of
the corresponding uninorm. Several additional properties of the characterizing set-valued function of a uninorm with continuous
underlying functions are shown and an example is included. Results shown in this paper are used for a complete characterization
of uninorms with continuous underlying functions via the ordinal sum construction, which is shown in the consecutive paper.
© 2017 Elsevier B.V. All rights reserved.

Keywords: Uninorm; Continuous t-norm; Continuous t-conorm; Set-valued function

1. Introduction

The uninorm operators generalize both the t-norm and the t-conorm operators and they can be used to model
bipolar behaviour (see [1,6,9,17,25]). The uninorms with continuous underlying t-norm and t-conorm were in the
centre of the interest for a long time (see [3-5,7,8,11-16,22,24]). In [18] we have introduced ordinal sum of uninorms
and in [19] we have characterized uninorms that are ordinal sums of representable uninorms. Further, in [20] we
have characterized uninorms with continuous underlying t-norm and t-conorm as those whose set of discontinuity
points is a subset of the graph of a special symmetric, u-surjective, non-increasing set-valued function. In this paper
we will investigate properties of the characterizing set-valued function of a uninorm with continuous underlying
functions and we will show that the graph of this function can be divided into maximal horizontal, vertical and
strictly decreasing segments, and special accumulation points, and that border points of all such maximal segments
are idempotent elements of the corresponding uninorm. We will also show how does these maximal segments indicate
the decomposition of the given uninorm into components. These results will be further used in [21] where we will
show that each uninorm with continuous underlying t-norm and t-conorm can be decomposed into an ordinal sum
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http://dx.doi.org/10.1016/j.fss.2017.07.019
0165-0114/© 2017 Elsevier B.V. All rights reserved.

144



84 A. Mesiarovd-Zemdnkovd / Fuzzy Sets and Systems 334 (2018) 83-93

of semigroups related to representable uninorms, continuous Archimedean t-norms and t-conorms, internal uninorms
and singleton semigroups.

We will start with several basic notions and then we will recall some useful results from [20]. The main result will
be discussed in the next section. The last section then contains our conclusions.

A triangular norm is a function 7: [0, 112 —> [0, 1] which is commutative, associative, non-decreasing in both
variables and 1 is its neutral element. Due to the associativity, n-ary form of any t-norm is uniquely given and thus
it can be extended to an aggregation function working on |, x[0, 11". Dual functions to t-norms are t-conorms.
A triangular conorm is a function S: [0, 11> — [0, 1] which is commutative, associative, non-decreasing in both
variables and O is its neutral element. The duality between t-norms and t-conorms is expressed by the fact that from
any t-norm 7" we can obtain its dual t-conorm S by the equation

Sx,y)=1-T{0 —x,1—y)

and vice-versa.

A uninorm (introduced in [25]) is a function U: [0, 1]* —> [0, 1] which is commutative, associative, non-
decreasing in both variables and have a neutral element e € [0, 1] (see also [6]). Therefore the class of uninorms
covers also the class of t-norms and the class of t-conorms. If for a uninorm U there is e € ]0, 1[ we will call such
a uninorm proper. For each uninorm the value U (1, 0) € {0, 1} is the annihilator of U. A uninorm is called conjunc-
tive if U (1, 0) = 0 and disjunctive if U(1,0) = 1. Due to the associativity we can uniquely define n-ary form of any
uninorm for any n € N and therefore in some proofs we will use ternary form instead of binary, where suitable.

For each uninorm U with the neutral element e € ]0, 1[, the restriction of U to [0, e]2 is isomorphic to a t-norm,
and the restriction of U to [e, 1]2 is isomorphic to a t-conorm.

Definition 1. Let U: [0, 1]> —> [0, 1] be a uninorm with the neutral element e € [0, 1]. If e > 0 then the operation
Ty : [0, 11> — [0, 1] given by

Ty(x.y) = Ule-x,e-y)

for all (x,y) € [0, 1]? is a t-norm which will be called the underlying t-norm of U. If e < 1 then the operation
Sy : [0, 11> — [0, 1] given by

Sy (x, y) = Ue+(1—e)-x,e+(1—e)-y)—e

l1—e

for all (x, y) € [0, 1]? is a t-conorm which will be called the underlying t-conorm of U.
Definition 2. We will denote the set of all uninorms U such that Ty and Sy are continuous by /.

From any pair of a t-norm and a t-conorm we can construct the minimal and the maximal uninorm with the given
underlying functions.

Proposition 3 (//0]). Let T : [0, 11> — [0, 1] be a t-normand S : [0, 11> —> [0, 1] a t-conorm and assume e € [0, 1].
Then the two functions Unpin, Unax : [0, 1]2 —> [0, 1] given by

e T(3.7) if (x,y) €10, el?,
Unin(x,y) = e+ (1 —e)- SCEE, =5) if (x,y) €[e, 117,
min(x, y) otherwise
and
e-T(%, %) if (x,y) €0, e]?,
Umax(x, ) = e+ (1 —e) - S({=£, =) if (x,y) €[e, 1T%,
max(x, y) otherwise

are uninorms. We will denote the set of all uninorms of the first type by Umin and of the second type by Umax-
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Since the structure of continuous t-norms and t-conorms is already known, in the rest of the paper we will focus on
proper uninorms.
Similarly as in the case of t-norms and t-conorms we can construct uninorms using additive generators (see [6]).

Proposition 4 (/6]). Let f: [0,1] — [—00, 00], f(0) = —0o0, f(1) = 00 be a continuous strictly increasing func-
tion. Then a function U : [0, 11> — [0, 1] given by

U, y)=f1(f)+ £O)),

where f’1 : [—o0, 00] — [0, 1] is an inverse function to f, with the convention oo + (—00) = 00 (or 00 + (—00) =
—00), is a uninorm, which will be called a representable uninorm.

In [23] (see also [17]) we can find the following result.

Proposition 5 (/23]). Let U : [0, 112 —> [0, 1] be a uninorm continuous everywhere on the unit square except of the
two points (0, 1) and (1,0). Then U is representable.

For our examples we will use the following ordinal sum construction introduced by Clifford.

Theorem 6 (/2]). Let A # () be a totally ordered set and (Gy)qea With G4 = (Xq, *o) be a family of semigroups.
Assume that for all a, B € A with a < B the sets X, and Xg are either disjoint or that Xo N Xg = {xq g}, where
Xq,p is both the neutral element of G and the annihilator of G g and where for each y € A with o <y < f8 we have
X, ={xq,p}. Put X = | J X, and define the binary operation % on X by

aEA

X*qV if(x,y) € Xg X Xg,
Xky=1x if(x,y) € Xy x Xganda < B,
y if(x,y) € Xo x Xgand o > B.

Then G = (X, %) is a semigroup. The semigroup G is commutative if and only if for each o € A the semigroup G is
commutative.

Therefore in our examples the commutativity and the associativity of the corresponding ordinal sum uninorm will
follow from Theorem 6. The monotonicity and the existence of the neutral element can be easily checked by the
reader.

Further we will use the following transformation. Forany 0 <a <b <c <d <1, v € [b, c], and a uninorm U with
the neutral element e € 10, 1[ let f: [0, 1] — [a, b[ U {v} U ]c, d] be given by

(b—a)-%—l—a if x € [0, e[,

fx)=1v ifx =e, (1)
d— (I-x)(d—c)
(1-e)
Then f is an isomorphism of [0, 1] to ([a, b[ U {v} U ]c,d]) and a function U%?4: ([a, b[ U {v} U Jc,d])? —>
(la, b[ U {v} U]c, d]) given by

Ut ety = FUE @, o) ®

is an operation on ([a, b[ U {v} U ]c, d])? which is commutative, associative, non-decreasing in both variables (with
respect to the standard order) and v is its neutral element. Indeed, since f is increasing then the non-decreasingness
of U implies the non-decreasingness of U/ b.e.d Further, the commutativity and the existence of the neutral element
is preserved by isomorphism. Finally,

otherwise.

usbed e, uttedy o)y = fFWOG @, UG ), 7 @)) =
FUOG @, 7 o), @) =usbedUusted(x, y), 2)
for all x, y, z € [0, 1] which gives us the associativity of U;"b*"’d.
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Next we will recall the definition of a set-valued function from [20]. Note that P(X) in the following definition
denotes the power set of X.

Definition 7. A mapping p: [0, 1] — P([0, 1]) is called a set-valued function on [0, 1]. Assuming the standard order
on [0, 1], a set-valued function p is called

(1) non-increasing if for all x1, x; € [0, 1], x1 < x3, we have y; > y; for all y; € p(x1) and all y € p(x2) and thus
p(x1) and p(x») intersect in, at most, a single point,
(1) symmetric if for x, y € [0, 1] there is y € p(x) if and only if x € p(y).

The graph of a set-valued function p will be denoted by G(p), i.e., for x, y € [0, 1] there is (x, y) € G(p) if and only
if y € p(x).

Definition 8 (/20]). A set-valued function p: [0, 1] — P([0, 1]) is called u-surjective if for all y € [0, 1] there exists
an x € [0, 1] such that y € p(x).

Lemma 9 (/20]). A symmetric set-valued function p: [0,1] —> P([0, 1]) is u-surjective if and only if we have
p(x) # @ forall x € [0, 1].

The graph of a symmetric, u-surjective, non-increasing set-valued function p: [0, 1] — P([0, 1]) is a connected
bounded curve (i.e., a connected bounded set with no interior) containing points (0, 1) and (1, 0) (see [20]).

Remark 10. For any uninorm U € U the following results were shown in [20]:

(i) There exist idempotent points a,d € [0, 1], a < e <d, such that if U(x, y) = e for some x, y € [0, 1] then x, y €
la, d[ U {e}. Here either U(x, y) = e implies x = y = e, in which case a = d = e, or otherwise U can attain the
value e only on the set |a, d[?. Further, for all x € Ja, d[ U {e} there exists a y € ]a, d[ U {e} such that U (x, y) =e.
Note that if a < e then U is on [a, ] isomorphic to a representable uninorm.

(ii) If we denote A = inf{x | U(x,0) > 0}, B =sup{x | U(x,1) < 1} then A and B are idempotent elements of U
andeither A=1,B#0,or A#1,B=0,0or A=1, B=0. In the first case U is non-continuous in (B, 1), in the
second case U is non-continuous in (0, A), and in the third case U is non-continuous in (1, 0). We also have

0<B<a<e<d<A<l.
Theorem 11 (/20]). Assume a uninorm U € U. Then there exists a symmetric, u-surjective, non-increasing set-valued

function r on [0, 1] such that U is continuous on [0, 117 \G(r)and U(x,y) = e implies (x,y) € G(r) forall (x,y) €
[0, 112. Note that U need not to be non-continuous in all points from G(r).

The set-valued function from Theorem 11 will be called the characterizing set-valued function of a uninorm U for
U € U. This function is given by (see Remark 10)

{1} if x €0, B,
{0} ifx €A, 1],
__J [0, B] ifx=1,
"O=11a.1) ifx =0, 3)
| |Ux,y)=e} ifxela,d[U/{e},
{y|(x,y) € R*} otherwise,

where R* = {(x, y) € [0, 112 | U is non-continuous in (x, )}

Definition 12. For a uninorm U : [0, 112 —> [0, 1] and each x € [0, 1] we will define a function u, : [0, 1] —> [0, 1]
by u,(z) =U(x, z) for z € [0, 1].

147



A. Mesiarovd-Zemdnkovd / Fuzzy Sets and Systems 334 (2018) 83-93 87

max S* max S*

min Uy min U
1
max max

T* min T min

Fig. 1. The uninorm U from Example 15. Left: the bold lines denote the points of discontinuity of U. Right: the oblique and bold lines denote the
characterizing set-valued function of U.

Remark 13. Let r be the characterizing set-valued function of a uninorm U € U. Then

(i) U is not non-continuous in all points of G(r). In fact, U is continuous in all points from {x} x [0, 1] for all
x €[0,B[U]la,d[U{e} U]A, 1]. This means that u, is continuous for all x € [0, B[ U Ja,d[ U {e} U ]A, 1]. On
the other hand, u, is non-continuous for all x € [B, a]U [d, A]\ {e},

(i1) the characterizing set-valued function r divides the uninorm U into two parts: U on points below the characteriz-
ing set-valued function attains values smaller than e, and U on points above the characterizing set-valued function
attains values bigger than e.

The main result of [20] is the following theorem.

Theorem 14 (/20]). Let U: [0, 11> —> [0, 1] be a uninorm. Then U € U if and only if there exists a symmetric,
u-surjective, non-increasing set-valued function r on [0, 1] such that U is continuous on [0, 117 \ G(r), and in each
point (x,y) € [0, 11? the uninorm U is either left-continuous or right-continuous, or continuous.

Example 15 (/20]). Assume a representable uninorm Uy : [0, 112 —> [0, 1] and a continuous t-norm T': [0, 1]> —
[0, 1] and a continuous t-conorm S: [0, 1]> —> [0, 1]. For simplicity we will assume that % is the neutral element of

2
Uy andthat Ui(x,1 —x) = % for all x € ]0, 1]. Let Ui“ be a linear transformation of U; to [% %] , let T* be a linear

2 2
transformation of 7 to [O, %] and let S* be a linear transformation of S to [%, 1] . Then the ordinal sum of semi-

groups Gy = ([0 %] , T*), Gg = ([% %] , Ul*) G, = ([% 1] , S*), with y < a < B, is a semigroup ([0, 1], U),
where U is a uninorm, U € Y. On Fig. 1 we can see the characterizing set-valued function r of U as well as its set of
discontinuity points.

In this paper we will continue to investigate properties of the characterizing set-valued function of a uninorm
U € U. However, before we show that main result we will recall some useful results from [20].

Definition 16. A uninorm U : [0, 1]> —> [0, 1] is called internal if U(x,y) €{x,y}forall (x,y) € [0, 1]2.

Lemma 17 (/20]). Let U € U. If x1 € [0, 1] is an idempotent point of U then U is internal on {x1} x [0, 1], i.e.,
Uxy,x)e{x,x1} forall x €0, 1].

Proposition 18 (/20]). Let U € U. Then for each x € [0, 1] there is at most one point of discontinuity of uy. Further,
if uy is non-continuousin 'y € [0, 1] then U(x,z) <e forallz <y and U(x,z) > e forall 7 > y.

2. Main result

In this section we will show several useful results which will be used in [21]. The main aim is to study the structure
of the characterizing set-valued function and to show that its graph can be divided into maximal horizontal, vertical and
strictly decreasing segments (and special accumulation points), and that border points of all such maximal segments
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of the characterizing set-valued function r of a uninorm U € U are idempotent. Indeed, it is easy to observe that the
graph of the characterizing set-valued function is a connected bounded curve that contains horizontal line segments,
vertical line segments, and segments on which it coincides with the graph of some strictly decreasing function. For
the decomposition into the ordinal sum summands (which will be done in [21]) we are interested in maximal such
segments and their projection to the first coordinate. For simplicity, in the definition we will instead of projection of a
maximal segment to the first coordinate write just maximal segment.

Before we introduce the following definition let us note that for an x € [0, 1] with y € r(x), and the cardinality
Card(r(x)) the following are equivalent:

(i) r(x) is a singleton,
(i) Card(r(x)) =1,
(i) () = {y),
(iv) max(r(x)) =y,
(v) min(r(x)) = y.

Definition 19. Let U € U/ and let r: [0, 1] —> P([0, 1]) be its characterizing set-valued function. Then

(i) the set I C [0, 1] is called a maximal horizontal segment of r if Card(/) > 1, i.e., if I contains at least two
different points from [0, 1], and there exists a y € [0, 1] such that y € p(x) if and only if x € I,
(i1) if for x € [0, 1] there is Card(r(x)) > 1 then the set {x} is called a maximal vertical segment of r,
(iii) the interval [a, b] is called a strictly decreasing segment of r if for all x € ]a, b[ we have
Card(r(x)) = 1, Card(r (max(r(x))) =1, 4)

i.e., if r(x) is a singleton and if r(x) = {y} for some y € [0, 1] then r(y) is a singleton as well,
(iv) the interval [a, b] is called a maximal strictly decreasing segment of r if there is no interval [c, d] which is a
strictly decreasing segment of r such that [a, b] C [c, d].

The non-increasingness of r implies that all maximal segments are intervals. Further, a subinterval of a maximal
horizontal segment will be called a horizontal segment.

The symmetry of r implies that a maximal horizontal segment / can be paired with a maximal vertical segment
{y} for which we have

yer(x)forallx € 1.

Then I x {y} as well as {y} x I belong to the graph of r.

Remark 20.
(i) If I C [0, 1] is a maximal horizontal segment of r then

U,
xel

for the corresponding y € [0, 1] from the previous definition, is a horizontal line segment.
(ii) If {x} for some x € [0, 1] is a maximal vertical segment of r then

U &

yer(x)

is a vertical line segment.
(iii) If [a, b] is a maximal strictly decreasing segment of » for some a, b € [0, 1], a < b, then

(a, min(r(a))) U (b, max(r(b))) U U (x, max(r(x)))
x€la,b[
coincides with the graph of some strictly decreasing function on [a, b].
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Now we will show that all maximal segments of the characterizing set-valued function of U € U/ are closed inter-
vals.

Lemma 21. Let U € U and let r: [0, 1] —> P([0, 1]) be its characterizing set-valued function. Then all maximal
segments of r are closed intervals.

Proof. Any maximal strictly decreasing segment of r is a closed interval by the definition. Similarly, any maximal
vertical segment is a trivial closed interval. Further we will show that any maximal horizontal segment is a closed
interval. Let X € [0, 1] be the left border point of some maximal horizontal segment / such that y € p(x) if and
only if x € I (for the right border point the proof is analogous). Then by Proposition 18 for each ¢ > 0 (small
enough) we have U(X|+¢&,y+¢)>eand U(X|,y—e) <U(X|+¢,y—¢) <e. Thuseither U(X1,y)=e,or U is
non-continuous in (X1, y). In both cases we get y e r(X1),1.e., X1 €. O

Due to the symmetry of r the previous result implies that for every x € [0, 1] the set r(x) is a closed interval and
therefore min(r(x)) and max(r(x)) always exist.

Definition 22. We will denote by S, the set of border points of all maximal segments of  and by S, its closure.

Note that there is a countable number of maximal horizontal and strictly decreasing segments and due to the
symmetry of r there is also a countable number of maximal vertical segments. Therefore S, is countable. Then we
have the following result.

Proposition 23. Let U € U and let r: [0, 1] —> P([0, 1]) be its characterizing set-valued function and assume x €
[0, 1]. Then either x € S, or x is an interior point of exactly one maximal segment of r.

Proof. If x is an interior point of some maximal (horizontal or strictly decreasing) segment of r then the non-
increasingness of r implies that x doesn’t belong to any other maximal segment. Further, if x is a border point of
some maximal segment then evidently x € S,. Suppose that x doesn’t belong to any maximal segment. Then

Card(r(x)) =1 and Card(r (max(r(x))) = 1.

Since x is not an interior point of a strictly decreasing segment there are two possibilities:

Case 1. For all ¢ > 0 (small enough) there exists a g € [x — &, x + ¢] such that Card(r(g)) > 1. In this case x is an
accumulation point of the set of border points corresponding to maximal vertical segments and therefore x € S,.

Case 2. For all ¢ > 0 (small enough) there exists a ¢ € [x — &, x 4+ ¢] such that g belongs to a horizontal segment.
Since x does not belong to a horizontal segment this means that in every neighbourhood of x there is a border point
of a maximal horizontal segment and therefore x € §,. O

Now we introduce two useful lemmas which will be used in the succeeding results.

Lemma 24. Let U € U. If x| is an idempotent element of U then uy, is either continuous or it is non-continuous in
point y1, such that yi is an idempotent element of U.

Proof. If x; is an idempotent element and u,, is non-continuous in y; then Proposition 18 implies that U (x1,y) <e
for y < yy and U(xy,y) > e for y > yj. If x; = e then uy, is evidently continuous, thus we will assume x; < e
(the case for x1 > e is analogous). Then since U € U we have y; > e. If y; is not an idempotent element then there
exists a y» € [0, 1] with e < y» < y1 such that U(y», y2) > y; and since by Lemma 17 we know that U is internal on
{x1} x [0, 1] we have

e>x1=Ux1,y2) =Ux1,y2, ) =U(2,y2) >y1>e
which is a contradiction. O
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Lemma 25. Let U € U and assume an x € [0, 1]. If uy is non-continuous in some y € [0, 1] then for all n € N the

ful’LCthl’l I/tx(n) 1S non-continuous n yl(/ ), where
U

xgn):U(x,...,x).
——

n-times

Proof. If x is an idempotent point then the result follows from Lemma 24. Assume that x is not idempotent and that

x < e (the case when x > e can be shown analogously). Then U (x, z) < e for z < y implies U(xg), zg)) < e and

the continuity of Sy ensures that for all ¢ < y,(Jn ) there exists such a z < y that zg) = q. Therefore U (xl(f ), q)<e

(n) (n)
U

forall ¢ < yg). Similarly we can show that U(x;,”, q) > e for all ¢ > yl(/n). Thus either U (x;;”, ygl)) =e,oru o is
U

non-continuous in yl(]" ), However, since U (x, y) # e the first case is not possible and therefore u ) is non-continuous
U

inyl(]"). O

Proposition 26. Let U € U. If for some x1,x2 € [0, 1], x1 < x2, both functions uy, and uy, are non-continuous in
y €10, 1] then y is an idempotent element of U.

Proof. Assume that y is not an idempotent element. Since U € U we have either x| < xy <eore < x| < x3. We will
suppose x| < x2 < e as the other case is analogous. Then also for all f € [x1, x2] the function u ; is non-continuous
in y and thus if there is an idempotent in [x1, xo] Lemma 24 implies that y is an idempotent element. Assume the
opposite and let X, X, € [0, e] be two idempotent elements such that x, x € ]X1, X»[ and there is no idempotent
element in ] X1, X»[. Then since the points a, d, A, B from Remark 10 are idempotent we have | X1, Xo[N]a,d[ =0,
1X1, X2[N]0, B[ =@ and ]X{, X2[ N ]A, 1[ = @. Therefore Remark 13 implies that u, is non-continuous for all

x € 1X1, X»[. Since Ty is continuous it is possible to select a w € ]X1, X»[ such that wg"), wI(JmH) € [x1, x2] for

some m € N. If u,, is non-continuous in r then by Lemma 25 we have y = r[(]m) = r((]mﬂ) which is possible only if y

is an idempotent point. O

Proposition 27. Let U € U and let r be its characterizing set-valued function. Then border points of all types of
maximal segments of r are idempotent points.

Proof. Since r is symmetric Proposition 26 implies the result for all vertical segments. Further, let the interval
[X1, X2] correspond to some maximal horizontal segment of r, i.e., for some y € [0, 1] we have r(x) = {y} for all
x €1X1, Xo[. Also y ¢ r(x) for all x € [0, 1]\ [ X1, X2]. We will suppose X| < X5 < e (the case when e < X| < X»
is analogous). From Proposition 26 it follows that y is an idempotent element of U. Suppose first that X is not
an idempotent element. Since Ty is continuous there exists € > O (small enough) such that X| 4 ¢ € ] X, X2|,
U(X1 + ¢, X1 +¢) < Xy. Then since ux, 4. is non-continuous in y Lemma 25 implies that uy (x4, x,+¢) 1S nON-
continuous in U (y, y) = y,i.e., y € r(U (X1 +¢€, X1 +¢)) which is a contradiction. Thus X is an idempotent element.

Now suppose that X» is not idempotent. Here we have two possibilities. Either U (p, p) =y for some p € [0, 1],
p#y,or U(p, p) =y implies p =y for all p € [0, 1]. First suppose the second case. Since Ty is continuous there
exists ¢ > 0 (small enough) such that U (X3 + ¢, X2 + ¢) € 1X1, X2[. Similarly as before we can show that u, is
non-continuous for all x € ] X, X3[, where X3 is the smallest idempotent element bigger than X5. Then since X, + ¢
does not belong to the given horizontal segment the non-increasingness of r implies that u x, 1, is non-continuous in
some p € [0, 1] with p < y. However, the function uy (x,+¢, x,+¢) 18 non-continuous in y and Lemma 25 then implies
U(p, p) = y which is a contradiction.

Finally suppose that U (p, p) =y for some p € [0, 1], p < y. Since Sy is continuous we can assume that p is the
smallest point with this property. Then U(p, z) < y for all z < p. Since y is an idempotent element for x € [ X, X5
there is either U (x, p, p) =x or U(x, p, p) = y. Since U (x, p) € [x, p] and U(p, p) > p the monotonicity of U
ensures in the first case that U(x, p) = x. In the second case, if U(x, p) < p then U(x, p, p) < y and therefore
U (x, p) = p. Further, p < y and therefore we get U (x, p) <e, i.e., U(x, p) = x, for all x € ] X, X3[. Let us assume
an ¢ > 0 such that U (X, + ¢, X2 4+ ¢) € ] X1, X»[. Since X, + € does not belong to the given horizontal segment the
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non-increasingness of » ensures that U (X3 + ¢, y) > e. On the other hand we have
UUXy+¢e,Xo+e),y)=U(Xy4+¢,X2+¢)

and as y is idempotent we get U(X> + €, y) = X» + € < e which is a contradiction. Therefore X, is an idempotent
element of U. We have shown that border points of all horizontal segments are idempotents.

Now assume that X is a border point of a maximal strictly decreasing segment. Then either X is a border point
of a maximal vertical or a maximal horizontal segment as well, in which case it is an idempotent point, or it is an
accumulation point of a set of border points of maximal vertical or maximal horizontal segments. Since U € U the set
of idempotent points of U is closed and thus also in the second case X is an idempotent point of U. Summarizing,
border points of all maximal segments are idempotents. O

From the previous proof it follows that all points from the set S, are idempotent elements of U.
Further we will show the relation between nilpotent components of U and horizontal segments of the characterizing
set-valued function.

Lemma 28. Let U € U and let r be its characterizing set-valued function. If X1, X5 € [0, 1], X1 < X», are idempotent
elements of U such that there is no idempotent in 1X, X[ and there exists x € 1X1, Xa[ such that U (x, x) = X or
U(x,x)= Xy thenr on [X1, X3] corresponds to a horizontal segment.

Proof. Let U(x, x) = X (the case for U (x, x) = X3 is analogous). Then X| < X, < e and we can assume that x is
the biggest point with this property, i.e., U(x, z) > X; for all z > x. Since X is idempotent e does not belong to the
range of ux, . If uy, is continuous then U (X, 1) <e, i.e., U(X1, 1) = X due to Lemma 17. Then U (x, x, 1) = X
and thus U (x, 1) < x. Using Lemma 17 again we get U (x, 1) = x and therefore due to Proposition 27 the set-valued
function r corresponds to a horizontal segment on [0, X>].

Now suppose that uyx, is non-continuous in y. Then U(Xy,y) € {Xy,y} and we will first suppose that
U(X1,y)=X1. We have U (x, x,y) = X and therefore U (x, y) < x, i.e., U(x, y) = x. Further, U(X1, z) = z for
all z > y and therefore U (x, x, z) = z which implies U (x, z) > z. Since U (x, z) € [x, z] we get U (x, z) = z. Thus u,
is non-continuous in y and Proposition 27 implies the result.

Finally suppose that U (X, y) = y. Then e < y and due to the monotonicity also U (x, y) = y. Further, U (X1, z) =
Xy foralle <z <y,ie., Ux,x,z) = X which implies U(x, z) < x. Since U (x, z) € [x, z] we get U(x,z) = x.
Thus again u, is non-continuous in y and Proposition 27 implies the result. O

In the following two lemmas we show how does a strictly decreasing segment of the characterizing set-valued
function relate the components of [0, e] to the components of [e, 1].

Lemma 29. Let U € U. If X1, X2 € [0, 1] are idempotent elements of U such that there is no idempotent in 1X1, Xo[
and r on [ X1, X2] corresponds to a strictly decreasing segment then Y, = min(r(X1)) and Y; = max(r(X3)) are
idempotent elements of U such that there is no idempotent in Y1, Y2[ and r on [Y1, Y2] corresponds to a strictly
decreasing segment. Further, X1 = max(r(min(r(X1)))) and X, = min(r (max(r(X2)))).

Proof. There is either r(X1) = {Y»} or Card(r(X1)) > 1. Similarly, either r(X7) = {¥1} or Card(r(X7)) > 1. If
Card(r(X1)) > 1 then r on r(X) corresponds to a horizontal segment, which has a left border point Y> and therefore
Proposition 27 implies that Y7 is an idempotent element. If Card(r (X)) = 1 then either Y> = 1 or > is an idempotent
element of U due to Lemma 24. Similarly we can show that Y7 is an idempotent element.

The commutativity of U implies that r on [Y7, Y2] corresponds to a strictly decreasing segment. If there is an
idempotent element x in Y7, Y>[ then u, is non-continuous in y for some y € ] X, X3[. Lemma 24 implies that y is
an idempotent element which is a contradiction.

Finally, since Y2 = min(r (X)) and Y| = max(r(X»)) then (X1, Y>) and (X», Y1) belong to the graph of the char-
acterizing set-valued function r. Then also (Y>, X) and (Y1, X») belong to the graph of the characterizing set-valued
function r and since r is non-increasing we have X| = max(r (min(r(X1)))) and X» = min(r (max(r(X>2)))). O
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Lemma 30. Let U € U. If X1, X2 € [0, 1] are such that U(x, x) = x for all x € [X1, X2] and r on [X1, X»] corre-
sponds to a strictly decreasing segment then for Y, = min(r(X1)) and Y1 = max(r(X»2)) we have U (y, y) =y for all
y €Y1, Yol and r on [Y1, Y2] corresponds to a strictly decreasing segment. Further, X1 = max(r (min(r(X1)))) and
X7 = min(r (max(r(X>3)))).

Proof. Similarly as in the previous lemma Y| and Y, are idempotents. Further, since for each y € Yy, Y»[ there
exists an x € ] X1, X3[ such that u, is non-continuous in y Lemma 24 implies that y is an idempotent element.
The rest follows from the commutativity of U. The symmetry and the non-increasingness of r further imply X =
max(r (min(r(X1)))) and X, = min(r (max(r(X3)))). O

3. Conclusions

We have investigated properties of the characterizing set-valued function of a uninorm with continuous underlying
functions. We have shown that the graph of this function can be divided into maximal horizontal, vertical and strictly
decreasing segments, and special accumulation points. Further, we have shown that border points of all such maxi-
mal segments are idempotent elements of the corresponding uninorm. We have also shown how does horizontal and
strictly decreasing segments indicate the decomposition of the given uninorm into components. These results will be
further used in [21] where we will show that each uninorm with continuous underlying t-norm and t-conorm can be
decomposed into an ordinal sum of semigroups related to representable uninorms, continuous Archimedean t-norms
and t-conorms, internal uninorms and singleton semigroups.
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1. Introduction

The (left-continuous) t-norms and their dual t-conorms have an indispensable role in many domains [8,28,29]. Each
continuous t-norm (t-conorm) can be expressed as an ordinal sum of continuous Archimedean t-norms (t-conorms), while
each Archimedean t-norm (t-conorm) is generated by an additive generator (see [2,11]). Generalizations of t-norms and
t-conorms that can model bipolar behaviour are uninorms (see [6,21,30]). The class of uninorms is widely used both in
theory [18,27] and in applications [26,31]. The complete characterization of uninorms with continuous underlying t-norm
and t-conorm has been an open problem for a long time. We plan to solve this problem in our future work in [23,24] (see
also [5,15]). In this paper we would like to focus on uninorms continuous on [0, e[2U ]e, 1].

In Section 2 we will first recall all important notions and results and we will discuss general uninorms continuous on
[0, e[2U]e, 1] in Section 3 . In Section 4 we will recall several known results and show some new results on continuous
cancellative t-subnorms. We will show the characterization of Archimedean uninorms continuous and cancellative on ]0,
e[2U]e, 1[2 (Section 5) and discuss related non-Archimedean uninorms. We give our conclusions in Section 6.

2. Basic notions and results

Let us now recall all necessary basic notions.

A triangular norm is a binary function T : [0, 1]2 — [0, 1] which is commutative, associative, non-decreasing in both
variables and 1 is its neutral element. Due to the associativity, n-ary form of any t-norm is uniquely given and thus it
can be extended to an aggregation function working on (J,.y[0, 1]*. Dual functions to t-norms are t-conorms. A triangular
conorm is a binary function C : [0, 1]2 — [0, 1] which is commutative, associative, non-decreasing in both variables and 0
is its neutral element. The duality between t-norms and t-conorms is expressed by the fact that from any t-norm T we can
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obtain its dual t-conorm C by the equation
Cxy)=1-TA-x1-y)
and vice-versa.

Proposition 1 ([11]). Let t : [0,1] — [0, co] (c : [0, 1] — [0, c0]) be a continuous strictly decreasing (increasing) function such
that t(1) = 0 (c(0) = 0). Then the binary operation T : [0, 1]> — [0, 1] (C : [0, 1]> — [0, 1]) given by

T(x,y) =t~ (min(t(0), t(X) +t(¥)))

C(x,y) = ¢ ' (min(c(1), c(x) + c(¥)))
is a continuous t-norm (t-conorm). The function t (c) is called an additive generator of T (C).

Proposition 2 ([11]). Let K be a finite or countably infinite index set and let (]ay, bi[)k ¢ k ((Ick» dkl)k < k) be a disjoint system
of open subintervals of [0, 1]. Let (Ty)k ¢ k ((Ci)k < ) be a system of t-norms (t-conorms). Then the ordinal sum T = ({ay, by, Ty.) |
ke K) (C= ({c, dy,C) | k € K)) given by

T y) = 1% F b= a0TGe 550 if (e y) e [a bil?,
' min(x, y) else
and
Cixy) = | T @ —aG(G= e Hxy) elac dil?,
’ max(x, y) else

is a t-norm (t-conorm). The t-norm T (t-conorm C) is continuous if and only if all summands T, (C) for k € K are continuous.

An additive generator of a continuous t-norm T (t-conorm C) is uniquely determined up to a positive multiplicative
constant. Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous Archimedean t-norms (t-conorms).
Note that a continuous t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent points 0 and 1. A
continuous Archimedean t-norm T (t-conorm C) is either strict, i.e., strictly increasing on ]0, 1] (on [0, 1[2), or nilpotent,
i.e.,, there exists (x, y) € ]0, 1[2 such that T(x,y) = 0 (C(x,y) = 1). Moreover, each continuous Archimedean t-norm (t-conorm)
has a continuous additive generator. More details on t-norms and t-conorms can be found in [2,11].

A uninorm (introduced in [30]) is a binary function U :[0,1]> — [0, 1] which is commutative, associative, non-
decreasing in both variables and has the neutral element e € ]0, 1] (see also [6]). If we take a uninorm in a broader sense,
i.e., if for a neutral element we have e < [0, 1], then the class of uninorms covers also the class of t-norms and the class of t-
conorms. In order to stress that we assume a uninorm with e € ]0, 1[ we will call such a uninorm proper. For each uninorm
the value U(1, 0) € {0, 1} is the annihilator of U. A uninorm is called conjunctive (disjunctive) if U(1,0) =0 (U(1,0) = 1). Due
to the associativity we can uniquely define n-ary form of a uninorm for any n € N and therefore in some proofs we will use
ternary form instead of binary, where it is suitable.

For each uninorm U with the neutral element e € [0, 1], the restriction of U to [0, e]? is a t-norm on [0, e]?, ie., a
linear transformation of some t-norm Ty on [0, 1]% and the restriction of U to [e, 1]? is a t-conorm on [e, 1]3, i.e., a linear
transformation of some t-conorm Cy on [0, 1]2. Moreover, min(x, y) < U(x, y) < max(x, y) for all (x, y) € [0, e] x [e, 1]U]e,
1] x [0, e].

From any pair of a t-norm and a t-conorm we can construct the minimal and the maximal uninorm with the given
underlying functions.

Proposition 3 ([16]). Let T : [0,1]> — [0, 1] be a t-norm and C : [0, 1]> —> [0, 1] a t-conorm and assume e € [0, 1]. Then the
two functions Ugn, Umax : [0, 1] — [0, 1] given by

e T(2.Y) if (x,y) €0, e]?,
Unmin (X, y) = e+(]—e)-C(%,% if(x’y)ele’]]{
min(x, y) otherwise
and
e T(:Y if (x.y) € [0, P,
Unax(x,3) = 1 €+ (1 - €)-CES, 15) if(x.y) e [e 1P,
max(x,y) otherwise

are uninorms. We will denote the set of all uninorms of the first type by Uy, and of the second type by Umax.

Proposition 4 ([6]). Let f:[0,1] — [—o0, 0], f(0) = —oo, f(1) = co be a continuous strictly increasing function. Then a bi-
nary function U : [0, 1]2 —> [0, 1] given by

Uxy) =1 f)+ ),
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where f~1:[—o0,00] — [0, 1] is an inverse function to f, is a uninorm, which will be called a representable uninorm.
This uninorm is conjunctive if we take the convention oo+ (—oo0) = —oo and it is disjunctive if we take the convention
00 + (—00) = oo.

Note that if U is a representable uninorm with the neutral element e then for every x € ]0, 1] there exists a y € 0, 1]
such that U(x,y) =e.

3. Uninorms continuous on [0, e[2 U ]e, 1]?

Let U : [0,1]> — [0, 1] be a uninorm continuous on [0, e[2U Je, 1]2. First we will focus on Ty (similar observations can
be obtained for Cy by duality) and we will now show that Ty can be obtained by lifting of a continuous t-subnorm (see
[10]) to a t-norm (see [9]). Let us recall that a binary operation M : [0, 1]> — [0, 1] is a t-subnorm if it is commutative,
associative, non-decreasing in both variables and M(x, y) < min(x, y) for all (x, y) € [0, 1]2. Evidently, each t-norm is also a
t-subnorm. In order to stress that a t-subnorm is not a t-norm we will call such a t-subnorm proper. A dual operation to a t-
subnorm is t-superconorm. A binary operation R : [0, 1]2 — [0, 1] is a t-superconorm if it is commutative, associative, non-
decreasing in both variables and R(x, y) > max(x, y) for all (x, y) € [0, 1]2. A t-subnorm M : [0, 1]> —> [0, 1] (t-superconorm
R:[0,1]2 — [0, 1]) is cancellative if M(x,y) = M(x,z) (R(x,y) =R(x,z)) implies y=z forall x > 0 (x < 1), x, y, z € [0, 1].
Further, a continuous t-subnorm M is proper and Archimedean if and only if O is the unique idempotent element of M. More
details on t-subnorms can be found in [19,20].

From each t-subnorm M : [0, 1]2 — [0, 1] we can define a function T : [0, 1]2 — [0, 1] by

M(x,y) if (x,y) €[0,1[?,
min(x,y) otherwise

Tx,y) = {

for all (x, y) € [0, 1]2. Then the function T is a t-norm. This process is called lifting of a t-subnorm to a t-norm. Then T = M
if and only if M is a t-norm.
Vice versa, in [9] a border-continuous projection My : [0, 1]2 — [0, 1] of a t-norm was defined by

T(x.y) if (x,y)€[0,1[?,
Mr(x,y) = uliﬂn} T(u,v) if max(x,y)=1.
V—y~

The idea of this border-continuous projection was to obtain a reverse process to the lifting of a t-subnorm to a t-norm.
However, such a border-continuous projection need not to be monotone.

Example 1. Let T : [0, 1]2 — [0, 1] be given by
min(x, y) if max(x,y) =1,
T(x,y) = {max(0,3(x+y) — 2) if (x,¥) €[4, 1]%, max(x,y) <1,
0 otherwise.

Evidently, T is commutative, non-decreasing in both variables and 1 is its neutral element. Further, for any x, y, z € [0, 1], if
max(x,y,z) = 1 then since 1 is the neutral element of T we easily get

T(x, T(y,2))=T(T(x,y),2).
If max(x, y,z) < 1then T(y,2) < J, T(x,y) < J and
T(x, T(y,z2))=T(T(x,y),z) =0.

Thus T is associative and therefore it is a t-norm.

For My given above we then obtain Mr(3,1) =0 and My (1, Z) = . i.e, My is not non-decreasing in both variables.

Therefore the proper definition of a border-continuous projection is
T(x.y) if (x,y) [0, 1],

Llirr}_T(u,y) ifx=1y<1,

Mr(x,y) = Qim Tou) if x<1,y=1,

lim T(u,v) if x=y=1.

u—1-

v—1-
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For a t-conorm C the border-continuous projection of C is given by
C(x,y) if (x,y) €0, 1P,

uﬁ%““’” if x=0,y>0,

Mc(x,y) = uirr(l)+ Cx,u) if x>0,y=0,

lim T(u,v) if x=y=0.
u—s0*

v—0*

In this case the border-continuous projection of a t-norm is commutative, bounded by minimum and non-decreasing in both

variables. Note that a border-continuous projection is not border-continuous in the sense that each point from the border

of the unit square is a point of continuity of My (as it is defined in [11]), but in the sense that lirr} My (x,u) =Mr(x, 1),
u—1-

while the function My( -, 1) can be non-continuous.
Example 2. If we take the t-norm T from Example 1 then
max(0, 3(x+y) - 3) if (xy) €[5, 1]

T AL

otherwise

and My (Mr(1,1),x) = 3* — 1 for all x > 3, however, My (1, Mr(1,x)) = 0 for all x < 1. Therefore My is not associative, i.e.,
not a t-subnorm.

The previous example shows that there is a need to characterize all t-norms such that their border-continuous projection
is a t-subnorm.
It is evident that if T is border-continuous then My =T.

Lemma 1. For a t-norm T : [0,1]> — [0, 1] and x, y € [0, 1] there is
Mr (1, Mr(x,y)) = Mr(Mr(1,X),y)
if and only if there is: either
T (ug, X) = ulirr}— T(u,x)
for some uq € [0, 1[, or
T(a,y)= lim T(v.y)
where a = uin}i T(u,x).
Proof. Assume any x, y € [0, 1] and denote a = uin}i T(u,x) = M7 (1,x). Then
Mr(1.Mr(x.y)) = lim T(.T(x.y)) = lim T(T(u.x).y).
The monotonicity of T implies
uin}T(T(u,X),y) < T(u[)rrllfT(u,X),y) = Mr(Mr(1,%),y).
Case 1: Suppose that T (ug, x) = a for some ug € [0, 1[. Then
Jim T(T(u,2).y) = T(T (o, x).y) = T(a,y) = T( lim T(u.x).y),

i.e., the two opposite inequalities give us My (1, Mr(x,y)) = Mr(Mr(1,x),y).
Case 2: Suppose that T(u, x) < a for all u € [0, 1[. Then due to the monotonicity of T there is T(a,y) = lim T(v,y) if
V—a—

and only if
T( lirrll T(u,x),y)=T(a,y)= lim T(v,y) = lin} T(T(u,x),y),
u—-1- V—a- u—-1-
which means that My (1, My (x,y)) = My (M (1,%),y). O

Proposition 5. For a t-norm T : [0, 1]2 — [0, 1] its border-continuous projection My : [0, 1]> — [0, 1] is a t-subnorm if and
only if the following two conditions are satisfied:

(i) for all x, y € [0, 1] either T(ug,x) = lin} T(u,x) for some ug € [0, 1[, or T(a,y) = lim T(v,y), where a=
u—1- v—a-
lin} T(u,x),
u—-1-
(ii) either lin} T(u,u) =1, or T(ug,vg) = lin} T(u,u) for some ug, vy €[0,1[, or for all x € [0, 1] there is T(b,x) =
u—1- u—s1-

lim T(v,x), where b= lim T(u,u).
v—sb— u—s1-
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Proof. The commutativity, monotonicity and boundedness by the minimum of My are obvious. The associativity of My for x,
¥y, z € [0, 1] with max(x, y, z) < 1 follows from the associativity of T. Further, from Lemma 1 it follows that for all x, y € [0,
1[ there is M7 (1, My (x,y)) = My (M7 (1,x),y) and thus also M7 (1, M7 (x,y)) = My (M7 (1, y), x) if and only if the condition (i)
is satisfied. If x =y =z =1 the associativity is clear.

Finally, assume x € [0, 1[, y =z =1 and denote

b= lirr} T(u,u)=Mr(1,1) = lin} T(u,v).
u—-1- u—1-

v—1-

We have to show that My (1, My (1,x)) = My (M7(1, 1), x). Here
Mr (1, M7 (1,%)) = lin} T(u, lirrll T(v,Xx))
u—1- r—1-

and

Mr(Mr(1,1).%) = T( lim T(u.v).x).

v—1-

Due to Lemma 1 we have

T(u, lirrll T(v,x)) = lirrll T(T(u,v),x)
v—1- v—1-

for all u € [0, 1] and thus

lim T(u, lim T(v,x)) = lim T(T(u,v),Xx). (1)
u—1- v—1- g:)}:

Case 1: Suppose that M(1, 1) < 1 and T(ug,vg) = lim T(u,v) = Mr(1,1) for some ug, vg € [0, 1[. Then
u—1-

v—1"

ulin}iT(T(u, v),X) =Mr(Mr(1,1),x).

v—1-

Case 2: Suppose that My(1, 1) < 1 and T(u,v) < My(1,1) for all u,v € [0, 1[. Then

lin} T(T(u,v),x)=T( lin} T(u,v),x)
u—1- u—s1-

r—1- r—1-
if and only if T(b,x) = limb T(w, x).
WwW— D"
Case 3: Suppose that Mr(1,1) =1 = lin} T (u,u). Then
u—1-

M7 (M7 (1,1),x) = Mr(1,%)
and we have to show that

lim T(u, lim T(v,x)) =M7r(1,x) = lim T(u,x).
u—1- v—1- u—1-

It is evident that M¢(1, M1(1, x)) < Mz(1, x). Thus if M(1, Mz(1, x)) # Mp(Mr(1, 1), x) then (1) implies
lim T(T(u,v),x) = lim T(u, lim T(v,x)) < lim T(u,x) =c.
5:}: u—s1- v—1- u—s1-

In such a case there exists an & > 0 such that for all u,v € [0, 1[ we have T(T(u,v),X) < c— €. On the other hand, there
exists a up € [0, 1[ such that T(up,x) > c— §. Since lim T(u,u)=1 there exists a u; € [0, 1[ such that T(u;, u;) > ug

u—s-1

which implies
c— 6= T(T(ur,up), %) = T(o, ) = ¢~ -
what is a contradiction. Thus M7 (1, Mr(1,x)) = Mr(1,x). O
As an easy corollary of the previous result we get the following.

Corollary 1. Let T:[0,1]> — [0,1] be a t-norm left-continuous on [0, 1[2. Then its border-continuous projection My :
[0,1]2 — [0, 1] is a t-subnorm.

Since we focus on uninorms which are continuous on [0, e[2 U ]e, 1]% then My, is always a t-subnorm and similar result
can be obtained also for Cy.
Further we recall a result from [20] (see also [10]).
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Theorem 1. A mapping M : [0, 1]> — [0, 1] is a continuous proper t-subnorm if and only if it is an ordinal sum of continuous
Archimedean t-norms and a continuous Archimedean proper t-subnorm, M = ({ay, by, My) | k € K), where (Jay, by[)x < k is a dis-
joint system of open subintervals of [0, 1] with by =1 for some ko € K, and My, is a continuous Archimedean proper t-subnorm
and M, is a continuous Archimedean t-norm for all k # ko, i.e.,

a + (b — ak)Mk(k),i:a;ka lii‘:,kk if (x.y) elay. bi]?,

min(x, y) else.

M(x,y) ={

Remark 1. If U is continuous on [0, e[2U]e, 1]2 then Mz, is an ordinal sum of continuous Archimedean t-norms and the
last continuous Archimedean t-subnorm (which can be also a t-norm if Ty is a continuous t-norm) and M, is an ordinal
sum of the first continuous Archimedean t-superconorm (which can be also a t-conorm if Cy is a continuous t-conorm)
and continuous Archimedean t-conorms. Thus there exist a b* € [0, e] and a c¢* € [e, 1] such that U is Archimedean on [b*,
e]? and on [c, b*]? (note that on singletons a uninorm is trivially Archimedean). Here, if Ty (Cy) is not continuous then b*
< e (¢* > e) Further, My, on [0, b*]? is a continuous t-norm (on [0, b*]?) and Mg, on [c*, 1]? is a continuous t-conorm
(on [c*, 1]?).

As the first step we will focus on Archimedean uninorms, i.e., uninorms with Archimedean underlying functions, which
are continuous on [0, e[2U Je, 1]2. The set of continuous Archimedean t-subnorms can be divided into three parts: continu-
ous cancellative t-subnorms, continuous nilpotent t-subnorms, continuous t-subnorms with no nilpotent element which are
not cancellative. Here continuous nilpotent t-subnorms are such that posses a nilpotent element x € 0, 1] with M(x, x) = 0.
Although the structure of uninorms such that My, (Mc,) is not cancellative is quite complicated, in the case that My, (Mc,)
is a continuous cancellative t-subnorm (t-superconorm) several results similar as in the case of uninorms with strict under-
lying functions can be shown. First we recall the result for uninorms with strict underlying functions from [7], which was
later corrected in [17].

Theorem 2. Let U : [0, 1]2 — [0, 1] be a uninorm with the neutral element e € 0, 1[ such that both Ty and Cy are strict then
one of the following seven statements holds:

(i) U € Upin,
(ii)
e'TU(gv% if(xv.)/)e[ove]zs
Uty) — e+(1—-e) QL. =) if (xy) ele 1%,
RO ifx=1ory=1,
min(x, y) otherwise,
(iii)
eTU(gv% lf (X,y)e[O,elz,
Uy = 1E+ -0 QO ED) ifey) ele 1P,
’ 1 if x=1,y>00ry=1,x>0,
min(x, y) otherwise,
(]V) U Eumax,
(v)
e-Ty(% 2 if (x,y) €10, e]?,
Uty) — e+(1—e) QL. =) if (xy) ele 1%,
’ 0 if x=0o0ry=0,
max(x,y) otherwise,
(vi)
ETU(gv% lf (X,y)e[O,e]z,
Uiy = 1e+ -0 QD i cy)ele 1l
’ 0 if x=0y<lory=0,x<1,
max(x, y) otherwise,

(vii) U is representable.

In Section 5 we will show that a similar representation holds also for Archimedean uninorms continuous and cancellative
on |0, e[2U]e, 1[2.
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Let us now recall the fundamental result of Clifford [3].

Theorem 3. Let A # () be a totally ordered set and (Gy )y < 4 With Gy = (Xy, ) be a family of semigroups. Assume that for all
«, B € Awith o < B the sets Xy and Xg are either disjoint or that Xo N Xg = {X, g}, where X, g is both the neutral element of
Ge and the annihilator of Gg and where for each y € A with o < y < B we have X, = {x, g}. Put X = |J Xy and define the

aeA

binary operation * on X by
Xxqy if(x,y) € Xy x Xy,
xxy={x if (x.y) €eXy xXganda < B,
y if (x,y)eXyxXganda > .
Then G = (X, %) is a semigroup. The semigroup G is commutative if and only if for each a € A the semigroup G, is commutative.

Note that ordinal sum constructions of t-norms, t-conorms and uninorms are all based on this result (see [12,13,22]).

Example 3. In the case when for a uninorm U operations Ty and Cy are strict we have two possibilities: either U(x,y) =e
implies x =y =e for all (x, y) € [0, 1]2, or there exist x, y € [0, 1], x < e < y such that U(x,y) = e. From the previous
result we see that then U is representable. In such a case for all x € ]0, 1] there exists a y € ]0, 1[ such that U(x,y) =e.
If we assume a division into sets on which U is closed then the finest possible partition that we can get is to divide [0,
1] into {0}, ]0, 1[, and {1}. Thus we have three semigroups Gq, = ({0}, U), Gq, = (]0, 1[,U), and Gg, = ({1},U). Let < be an
order on the set A= {ay, a,, az}. Then the monotonicity implies a;<a, and az<a,. Thus there are two possible orders on
the set A: either a;<as<a,, which corresponds to a conjunctive representable uninorm, or asz<a;<a,, which corresponds to
a disjunctive representable uninorm. Thus in both cases, i.e., whether U is conjunctive or disjunctive, it is easy to see that U
is equal to an ordinal sum of Gg,, Gq, and Gg;.

Assume now that U(x,y) = e implies x =y = e for all (x, y) € [0, 1]2. Similarly as above we can show that then the
finest partition which we can make is to divide [0, 1] into {0}, ]O, e[, {e}, ]le, 1[ and {1}. Thus we have five semi-
groups Gg, = ({0},U), Gq, = (]0,e[,U), Ga; = ({e},U), Gq, = (Je,1[,U) and Gg; = ({1},U). Let < be an order on the set
A ={ay,ay, a3, a4, as}. Since e is the neutral element we have a;<as for i = 1, 2, 4, 5. Further the monotonicity implies a;<a,
and as~<ay. Then we have the following six possible orders on the set A:

i) ay<ay<as<ay<as,
5 3

i) a1<as<a;<ag=as,

1<0a5=<0y<04=03

iii) aq<as<as<a,<as,
(iii) aq<as<ag=az=<az
(iv) as<aj<ay<ag<as,
(V) a5<0q<d4=<0y<as,
(vi) as<ay=<aq=<ay<as.

Again it is easy to see that an ordinal sum of Gg,, Gg,, Gg;, Gq, and Gqy with the first order corresponds to the form (i)
from Theorem 2, the second to the form (iii), the third to the form (v), the fourth to the form (ii), the fifth to the form (vi)
and the last to the form (iv).

Theorem 3 and Example 3 show that all uninorms with strict underlying functions can be expressed as an ordinal sum
of semigroups related to trivial uninorms (t-norms and t-conorms), representable uninorms and singletons. The same con-
struction can be used also for uninorms continuous on [0, e[2U]e, 1].

4. Continuous cancellative t-subnorms

In this section we will recall several known results and show some new results on continuous cancellative t-subnorms
that we will use in the next section.

From [20] we know that a continuous t-subnorm M is proper if and only if M(1, 1) < 1. Moreover, a continuous t-subnorm
M is proper and Archimedean if and only if M(1, x) < x for all x > 0.

The following result [19, Theorem 27] (see also [25]) is based on results of Aczél [1].

Theorem 4. Let S: [0,1]2 — [0, 1] be a continuous, Archimedean, proper t-subnorm which is cancellative on ]0, 1]2. Then S
has a continuous additive generator.

1 m
The proof of this result is based on the definition of powers xgm) =S(x,S(x, .. .)),xé”) =y if and only if yé") = x,xé”) =z
——

m-times
if and only if zé”) =x§m), for all n,m e N. Since S(1, 1) < 1 we will start from c=1 and then due to continuity of

m
S and its cancellativity cé”) is well defined in the case that I > 1. Thus we can define a strictly decreasing function

m
s* 1 [1,00[NQ — [0, 1], where s*() = cé” ). This function can be uniquely extended to a continuous, strictly decreasing
function s, : [1, co] — [0, 1]. The inverse function s of s« will be then the continuous, strictly decreasing additive generator
of S.
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Note that a continuous, cancellative t-subnorm is Archimedean. Indeed, in the opposite case the continuity implies exis-
tence of a non-trivial idempotent point which, however, violates the cancellativity.
Now we will show that each proper, continuous, cancellative t-subnorm is isomorphic to the t-subnorm Sp(x,y) = %

Proposition 6. Let S : [0, 1]2 —> [0, 1] be a proper, continuous, cancellative t-subnorm. Then there exists an increasing isomor-
phism ¢ : [0, 1] — [0, 1] such that S(x,y) = w‘l(w) for all (x, y) € [0, 1]°.

Proof. Due to Theorem (4) S has an additive generator s* which is unique up to a positive multiplicative constant. Then
s* is continuous and strictly decreasing with s*(0) = oo, s¥(1) > 0. Moreover, the t-subnorm Sp has an additive generator
s(x) = — ln(g). Let m be an additive generator of S such that m(1) =s(1), and let s~! be an inverse function to s. Then the
function ¢ : [0, 1] — [0, 1] given by ¢(x) =s~1(m(x)) is continuous, since both s, m are continuous, increasing, since both
s, m are strictly decreasing and ¢ (0) =0, ¢(1) = 1. Thus ¢ is an increasing isomorphism on [0, 1]. Further,

o1 (D)) o1 (1 (st 0) +5(p) = M (o) +my) = S ).

By duality between t-subnorms and t-superconorms we can show the following result.

Proposition 7. Let R : [0, 1]> — [0, 1] be a proper, continuous, cancellative t-superconorm. Then there exists an increasing iso-
morphism ¢ : [0, 1] — [0, 1] such that

R(x,¥) =¢1(1 +‘p(")+¢0;) —40(’0-900/))

for all (x, y) € [0, 1]2.

Note that the t-subnorm Sp is dual to the t-superconorm Rp given by Rp = ”X*% It is also easy to see the following
corollary.

Corollary 2.

(i) Let T be a t-norm such that My is a proper, continuous, cancellative t-subnorm. Then T is isomorphic to T°, where TP :
[0,1]2 — [0, 1] is a t-norm given for all (x, y) € [0, 1]? by
g if max(x,y) <1,

TP(XMV) = {

min(x,y) else.

(i) Let C be a t-conorm such that M¢ is a proper, continuous, cancellative t-superconorm. Then C is isomorphic to C?, where
CP: 10,112 — [0, 1] is a t-conorm given for all (x, y) € [0, 1]2 by

X=Xy if min(x,y) > 0,

max(x,y) else.

C'(x,y) = {

Based on these results we can show the following.

Proposition 8. Let U : [0, 1]2 —> [0, 1] be a uninorm such that My, is a proper, continuous, cancellative t-subnorm and M,
is a proper, continuous, cancellative t-superconorm. Then there exists an increasing isomorphism ¢ : [0,1] — [0, 1] such that
URx.y) =@ 1 (UP(p(x). ¢(¥))) for all (x, y) € [0, 1], where UP is a uninorm such that My, = %) and Mg, = ”"Eﬁ

Proof. Due to Corollary 2 we know that there exist two increasing isomorphisms i, ¢ on [0, 1] such that Ty(x,y) =
YU TP (Y X)), v ), Cux,y) =d 1 (CP(¢d(x),p(¥))). For any ey € 10, 1[ and the neutral element e € |0, 1] of U we define
an increasing isomorphism ¢ : [0, 1] — [0, 1] by

e Y(¥) if x<ey,
pKx) = ie+ (1-e) "15()1(:?1) otherwise.

Then ¢(0) =0, ¢(1) =1 and @(e1) = e. Since isomorphic transformation of a uninorm is again a uninorm then UP(x,y) =
@U(p~1(x).¢~1(y))) is a uninorm. Moreover, it is easy to see that My, = % and M, = w O

Similarly we can show the following results.

Proposition 9. Let U : [0, 1]2 —> [0, 1] be a uninorm such that My, is a proper, continuous, cancellative t-subnorm and M,
is a continuous, cancellative t-conorm. Then there exists an increasing isomorphism ¢ :[0,1] — [0, 1] such that U(x,y) =
@ VY (UPT (p(x), ¢ (¥))) for all (x, y) € [0, 1]2, where UPT is a uninorm such that My, = 5 and Mcpr =X+Yy —X-).

Proposition 10. Let U : [0, 1]2 — [0, 1] be a uninorm such that My, is a continuous, cancellative t-norm and Mg, is a proper,
continuous, cancellative t-superconorm. Then there exists an increasing isomorphism ¢ :[0,1] — [0, 1] such that U(x,y) =
@ T (UPC(¢(x). ¢(¥))) for all (x,y) € [0, 1]?, where UPC is a uninorm such that Mr,,. = x-y and Mg, = Lixiyxy,
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5. Uninorms continuous and cancellative on ]0, e[2U ]e, 1[2

First let us observe that due to the boundedness by the minimum (maximum) from above (from below) of a t-subnorm
(t-superconorm) a uninorm which is continuous on ]0, e[2 U Je, 1[? is continuous on [0, e[2U]e, 1]2. If a uninorm is can-
cellative and continuous on ]0, e[2UJe, 1[? then it is Archimedean. First we will focus on these uninorms and then we will
discuss related non-Archimedean (i.e., non-cancellative) uninorms.

5.1. Archimedean uninorms

We will now proceed similarly as in [7], although in our case there are few differences that should be modified.

Lemma 2. Let U : [0,1]2 —> [0, 1] be a uninorm with the neutral element e 10, 1], such that My, and Mg, are continuous
and cancellative. Then

(i) if U(xg,Yo) = xg for some xq € 10, e[, yo € le, 1] then U(x,yq) = x for all x € [0, e].
(ii) if U(xg,¥g) = yo for some xy € 10, e[, yg € le, 1] then U(xg,y) =y for all y € e, 1].
Proof. We will show only the first part as the second part is analogous. Let U(xp,Yo) = Xo. Since My, is cancellative we

have U(xop, u) > 0 for all u > 0. Then since My, is continuous for all u € [0,U(e/2,Xq)] there exists a t € [0, e] such that
U(t,xg) = u. Then

U(u, yo) =U(t,U(X0.y0)) = U(t, Xo) = u.
Now assume any x € [0, e[: then there exists a g € [0, e] such that U(x, q) € [0,U(e/2, xg)]. Then U(x, yg) > x and if U(x, yg)
> x we have

U(g.x) =UU(q.x).yo) =U(q.U(X.y0)) > U(q. X)
what is a contradiction. The last inequality follows from the cancellativity of My, and from U(q, U(x, o)) > q > U(q, x) in

the case that U(x, yg) > e. Summarizing, U(x,yo) =x for all x € [0, e[. O

Lemma 3. Let U : [0,1]2 — [0, 1] be a uninorm with the neutral element e € |0, 1[, such that My, and Mg, are continuous
and cancellative. Then

(i) if U(xg,y0) = X for some xq € 10, e[, yo € le, 1[ then U(x,y) =x for all x € [0, e[, y € [e, 1[.
(ii) if U(xg,Yo) = Yo for some xo € 10, e[, yo € le, 1[ then U(x,y) =y for all x € 10, e], y € Je, 1].

Proof. We will again show only the first part as the second part is analogous. From the previous lemma we know that
U(x,yg) =x for all x € [0, e[. Let U(x, z) > x for some x € |0, e[, z € le, 1[. Then U(x,yg) =x and U(x,e) =x, i.e, z > yq.
Further,

U(x,z) =UU(x,¥0),2) =UU(,2),¥0) = --- =UU(x,2),U(yo, ..., ¥0))-
——

n-times

Since Mg, is Archimedean we have lim U(yo,..., ¥o) =1 and thus U(U(x,z),t) =U(x,z) for all t € [e, 1[. Particularly,
n—o00 S
n-times

UWU(x,z),z) =U(x,z) and thus if U(x, z) < e the previous lemma implies U(x,z) = x. In the case when U(x, z) > e then
UU(x,2),t) =U(U(x,2),e) for all t  [e, 1] violates the cancellativity of M, . Therefore U(x,y) =x for all x € [0, e[, y € Je,
1[. The monotonicity and the neutral element of U then imply the result. O

We see that if for a single point (x, y) from ]0, e[ x ]e, 1] we have U(x,y) = min(x,y) (U(x,y) = max(x,y)) then U = min
(U = max) on the whole set |0, e[ x e, 1[. We will now check the values U(0, x) and U(1, x) for x € [0, 1].

Lemma 4. Let U : [0,1]2 — [0, 1] be a uninorm with the neutral element e 10, 1|, such that My, and Mg, are continuous
and cancellative. Then U(0, x) € {0, x} and U(1, x) € {1, x} for all x € [0, 1].

Proof. We will show only U(0, x) € {0, x} for all x € [0, 1] as the proof of the second part is analogous. It is evident
that U(0,x) =0 for all x € [0, e]. Now suppose that U(0, x) = c €]0, x| for some x € ]e, 1]. Then the associativity implies
U(0,c) =c and if ¢ < e we get c =0 what is a contradiction. Thus ¢ > e. Then due to the continuity of MCU there exist a, b
€ le, 1] such that U(x,a) = U(c, b), where a # b due to the cancellativity of Mc,. Then

U(c,b) =U(0,U(c,b)) =U(0,U(x,a)) =U(c,a)
what is a contradiction with the cancellativity of Mg,. O

Lemma 5. Let U : [0,1]2 —> [0, 1] be a uninorm with the neutral element e 10, 1|, such that My, and Mg, are continuous
and cancellative. Then if there exists a p € [0, 1] such that U(0,x) =0 for all x < p and U(0,x) = x for all x > p then p is an
idempotent point of U. Similarly, if there exists a q € [0, 1] such that U(1,x) =x for all x < q and U(1,x) =1 for all x > q then
q is an idempotent point of U.
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Proof. We will again show only the first part of the claim as the second part is analogous. Let U(0,x) =0 for all x < p and
U(0,x) =x for all x > p. Then p > e. If p = e we are done, and therefore we will suppose that p > e. If p is not an idempotent
element then there exists p; € Je, 1[ such that p; < p and U(p;, p;) > p. Then we have 0 =U(0, p;) =UU (0, p1), p1),
however, U(0,U(p1, p1)) =U(p1, p1) > p, what is a contradiction. O

Remark 2. The previous results show that if for a uninorm U, such that My, and Mg, are continuous and cancellative, there
is U(x,y) = x for some (x, y) € ]0, e[ x ]e, 1] then U has one of the forms (i), (ii), or (iii) from Theorem 2. If U(x,y) =y for
some (x, y) € |0, e[ x ]e, 1[ then U has one of the forms (iv), (v), or (vi) from Theorem 2.

We will denote by Uy, all uninorms of the form (i), (ii), (iii), (iv), (v), or (vi) from Theorem 2. In the following we will
investigate uninorms, such that My, (M, ) is a continuous cancellative t-subnorm (t-superconorm), which are not from the
set Unr.

Lemma 6. Let U : [0,1]2 —> [0, 1] be a uninorm with the neutral element e € 10, 1[, such that My, and Mg, are continuous
and cancellative, however, at least one of the underlying functions of U is non-continuous. Then

(i) there does not exist xq € |0, e[ such that xq < U(xg, y) < eforally € le, 1],
(ii) there does not exist yg € e, 1] such that e < U(X, yo) < yo for all x € 10, e[.

Proof. We will again show only the first part as the second part is analogous. Suppose the contrary, i.e., that there exists
an xg € |0, e[ such that x5 < U(xg, y) < eforally e Je, 1|. Let

x1 =sup{x €]0, e[| U(x,y) < e for all y €]e, 1[}.

Then e > x; > 0 and since My, is cancellative either U(xy, x1) < X1, or x; = e. If U(xp,y2) = x, for some x; € ]0, e[, y; € |e,
1[, then by Lemma 3 also U(xq,y,) = Xg, wWhat is a contradiction. Thus

U(x,y) > x for all x €]0, e[,y €]e, 1]. (2)

First we will show that x; = e. Suppose that x; < e. Then for all &€ > 0 (small enough) there exists a y. € le, 1[ such
that U(x; +¢,ye) > e. Let y; € Je, 1[. Then (2) implies U(xq, y1) > x; and for gy = U(x1,y1) — x; we get

U1, U1,Ye,)) =UU X1, Y1), Ye,) =UX1 +6y,¥e,) > €.

Suppose that U(x3, y3) > x; for some X3 < X1, y3 € e, 1[. Then for z =U(y1, ye,) we get U(x3,U(y3,2)) =UU(x3,y3),2) > e.
Since Mg, is cancellative and y1, ye,, y3 €le, 1[ also U(ys, z) € e, 1[ which is a contradiction since from the definition of x;
it follows that U(xs3, q) < e for all q € e, 1], i.e.,

U(x3,U(ys3,2)) <e.

Thus U(x, y) < x; for all x < x4, y € le, 1[. Further, U(x;, z) > e implies U(U(xq, X1), z) > X1, however, since U(xq, X1) < x; we
have also U(U(xq, X1), ) < x; what is a contradiction. Therefore x; = e.
This means that we have U(x, y) < e for all x € ]0, e[, y € |e, 1[. Together with (2) we get

x<Ux,y) <eforall x<]0, e[,y €le, 1]. (3)

Since My, (Mg,) is a continuous cancellative t-subnorm (t-superconorm), but the underlying functions of U are not con-
tinuous, then U is isomorphic to one of the uninorms from Propositions 8, 9 and 10. We will focus only on the first
two cases as the remaining case is analogous. This means that there exists an isomorphism ¢ : [0, 1] — [0, 1] such
that U : [0,1]> — [0, 1] given by U?(x,y) = ¢~ ' (U(¢(x), ¢(y))) is a uninorm with the neutral element e = % such that
U%(x,y) =x-y for all x,y € [0, 1[. Then (2) implies for all x €]0, 3[, y €], 1]

1
x<U?(x,y) < 5
We will show that such a uninorm does not exist. Assume any x4 €]0, %[, V4 e]%, 1[. Then U%(x4,y4) = a for some a ¢
Ix4, %[. The associativity gives
U?(x4-u,ys) =U?(U?(x4,u),ys) =u-a
for all u €]0, 1[. For all x €]0, 1[ there exist xs, xg €]0, 1[ such that x = % We have

Xs-X-d
X5 -UP(X%,y4) =U%(x-x5,y4) =U?(U?(x4,X6),Ys) =X -0 = 5X4 .

Thus U? (x,y4) = 52 for all x €]0, 1[. Since a €]x4, 1[ we have a — x4 = ¢ > 0 and since U%(x, y4) < 1 for all x €]0, J[ we get

"‘(’;44“7) < 1. what is a contradiction since lim W > 1.

X—)j

Now we recall [14, Proposition 1].
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Proposition 11. Let f(x, y) be a real valued function defined on an open set G in the plane. Suppose that f(x, y) is continuous in
x and y separately and is monotone in x for each y. Then f(x, y) is (jointly) continuous on the set G.

Lemma 7. Let U : [0, 1]2 —> [0, 1] be a uninorm with neutral element e € |0, 1[, such that My, and Mg, are continuous and
cancellative. If U ¢ Uy then U is a representable uninorm, i.e., a uninorm with continuous underlying functions.

Proof. Since U ¢ Uy Remark 2 implies that y > U(x, y) > x for all x € 10, e[, y € Je, 1].
First assume that U(Xq, yo) = e for some xq € ]0, e[, yo € le, 1[. Then also

U(U(X0,%0),U(¥0,¥0)) =€

and since U is Archimedean if we repeat this several times we see that we can find an arbitrarily small ¢ > 0 and x;
€ 10, &[ (ye €]1 — &, 1[) such that U(xs,y:) = e for some y. € le, 1[ (xs € 0, e[). Then since My, (Mc,) is continuous for
all x € 10, e[ (y € ]e, 1]) there exist an € > 0 such that U(x,z) =x. for some z € |0, e[ (U(y,z) =y, for some z ¢ ]e,
1[). Then U(U(x,z),y:) =e (UU(y,z),x:) =e) and thus for all x € |0, e[ and all y € ]e, 1] there exists u,v € [0, 1] such
that U(x,u) = e =U(y,v). Since the uninorm U is monotone for every x € [0, 1] the function uy : [0, 1] — [0, 1] given by
ux(z) =U(x,z) for z € [0, 1], is continuous if and only if its range is a connected set. However, if U(x, u) = e for some u ¢
[0, 1] then

Ux,U(u,a))=UU(x,u),a)=a

for all a € [0, 1] and thus Ran(uy) = [0, 1] for all x € ]0, 1[. Due to Proposition 11 U is continuous on ]0, 1[2. However, then
Ty and Cy are continuous, i.e., strict and since U ¢ Uy according to Theorem 2 U is representable.

Now assume that U(x, y) # e for all X € ]0, e[, y € ]e, 1[. Then U is not representable and since U ¢ U, we know that
at least one of the underlying functions of U is not continuous. Then Lemma 6 and Remark 2 imply that there exist x; € ]0,
el, y1 € le, 1] such that

x1 <U(x1,y1) <e.
If U(U(xq, y1), 2) = x; for some z € |0, e[ then since My, is continuous there exists a z; € |0, e[ such that
U1, U(y1,21)) =UUX1,¥1),21) = X1.

Then the cancellativity of My, and the fact that y > U(x, y) > x for all x € ]0, e[, y € |e, 1[, implies U(y1,z;) = e what
is a contradiction. Thus U(U(xy, y1), z) < x; for all z € ]0, e[. Then by associativity U(x;, U(y1, z)) < x; which implies by
monotonicity U(yq, z) < e for all z € 0, e].

Now let

a=sup{y ele,1[| U(y,z) < e for all z €]0, e[}.

Then a > e and we will show that a is an idempotent point: otherwise there exists a; € le, 1] such that a; < a < U(a,, a;).
Then there exists z, € |0, e[ such that U(U(ay, ay), z;) > e. However, U(aq, z;) < e and thus U(ay, U(ay, z3)) < e what is a
contradiction. Thus a € Je, 1] is an idempotent element and since M, is cancellative we get a = 1. Therefore z < U(y, z) <
e for all z € 10, e[, ¥ € Je, 1, which is a contradiction with Lemma 6. O

We have now characterized all uninorms continuous and cancellative on ]0, e[2 U Je, 1[2. For such a uninorm we have
either U € Uy or U is representable.

5.2. Related non-Archimedean uninorms

Further we will focus on related non-Archimedean uninorms continuous on [0, e[2U]e, 1]2. We plan to solve the case
when U has continuous underlying functions in [23,24]. Here we will suppose that at least one of the underlying functions
is non-continuous.

Definition 1. Let 2/ be the set of all uninorms continuous on [0, e[? U ]e, 1]? such that there exists an idempotent point by
€ [0, 1], by < e, such that U is continuous and cancellative on by, e[2, and let U be the set of all uninorms continuous on
[0, e[2U e, 1]? such that there exists an idempotent point ¢y € [0, 1], ¢y > e, such that U is continuous and cancellative on
le, col?.

Observe that if U € U4 then for the corresponding by we have by = sup{b € [0, e[| b is an idempotent point} and if U
Uyrcc then for the corresponding ¢y we have ¢y = inf{c €]e, 1] | ¢ is an idempotent point}.

We will discuss three classes:

Class I: uninorms U from .. N U, such that Ty and Cy are non-continuous.

Class II: uninorms U from . such that Ty is non-continuous and Cy is a continuous t-conorm.

Class III: uninorms U from U such that Cy is non-continuous and Ty is a continuous t-norm.

We will denote the union of all three classes by C.

First we will show the structure of a uninorm from C on idempotents.

Proposition 12. Let U < C. Then for all idempotent elements a < [0, 1] of U we have U(a, x) € {a, x} for all x € [0, 1].
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Proof. If a = e the result is trivial. Suppose that a < e (the case when a > e is analogous). If x € [0, e] then the claim follows
from the ordinal sum structure of My, . Suppose that x > e and U(a,x) =z €]a, x[. If z < e then

a=U(a,z)=U(a,U(a,x)) =z
what is a contradiction. Thus z > e.
If there exists an idempotent point v € [z, x] of U then
z=U(a,x) =U(a,U(w,x)) =U(z,v) =,
i.e., z = v which implies
z=U(z,z2) =UU(a,x),z) =U(x,2) =X,

what is a contradiction. Therefore there is no idempotent point of U in [z, x]. Since ¢y is an idempotent point we have x #
co. Now there are two cases.
Case 1: If x € |e, cg[ then

U(z,z) =UU(a,x),U(a,x)) =U(a,U(x,x)) =U(x,2)

what is a contradiction with the cancellativity of Mg, on e, col?.
Case 2: If x € ]cg, 1] then since M, is a continuous t-conorm on [co, 1]? there exists a z; such that U(z, z;) = x. Then

z=U(a,x) =U(a,U(z,21)) =U(z,21) =X,
what is a contradiction. Summarizing, U(a, x) < {a, x} for all x ¢ [0, 1]. O

Further we will show the structure of a uninorm from C on some special subregions of [0, 1]2. For this we first recall [4,
Theorem 5.1]. Here ¢(e) = {U : [0, 1]> — [0, 1] | U is associative, non-decreasing, with the neutral element e € [0, 1]}. Thus
U € U(e) is a uninorm if it is commutative.

Theorem 5. Let U cli(e) and a, b, ¢, d € [0, 1], a < b < e < ¢ < d, be such that U|[a,b]2 is associative, non-decreasing, with the

neutral element b and U |[c dP2 is associative, non-decreasing, with the neutral element c. Then the set ([a, b]U|[c, d])? is closed
under U.

Proposition 13. Let U : [0, 11> — [0, 1] be a uninorm, U € C and let a, b € [0, e] and c, d € [e, 1] be idempotent elements of
U a <band c < d. Then ([a, b[u{U(b, c)}U]c, d])? is closed under U.

Proof. From Theorem 5 we know that the set ([a, b]U[c, d])? is closed under U. Further, Proposition 12 implies that U(b, c) €
{b, c}. If b =c we are finished and therefore we will suppose that b < c. Assume that U(b, ¢) = b (the case when U(b,c) =c
is analogous). Then if there exist x, y € [a, b U{U(b, c)}U]c, d] such that U(x,y) = c the monotonicity implies that x and y
can be selected in such a way that x € [a, b] and y € ]c, d]. Then

c=Uxy)=UU(x,b),y)=U(c,b) =b,
what is a contradiction. Thus the set ([a, b[ U{U(b, c)}U]c, d])? is closed under U. O

Proposition 14. Let U : [0,1]> — [0, 1] be a uninorm, U € C and let a, b € [0, e] and ¢, d € [e, 1] be idempotent elements of
U, a < b and ¢ < d, such that there is no idempotent element of U in |a, b[U]c, d[. If ([a, b[U]c, d])? is not closed under U then
U(b, ¢) is the neutral element of U on ([a, b[ U{U(b, c)}U]c, d])2.

Proof. If ([a, b[U]c, d])? is not closed under U then due to the monotonicity there exist a x; € ]a, b[ and a y; € |c, d[ such

that U(xq,y1) =U(b, ¢). Assume that U(b, c) = b (the case when U (b, ¢) = c is analogous). Then U(x, b) = x for all x < [a, b].

Further, U(y, b) € {y, b} for all y € ]c, d]. If U(y,, b) = b for some y, € ]c, d] then also b=U(b,U(y>, ..., y>)) and together
~——

n-times

with monotonicity we get U(y,b) = b for all y € ]c, d[. Then also U(b,y;) = b and we get
b=U(b,U(b,b)) =UU(x1,b),U(y1,b)) =U(x1,b) = x4

what is a contradiction. Thus U(b,y) =y for all y € |c, d[. From monotonicity then also U(b,d) =d. Thus U(b, c) is the
neutral element of U on ([a, b{ U{U(b, ¢)}U]c, d])?. O

Remark 3. If for U € C the set ([a, b[U]c, d])? is closed under U, where a, b € [0, e] and ¢, d € [e, 1] are idempotent
elements of U, a < b and ¢ < d, such that there is no idempotent element of U in ]a, b U]c, d[ then U on ([a, b|U{e}U]c,
d])? is isomorphic to a uninorm with Archimedean underlying functions. These underlying functions can be either strict,
or nilpotent, or non-continuous such that their border-continuous projection is continuous and cancellative. If the set ([a,
b[U]c, d])? is not closed under U and a, b < [0, e] and ¢, d < [e, 1] are idempotent elements of U, a < b and ¢ < d, such that
there is no idempotent element of U in a, b[U]c, d[ then U on ([a, b[u{U(b, c)}U]c, d])? is isomorphic to a representable
uninorm.

To conclude our investigation we should characterize all uninorms with Archimedean underlying functions, which are
either strict, or nilpotent, or non-continuous such that their border-continuous projection is continuous and cancellative.
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The case when both underlying functions are cancellative was covered in the previous section. If both underlying functions
are nilpotent then we have the following result.

Theorem 6 ([17]). Let U : [0,1] — [0, 1]> be a uninorm with the neutral element e < |0, 1[ such that both Ty and Cy are
nilpotent. Then either one of the following two statements holds:
(i) U € Upin,
(11) Ue I/{max.
Finally, we add the two remaining combinations.
Proposition 15. Let U : [0, 1] — [0, 1] be a uninorm with the neutral element e < 10, 1| such that My, is continuous and
cancellative and Cy is a nilpotent t-conorm. Then either one of the following two statements holds:
(i) U € Upin,
(ii) U € Umax.
(iii)

e-Ty(%, % if (x.y) € [0.eP.
U et+(1-e) -GS 1) if (ry)ele 1]
(*y) = 0 ifx=0
max(x,y) otherwise.

Proof. If C; is a nilpotent t-conorm then for each y € Je, 1] there exists exactly one yY € Je, 1] such that U(y,yV) =1 and
U(q, yY) < 1 for all ¢ < y. Assume a x; < [0, e[. Then Proposition 12 implies U(x;, 1) € {1, x;}. If U(x;,1) = 1 then for all y
€ le, 1[ we have U(xq, y) € [x1, y] and

1=UU.y"), %) =UU.x1), ")
which means that U(y,x;) =y. If U(1,x;) = x; then the monotonicity implies U(y, x;) = x; for all y € Je, 1].
Further, if U(1,x) =1 for some x < ]0, e[ then 1 =U(1,U(x,...,x)) for all n € N. Since My, is Archimedean for each q €
——

n-times

10, e[ there exists an N € N such that U(x, ..., X) < q and thus the monotonicity of U implies U(1,q) =1 for all g € |0, e].
——

N-times
Therefore either U(x,y) = max(x,y) for all x € ]0, e[, y € le, 1], or U(x,y) = min(x,y) for all x € ]0, e[, y € ]e, 1]. Moreover,
either U(0,y) =0 forally € [e, 1], or U(0,y) =y for all y € [e, 1]. Summarising we get the result. O

Similarly we can show the following result.

Proposition 16. Let U : [0, 1] —> [0, 1]> be a uninorm with the neutral element e < |0, 1[ such that Mg, is continuous and
cancellative and Ty is a nilpotent t-norm. Then either one of the following two statements holds:

(i) U € Unin,
(ii) U € Unax.,
(iii)

e-Ty(%, L if (x,y) €0, ¢e]?,

e+ (1—e) Cu(2=2, =) if(x, e, 1%,
Ulx.y) = ( ) -Gz, =) ifi_y)le[ ]

min(x, y) otherwise.

Remark 4. Summarising all previous results: for every U € C we know its structure on idempotents and on every closed
subset. Therefore we know all possible structures of U on the whole [0, 1]2. Moreover, it is possible to show that the struc-
ture of a uninorm from C is similar to that of a uninorm with continuous underlying functions, i.e., that it is an ordinal sum
of continuous t-norms and t-conorms, representable uninorms and cancellative continuous t-subnorms and t-superconorms
(possibly without border points). However, the construction of the order in the ordinal sum is quite lengthy and therefore
we will not go into details and we recommend interested readers to our future work in [23,24].

6. Conclusions

We have investigated uninorms continuous on [0, e[2UJe, 1] and we have shown that these are related to continuous
proper t-subnorms (t-superconorms). We have characterised uninorms continuous on [0, e[2 U Je, 1] such that Mg, (Mg,)is a
continuous cancellative t-subnorm (t-superconorm). We have also discussed related non-Archimedean uninorms continuous
on [0, e[?U]e, 1]%. Our results indicate that in the context of this paper cancellativity of the underlying functions of a
uninorm can substitute continuity. Beside our main aim we have also shown when a border-continuous projection of a
t-norm is a t-subnorm.
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Abstract

The structure of idempotent n-uninorms is studied. We show that each idempotent 2-uninorm can be expressed as an ordinal
sum of an idempotent uninorm (possibly also of a countable number of idempotent semigroups with operations min and max) and
a 2-uninorm from Class 1 (possibly restricted to open or half-open unit square). Similar results are shown also for idempotent
n-uninorms. Further, it is shown that idempotent n-uninorms are in one-to-one correspondence with special lower semi-lattices
defined on the unit interval. The z-ordinal sum construction for partially ordered semigroups is also defined.
© 2020 Elsevier B.V. All rights reserved.
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1. Introduction

The aggregation operators on the unit interval have applications in many domains such as data fusion, control
systems, multi-criteria decision making, image processing, expert systems and many others. The associativity of a
binary function brings an advantage of an easy extension to any finite number n > 2 of inputs, particularly to an
aggregation operator. Moreover, additional input is easily combined with the previous output by an associative func-
tion. This is the reason why associative functions, especially associative aggregation operators were widely studied in
the past decades. At the beginning the biggest attention was given to t-norms and t-conorms [3,9], which were later
generalized into uninorms capable of representing bipolar aggregation (see [7,11,22]). These functions represent the
class of associative aggregation operators that are commutative and posses a neutral element. Another generalization
of t-norms and t-conorms yields nullnorms (also called t-operators) [5,10]. These functions represent the class of
associative aggregation operators that are commutative and posses an annihilator.

The class of continuous t-norms was easily characterized, showing that each continuous t-norm is an ordinal sum
of continuous Archimedean t-norms, which can be further divided into strict and nilpotent, while each pair of strict
(nilpotent) t-norms is isomorphic. Since t-conorms are dual operations to t-norms the characterization of continuous t-
conorms is straightforward. In the case of uninorms, several characterizations of uninorms were obtained under partial
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continuity conditions (such as continuity on the open unit square [7,8,16], or continuity of the underlying functions
[4,13,15]).

The above generalizations bring together t-norms and t-conorms. In the second step a notion that brings together
uninorms and nullnorms was introduced by Akella [1]. These special aggregation operators are called n-uninorms and
each n-uninorm possesses 7 local neutral elements. The basic structure of n-uninorms was described by Akella in [1].
Further, 5 possible classes, defined by values of U 2(0, 1), U%(0, z;) and U?(z;, 1) were characterized in [23]. If for a
2-uninorm there is e; = 1 we obtain a uni-nullnorm and if e; = 0 we obtain a null-uninorm [18]. The migrativity and
the distributivity of uni-nullnorms were studied in [20,21].

In this paper we focus on idempotent rn-uninorms. Since idempotent uninorms were fully characterized in [12,17],
we would like to extend these results also for n-uninorms. This paper is the first work towards the characterization of n-
uninorms with continuous underlying functions. In the next papers we would like to characterize the basic structure of
n-uninorms with continuous underlying functions, study characterizing functions of such n-uninorms and afterwards
describe their decomposition into irreducible semigroups. Note that the first step towards this end was done by Sun,
Wang and Qu in [19], where uni-nullnorms with continuous Archimedean underlying functions were characterized.

In the following section we recall all necessary basic notions and results. In Section 3 we will study the basic
structure of 2-uninorms and n-uninorms. In Section 4 we define the z-ordinal sum construction for partially ordered
semigroups and we show that idempotent n-uninorms are in one-to-one correspondence with special partial orders on
[0, 1]. Finally, we give our conclusions in Section 5.

2. Basic notions

A triangular norm ([9]) is a binary function T : [0, 11> —> [0, 1] which is commutative, associative, non-decreasing
in both variables and 1 is its neutral element. Due to the associativity, n-ary form of any t-norm is uniquely given and
thus it can be extended to an aggregation function working on (_J,,.x[0, 1]". Dual functions to t-norms are t-conorms.
A triangular conorm ([9]) is a binary function S': [0, 112 —> [0, 1] which is commutative, associative, non-decreasing
in both variables and O is its neutral element. The duality between t-norms and t-conorms is expressed by the fact that
from any t-norm 7 we can obtain its dual t-conorm § by the equation

Sx,y)=1-T(1 —x,1—y)

and vice-versa.
Since we will work in this paper with ordinal sums of semigroups we recall the fundamental result of Clifford [6].

Theorem 2.1. Let A # 0 be a totally ordered set and (G y)qea with Gy = (X, %) be a family of semigroups. Assume
that for all a, B € A with a < 8 the sets X, and Xg are either disjoint or that Xo N Xg = {xq,p}, Where x4 g is both
the neutral element of G and the annihilator of G g and where for each y € Awitha <y <  we have X, = {xq g}
Put X = |J Xy and define the binary operation x on X by

a€cA
X*qy If(x,y) € Xy X Xq,
Xky=1Xx if(x,y) € Xy x Xganda < B,
y if(x,y) € Xo x Xgand o > B.

Then G = (X, *) is a semigroup. The semigroup G is commutative if and only if for each a € A the semigroup G is
commutative.

The ordinal sum construction for t-norms and t-conorms reduces to the following proposition [9].

Proposition 2.2. Let K be a finite or countably infinite index set and let (Jag, byDrex ((ck, diDrex ) be a system of
open, disjoint subintervals of [0, 1]. Let (Ti)rek ((Sk)kek ) be a system of t-norms (t-conorms). Then the ordinal sum
T = ({ak, br, Ty) | k € K) (S = ({ak, b, Sk) | k € K)) given by

Ca+ bk —a) TG, 2255 if (x, ) € lags bl

T,y)=1 " P imar
min(x, y) else

171



FSS:8013

A. Mesiarovd-Zemdnkovd Fuzzy Sets and Systems eee (eeee) eoe—soe

and

S(x.y) = ck + (dk — c)Sk(F=%, g=&) if(x,y) € le. diP
max(x, y) else

is a t-norm (t-conorm). The t-norm T (t-conorm S) is continuous if and only if all summands Ty (Sy) for k € K are

continuous.

Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous Archimedean t-norms (t-conorms).
Note that a continuous t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent points O
and 1. A continuous Archimedean t-norm 7' (t-conorm S§) is either strict, i.e., strictly increasing on ]0, 11? (on
[0, 1[?), or nilpotent, i.e., there exists (x, y) € ]0, 1[? such that T (x, y) =0 (S(x, y) = 1). Moreover, each continuous
Archimedean t-norm (t-conorm) has a continuous additive generator, which is uniquely determined up to a positive
multiplicative constant. More details on t-norms and t-conorms can be found in [3,9].

A uninorm (introduced in [22]) is a binary function U : [0, 112 —> [0, 1] which is commutative, associative, non-
decreasing in both variables and have a neutral element e € [0, 1] (see also [7]). Evidently, if e =1 (e = 0) then we
retrieve a t-norm (t-conorm).

For each uninorm the value U (1, 0) € {0, 1} is the annihilator of U. A uninorm is called conjunctive (disjunctive)
if U(1,0) =0 (U(1,0) = 1). For each uninorm U with the neutral element ¢ € ]0, 1[, the restriction of U to [0, 6]2 is
a t-norm on [0, e]z, i.e., a linear transformation of some t-norm T on [0, 1]? and the restriction of U to [e, 1]2 is a
t-conorm on [e, 112, i.e., a linear transformation of some t-conorm Sy;. Moreover, min(x, y) < U (x, y) < max(x, y)
for all (x,y) € [0, e] x [e, 1]U[e, 1] x [0, e].

Similarly as in the case of t-norms and t-conorms we can construct uninorms using additive generators (see [7]).
A uninorm which possesses a continuous additive generator is called representable. Note that in [16] (see also [11]) it
was shown that a uninorm is representable if and only if it is continuous on [0, 112 \ {0, 1), (1,0)}.

Definition 2.3. A uninorm U : [0, 112 —> [0, 1] is called internal if U (x, y) € {x, y} for all (x, y) € [0, 11; and it is
called idempotent if U (x, x) = x for all x € [0, 1].

Observe that if a uninorm U is internal then it is also idempotent and vice-versa.
Let us recall the basic result from [17] that characterizes idempotent uninorms.

Theorem 2.4. Let U: [0, 11> —> [0, 1] be a binary function. Then U is an idempotent uninorm with the neutral
element e € 10, 1] if and only if there exists a non-increasing function g: [0, 1] —> [0, 1], symmetric with respect to
the main diagonal, with g(e) = e, such that

min(x, y) ify <g(x) or (y =g(x) and x < g(g(x))),
U(x,y)={max(x,y) ify>gx)or(y=gx)andx > g(g(x))),
xory ify=g(kx)and x = g(g(x)),

being commutative in the points (x,y) such that y = g(x) with x = g(g(x)). This class of uninorms is denoted by
Uide-

Note that the graph of the function g from Theorem 2.4 is a subset of the graph of the characterizing set-valued
function of an idempotent uninorm (for more details see [14,15]). Therefore the completed graph of the function g
divides the idempotent uninorm U into two parts: below the completed graph of g we have U (x, y) = min(x, y), i.e.,
U(x,y) < e, and above the completed graph of g there is U (x, y) = max(x, y),i.e., U(x,y) > e.

Uninorms with continuous underlying functions were completely characterized in [13,15]. In [13] it was shown that
each uninorm with continuous underlying functions can be decomposed into an ordinal sum of a countable number of
semigroups related to representable uninorms, continuous Archimedean t-norms, continuous Archimedean t-conorms
and internal uninorms (including the min and the max operator). In [15] it was shown that the set of all points of
discontinuity of a uninorm with continuous underlying functions is a subset of the graph of the characterizing set-
valued function of such a uninorm.

Now let us recall the definition of an n-uninorm (see [1]).
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Definition 2.5. Assume an n € N \ {1}. Let V: [0, 11> — [0, 1] be a commutative binary function. Then
{e1,....en}z ...z, 1s called an n-neutral element of V if for 0 =z0 <z1 <--- <z, =1 and ¢; € [Zi—l,zi],
i=1,...,nwehave V(e;,x)=x forall x € [Ziflvzl'].

Definition 2.6. A binary function U": [0, 11> —> [0, 1] is an n-uninorm if it is associative, non-decreasing in each
variable, commutative and has an n-neutral element {e1, ..., e,};,....z, ;-

The basic structure of n-uninorms was described by Akella in [1] and the characterizations of the main five classes
of 2-uninorms was given in [23]. Now we will recall these five exhaustive and mutually exclusive classes:

Class 1: 2-uninorms with U?(0, 1) = z;.

Class 2a: 2-uninorms with U2(0, 1) =0, U*(1,z;) = z;.
Class 2b: 2-uninorms with U%(0, 1) = 1, U%(0, z1) = z1.
Class 3a: 2-uninorms with U2(0, 1) =0, U>(1,z1) = 1.
Class 3b: 2-uninorms with U%(0, 1) = 1, U*(0, z;) =0.

An idempotent 2-uninorm U 2 from Class 1 has a very simple structure: on [0, z; ]2 ([z1, 1]2) it is isomorphic to an
idempotent uninorm and Uz(x, y)=2z10n[0,z1] X [z1,1] and [z1, 1] x [0, z1].
Each n-uninorm has the following building blocks around the main diagonal.

Proposition 2.7. Let U™ : [0, 112 —> [0, 1] be an n-uninorm with the n-neutral element {e1,....enlz,....z0_- Then
(i) U™ restricted to [zi,l, e,-] ,fori=1,..., n, is isomorphic to a t-norm. We will denote this t-norm by T;.

(ii) U" restricted to [e; Zi]zfori =1,...,n, is isomorphic to a t-conorm. We will denote this t-conorm by S;.

(iii) U" restricted to |zi—1, zl-] fori=1,...,n, is isomorphic to a uninorm. We will denote this uninorm by Uj.

[
(iv) U" restricted to [Zi, Zj]2f0ri,j €{0,1,...,n}, i < j, is isomorphic to a (j — i)-uninorm.
Before we proceed with the main results of the paper we will recall several notions that we will use.
Since we will use ordinal sums of trivial semigroups, let us recall that there exists only one operation on a trivial
semigroup, namely the function Id: {x}* — {x}, which is simply defined by Id(x, x) = x.
If we will talk about linear transformation from interval [a, b] to interval [c,d] we mean a linear function
¢: [a,b] — [c, d] given by

_Gk—-a)-d=-0o re,

b—a
which transforms a unary function f: [a,b] — [a,b] to a function g: [c,d] — [c,d] given by g(x) =
go(f(gp_l(x))), and transforms a binary function V: [a, b]? —> [a, b] to a function U : [c, d]* —> [c, d] given by
Ux,y) = (p(V((p_l(x), go_l(y))). Further, forany 0 <a <b <c<d <1, v €[b,c] and a uninorm U : [0, 1> —
[0, 1] with the neutral element e € ]0, 1[ we will use the transformation f: [0, 1] — [a, b[ U {v} U ]c, d], given by

p(x)

(b—a)-7+a ifxel0,el,
fx)y=13v ifx=e, (D

d— % otherwise.

Then f is linear on [0, e[ and on ]e, 1] and thus it is an increasing, piece-wise linear bijection from [0, 1] to ([a, b[ U
{v} U ]c, d]) which preserves the commutativity, the associativity, the monotonicity, the idempotency and the neutral
element; and the binary function Uz‘}*b’c’d - ([a, b[ U {v}U]e, d)? — ([a, b[U {v} U]c, d]) given by

e O e A (AU CONV A ¢5)) )

is a uninorm on ([a, b[ U {v} U ]c, d])?. The backward transformation f ~! then transforms a uninorm defined on
([a, b[ U {v}U]c, a’])2 to a uninorm defined on [0, 1]2.
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For the rest of the paper if we say that two semigroups (X1, F1) and (X3, F2) are isomorphic we assume that there
exists an increasing bijection ¢ : X —> X such that Fi(x,y) = (p_l(Fz(go(x), ¢(y))) for all x,y € X. Note that
such a bijection preserves the commutativity, the associativity, the monotonicity, the idempotency, the (local) neutral
element and the annihilator, as well.

3. Idempotent n-uninorms

First let us settle for this paper that if we say that a function is an n-uninorm we will suppose that it possesses the
n-neutral element {ey, ..., ex}z, ...z, -

For idempotent n-uninorms it holds U"(x, x) = x for all x € [0, 1]. Thus we get 7; = min and S; = max for all
i=1,...,n.

We will divide this section into results on 2-uninorms and then similar results will be presented for n-uninorms for
neN,n>2.

3.1. Basic characterization of 2-uninorms

For every idempotent uninorm U there is U (x, y) € {x, y}. From [2, Theorem 2] we get a similar result also for
2-uninorms.

Lemma 3.1. Let U2: [0, 11> —> [0, 1] be an idempotent 2-uninorm. Then Uz(x, y)e{x,y, z1}.

Remark 3.2. Since U (x, z1) € {x, z1} forall x € [0, 1] the monotonicity of U 2 implies that there exists an xq € [0, e;]
and a yg € [ez, 1] such that Uz(x, z1) = x for all x < xp and Uz(x, z1) =2z forall xg <x <z, Uz(y, z1) =y for all
y > yo and Uz(y, z1) = z1 for all z;1 <y < yg. Then for all xo <x <z; and 71 < y < yg there is Uz(x, y) =z1. The
structure of a 2-uninorm U2 on ]xg, yo[2 is given as follows:

G U 2 restricted to 1xg, z1]1% is isomorphic to an idempotent uninorm restricted to ]O, 1]2.
(i) U? restricted to [z, yo[2 is isomorphic to an idempotent uninorm restricted to [0, 112
(iii) U? restricted to ]xg, z1] X [z1, yol or to [z1, yo[ X ]xo, z1] is equal to z;.
Summarizing, U 2 restricted to ]xo, yo[2 is isomorphic to an idempotent 2-uninorm from Class 1, restricted to
10, 1[2. Observe that a 2-uninorm U? restricted to [x0, yo]2 is isomorphic to a 2-uninorm, however, depending on the
values of U2 on {x0, Yo} X [x0, Yo], this 2-uninorm can belong to any of the 5 classes. Note that if xo =0, yo = 1 and
U2 (xo, yo) =z1 then U 2 is an idempotent 2-uninorm from Class 1.

Example 3.3. Let Uy, Us: [0, 1> —[0,1]bea disjunctive and a conjunctive idempotent uninorm, respectively, with

the neutral element e = % and let U'%-%] denote the linear transformation of the uninorm U to the interval [a, b]%. Then

we can assume the following functions.

1 1
(i) The function U2: [0, 11> —> [0, 1] given by U(x, y) = Ul[o’z](x, W ifx,ye[0,1], U2x,y) = UZ[TI](x, y)

ifx,ye [%, l] and Ulz(x, y) = % otherwise, is a 2-uninorm from Class 1 such that ¢ = }‘, e = % and 71 = %
Here xo =0 and yp = 1.

(i1) Assume the function U22: [0, 112 —> [0, 1], which is on [% %]2 a linear transformation of the 2-uninorm U 12 and
U22(x, y) = min(x, y) if min(x, y) < %, U22(x, y) = max(x, y) if min(x, y) > % and max(x, y) > %. Then U22 is
a 2-uninorm from Class 3a and ¢} = %, e = % and z; = % Here xog = }1 and yg = %.

(iii) Similarly we can assume the function U3 : [0, 11> —> [0, 1], which coincides with U} on [%, %]2 and U3 (x, y) =
max(x, y) if max(x, y) > %, U32(x, y) = min(x, y) if max(x, y) < % and min(x, y) < %. Then U32 is a 2-uninorm
from Class 3b and e} = %, e = % and z; = % Here xo = % and yp = %.
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Fig. 1. The 2-uninorms U 12 (left), U22 (center) and U32 (right) from Example 3.3.
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Fig. 2. The 2-uninorms Ué% (left) and U52 (right) from Example 3.3.

(iv) Assume the function U f: [0, 172 —> [0, 1], which is on [%, 1]2 a linear transformation of the 2-uninorm U 12 and
Uf(x, y) = min(x, y) if min(x, y) < % Then U} is a 2-uninorm from Class 2a and e| = %, e = % and 71 = %.
Here xo = % and yg=1.

(v) Assume the function U52: [0, 1]2 — [0, 1], which is on [O, %]2 a linear transformation of the 2-uninorm U 12 and
U?(x, y) = max(x, y) if max(x, y) > % Then U52 is a 2-uninorm from Class 2b and e| = %, e = % and z; = 41_1'
Here xo =0 and yp = %

The 2-uninorms from this example are depicted on Figs. 1 and 2.

From now on we will distinguish five different cases

if U?(xo, yo) = z1,

if U2 (xo, yo) = x0, U*(x0, y) =y forall y > yo,

if U%(x0, o) = xo0, U*(x0, y) # y for some y > yo,
if U2 (xo, Y0) = Y0, Uz(yo,x) = x for all x < xq,

if U%(xo, Y0) = Y0, Uz(yo,x) # x for some x < xp.
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Since the second and the fourth (the third and the fifth) cases are analogous we will focus just on the first three
cases. Observe that due to the monotonicity the value U 2(xo, yo) is the annihilator of U 2 on [xo, vol. At first we will
suppose that U? (x0, y0) = 21.

Lemma 3.4. Ler U2: [0, 1] —> [0, 1] be an idempotent 2-uninorm and let Uz(xo, Yo) = Z21- IfUz(x, y) = z1 for some
x,y €10, 1] then x, y € [xo, yol.

Proof. If U?(x,y) = z; then U?(x,z1) = U?(x,U?(x,y)) = U>(U%(x,x),y) = U?*(x,y) = z; and similarly
U%(y,z1) =z1. Thus x, y € [x0, yol. O

Proposition 3.5. Let U 2: 10,11 —> [0, 1] be an idempotent 2-uninorm and let U 2(xo, vo) =2z1. Then U 2 is an ordinal
sum of semigroups G1 = ([0, xo[ U {z1} U ]yo, 1], U?) and G2 = ([xo, yol, U?), where the order in the ordinal sum
construction is 1 < 2, and G is isomorphic to ([0, 1], U), where U is an idempotent uninorm and Gy is isomorphic
to ([0, 1], V2), where V2 is an idempotent 2-uninorm from Class 1.

Proof. Due to Lemmas 3.1 and 3.4 and the definition of xg and yg in Remark 3.2, we know that U 2 is closed on
(10, xo[ U {z1} U 1yo, 1])2 and z; is the neutral element of this restriction. Therefore U? is on (10, xo[ U {z1} U lyo, 1])2
isomorphic to an idempotent uninorm. Further, since U 2(xo, yo) = z1 the restriction of U 2 to [xo, yo]2 is isomorphic to
an idempotent 2-uninorm from Class 1; and z; is the annihilator of U 2 on [xo, yo]z. For any x € [0, xo[U{z1}U]yo, 1]
and y € [xg, yo] there is Uz(x, z1) =x and U2(y, z1) = z1. Thus

U(x,y) = UX(U*(x,21),y) = U(x, U*(z1,y)) = U (x, 21) = x,

ie., Uz(x, y) = x for all x € [0, xo[ U {z1} U ]yo, 1] and y € [xp, yol. The commutativity of U? then shows that
([0, 11, U?) is an ordinal sum of semigroups G and G» with the corresponding order 1 < 2 (see Fig. 3). O

Remark 3.6. The previous result can be also reverted. Assume xg, yo, €1, €2,21 € [0, 1] such that 0 < xg < e] <
71<ey<yp<land0<z; <1.Let Vv2:[0,1]> — [0, 1] be an idempotent 2-uninorm with the 2-neutral element
{ei",eﬁ}ZT and U: [0, 11> — [0, 1] be an idempotent uninorm. Let G| = ([0, xo[ U {z1} U Iy0, 11, F) and G, =
([x0, yo], H), where G, is isomorphic with ([0, 1], V2) via an increasing isomorphism ¢: [0, 1] —> [x0, yo] such
that p(e]) = e1, @(e3) = ez, and ¢(z]) = z1, and G| is isomorphic with ([0, 1], U) via (1). Then the ordinal sum of
G and G, with 1 < 2 is an idempotent 2-uninorm denoted by U?. The commutativity and the associativity follows
from Theorem 2.1 and U? is evidently idempotent. The points e; and e, are local neutral elements on [xo, yo]2 and
their extension to [0, 1]*> follows from the ordinal sum construction. Therefore the only non-trivial property is the
monotonicity. Assume x € [0, 1]. Then we have the following cases:

(i) If x € [0, xo[. Then U?(x, -) is non-decreasing on [0, xo[ and U?(x, y) < x for all y € [0, xo[. For y € [x0, yo]
we have U2 (x, y) = x. Finally, for y € ]y, 1] we know that Uz(x, y) € [x, y] and Uz(x, -) is non-decreasing on
1y0, 1]. Together, for all x € [0, xo[ the cut U 2(x, -) is non-decreasing.

(i1) If x € [x0, yo]. Then U2(x, y) =y forall y € [0, xo[ and U2 (x, xp) > xo. Further, U(x, -) is non-decreasing on
[x0, yo] and U? (x, y0) < yo. Finally, for y € ]y, 1] there is U? (x,y) = y. Thus the cut Uz(x, -) is non-decreasing
for all x € [xg, yol.

@iii) If x € ]yo, 1] then U?(x,-) is non-decreasing on [0, xo[ and U2(x,y) € [y, x] for all y € [0, xo[. Further,
Uz(x, y) = x for y € [xg, yo]. Finally, Uz(x, -) is non-decreasing on ]yp, 1] and Uz(x, y) >x forall y € ]yg, 1].
Summarizing, U?(x, -) is non-decreasing for all x € ]yo, 1].

Similar observations can be done in all following results (including the results on idempotent n-uninorms).

Further we will suppose that U 2(xo, o) = xo. Then xq is the annihilator of U 2 on [xo, yo]z. However, x¢ need not
to be the neutral element on the rest of the unit interval. We have a similar result as in the previous case.

Lemma 3.7. Ler U%: [0, 1] —> [0, 1] be an idempotent 2-uninorm and let U2(x0, o) = xo. If Uz(x, y) = 71 then
X,y € ]x0, yol.
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Proof. If U%(x,y) = z; then U?(x,z1) = U*(x, U*(x, y)) = U*(x, y) = z; and similarly U?(y, z1) = z;. Thus
X,y €lxo,y0]. O

First we will discuss the case when U?(xq, y) = y for all y € ]yo, 1].

Proposition 3.8. Let U2: [0, 1] —> [0, 1] be an idempotent 2-uninorm such that U*(xg, yo) = xo and for all y €
1yo, 1] there is U2 (xo, y) =y. Then U? is an ordinal sum of semigroups G1 = ([0, xo] U ]yo, 11, U?), and G, =
(Jxo, yol, U2), where 1 < 2. Further, G is isomorphic to ([0, 1], U), where U is an idempotent uninorm and G, is
either isomorphic to (10, 1], V), where V% is an idempotent 2-uninorm from Class 1 restricted to 10, 112, or Gy is an
ordinal sum of two semigroups, ({yo}, 1d) and (]xo, yol, U2), while U? is on 1xo, y()[2 isomorphic to an idempotent
2-uninorm from Class 1 restricted to 10, 112

Proof. Due to Lemma 3.7 we know that U? is closed on ([0, xo] U 1yo, 11)?. Since U?(xo, y)=y forall y € ]yp, 1]
and U2 = min on [0, xo]z, ie., Uz(x,xo) = x for all x € [0, xo], we know that x( is the neutral element of U2
on [0, xo] U Iyo, 1]. Thus U 2 is on ([0, x0] U Iyo0, 1])2 isomorphic to an idempotent uninorm. Further we have to
distinguish two cases. If U 2(z1, yo) = z1 then U 2 is on ]xo, yo]2 isomorphic to a 2-uninorm from Class 1 restricted to
10, 1]2. If Uz(zl, yo) = Yo then Uz(yo, x) = yp for all x € |xg, yo[ and due to Lemma 3.1 U? is closed on ]xg, yo[z.
Thus U? on 1xo0, yo]2 is an ordinal sum of a trivial semigroup and (Jxg, yo[, U 2), while U? restricted to 1xo0, yo[2 18
isomorphic to an idempotent 2-uninorm from Class 1 restricted to 10, 1[2.

To finish the proof we have to investigate the order of the two semigroups in the ordinal sum construction. Due to
the commutativity it is enough to take an x € ]xg, yo] and a y € [0, xo] U ]yo, 1]. Here we have

U%(x,y) = U*(x, U (x0,y)) = U*(U?(x, x0), y) = U (x0, ) = ¥,

i.e., 1 <2.Thus U? is an ordinal sum of semigroups G| and G» with 1 <2. O

Finally, in this subsection we will investigate the case when U 2(xo, yo) = xo and there exists a y € ]yg, 1] such that
U?(x0,y) # y.

Lemma 3.9. Let U?%: [0, 1] —> [0, 1] be an idempotent 2-uninorm such that Uz(xo, o) = Xo. If there is Uz(xo, V) #
v for some v € |yg, 1] then U?(xp, v) = xo.

Proof. Lemma 3.1 implies U?(x, v) € {xo, v, z1}. If U%(x0, v) = z; then
21 = U%(x0, v) = U*(x0, U%(v, v)) = UX(U(x0, v), v) = U (21, v),

which is a contradiction since Uz(y, z1) =y forall y € ]yp, 1]. Since U2 (xg, v) # v we obtain U?(xp,v) =x9. O

Further we will denote
y1 = sup{y € [yo, 111 U*(x0, ) = xo}.

Proposition 3.10. Let U 2. 10,11 —> [0, 1] be an idempotent 2-uninorm such that U 2(xo, yo) = xo. If y1 > yo and
U2 (xo, Y1) = xq then U? can be expressed as an ordinal sum of G = ([0, xo] U 1y1, 1], U?), G> = (xo, yol, U?)
described in Proposition 3.8 and G3 = (]yg, y1], max). Further, G is isomorphic to ([0, 1], U), where U is an
idempotent uninorm and the order in the ordinal sum construction is 1 <3 < 2.

Proof. Due to Lemma 3.7 we know that U2 is closed on ([0, xo] U 1v1, 17)2. Since UZ2(xg,x) = x for all x < x
and Uz(xo, y) =y for all y > y; we see that xq is the neutral element of U? on ([0, xo] U 11, 1])2. Thus U? is on
(10, x0] U 1y1, 1])2 isomorphic to an idempotent uninorm.

Assume x € ]xg, yo] and y € ]yo, y1]. Then due to Lemma 3.7 we have U?(x, y) € {x, y} and since U2(x,z1) > z1,
U?%(z1, y) = v, due to the monotonicity we get U2(x, y) = y. Thus 3 < 2. Further, since xo is the annihilator of U? on
[x0, yo]2 and the neutral element of U2 on ([0, xo] U Ivt, 1% we get

U%(x,y) = UX(U(x, x0), y) = U (x, U*(x0, y)) = U?(x, x0) = x
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Fig. 3. A 2-uninorm with U2 (xg, yp) = z1 (left) and with U2 (xg, yo) = xg, y1 > yo (right).

for all x € [0, xo] U ]y, 1] and y € ]xg, yol, i.e., 1 < 2. Finally, since U2 (xo, y) = xo for all y € Jyo, y1] we get
U?(x,y) =U*(U*(x,x0), y) = U*(x, U*(x0. y)) = U*(x, x0) = x

for all x € [0, xg] U ]y1, 1] and y € ]yg, y11, i.e., 1 < 3. Therefore U? is an ordinal sum of G, G, and G3 with the
order 1 <3 <2 (see Fig.3). O

Remark 3.11. Assume U2 (xo, o) = xo and U2(xp, v) # v for some v € ]yp, 1]. Lemma 3.9 implies that U2 (xo, y)=
y for all y > y;. However, it can happen that U?(xg, y;) = yi. In such a case the point y; behaves differently than the
rest of the semigroup defined on ]yg, y;] and therefore we cannot use the same construction as above.

We define x; = inf{x € [0, xg] | U 2(yl,x) = y1} and we can continue like this by the induction: for n € N we
define

yn =sup{y € [yn—l, 1] | Uz(xn—l, y) =xn-1}

and
xXp = inf(x € [0, %01 ] [ U 3y %) =y}

It can happen that y,, = yn,—1 (and then x,, = x,,—1) for some no € N, however it is also possible that (y;);eN
((xi);eN) 1s an increasing (decreasing) sequence. Therefore we see that the structure of U 2 on ([0, x0] U] Y0, 11)? can
be rather peculiar. That is why it needs not to be easy to express U2 as an ordinal sum of a uninorm, a 2-uninorm from
Class 1 (restricted to 10, 1]%) and few other semigroups. Therefore we adopt a different approach.

Lemma 3.12. Let U2: [0, 1] —> [0, 1] be an idempotent 2-uninorm and let Uz(xo, o) = xo. Then U? restricted to
(10, xol U {z1} U 1y, 12 is isomorphic to an idempotent uninorm.

Proof. Lemma 3.7 implies that U 2 is internal on ([0, xo[ U 1yo, 11)2. Therefore U? is closed on ([0, xol U {z1} U
1vo, 11)2. Further, the definition of x( and yo implies that z; is the neutral element of U? on ([0, xo[ U{z1} U 1vo, 17)2.
Thus U? restricted to (10, xo[ U {z1} U o0, 1])2 is isomorphic to an idempotent uninorm. [

Remark 3.13. Assume that y; > yg and U2 (xo, v1) = y1. Due to results from [13] (see also [12]) we know that each
idempotent uninorm is an ordinal sum of a countable number of semigroups with the operation min, semigroups
with the operation max and semigroups corresponding to idempotent uninorms (such that the related function g from
Theorem 2.4 is strictly decreasing) possibly restricted to open or half-open unit square. Thus also ([0, xo[ U {z1} U
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1y0, 11, U?) is an ordinal sum of a countable number of such semigroups. Since each idempotent uninorm is internal,
also the semigroup G = ([0, xo[ U ]yg, 1], U 2) can be expressed as an ordinal sum of a countable number of the above
mentioned semigroups.

Further we know that U2 (xo, y) = x¢ for all y € Jyo, y1[ and U2 (xg, x) = x for all x € [0, xo[ U [v1, 1]. Therefore
we split the semigroup G into two parts: G = ([0, xo[U[y1, 1], U?)and G, = (Iyo, y1[, max) since U? on (Iyo, »1 [)2
is given by the maximum operator. Then G can be again expressed as an ordinal sum of a countable number of the
above mentioned semigroups, however, y; need not to be the neutral element of G . Note that due to Lemma 3.12 we
can find a similar characterization of the semigroup G using a non-decreasing function g as in Theorem 2.4. Now
U2 on ([0, x0] U 1vo, 11)? can be expressed as an ordinal sum of semigroups G, G, and G3 = ({x¢}, Id), with order
1 <3 < 2. Indeed, from the previous we know that 3 <2 and 1 < 3 and for an x € [0, xo[ U [y1, 1] and a y € ]yo, y1[
we have

U?(x,y) =U*(U*(x,x0).y) = U*(x, U*(x0. y)) = U*(x, x0) = x,
ie., 1 <?2.
Proposition 3.14. Let U2:[0,1] — [0, 1] be an idempotent 2-uninorm and let U2 (xo, yo) = xo. If y1 > yo and
Uz(xo, Y1) = y1 then U? can be expressed as an ordinal sum of the semigroups G1 = ([0, xo[ U [y1, 11, U3), G2 =

(Ix0, yol , U?) described in Proposition 3.8, Gz = (10, Y1, max) and G4 = ({xo}, Id). Further, G can be expressed
as an ordinal sum of a countable number of idempotent semigroups described in Remark 3.13 and 1 <4 <3 < 2.

Proof. Similarly as in Proposition 3.10 we can show that U 2(x, y) =y forall y € ]yg, y1[ and x € ]xg, yo]. Therefore
3 < 2. Further, Uz(xo, y) = xo for all y € ]yg, y1[. Thus 4 < 3. Finally, Uz(xo, x) =ux forall x € [0, xo[ U [y, 1], i.e.,
1 < 4. Since the associativity of U? implies the transitivity of the relation < we can easily obtain all other comparisons.
Therefore 1 < 4 < 3 < 2. The rest follows from Remark 3.13. O

3.2. Basic characterization of n-uninorms

The basic structure of idempotent n-uninorms is very similar to that of 2-uninorms. Therefore we will proceed with
the results analogous to those in the previous subsection. From [2, Theorem 2] we obtain the following result.

Lemma 3.15. Let U": [0, 11> — [0, 1] be an idempotent n-uninorm. Then U"(x, y) € {x, y} U {z; | zi € Ix, y[}.
Next we will investigate the value of U"(ey, e;,).

Lemma 3.16. Ler U": [0, 1] —> [0, 1] be an idempotent n-uninorm. Then U" (e, e,) = zj for some k € {1, ..., n —
1} and zi is the annihilator of U" on [e, el

Proof. The restriction of U" to [Z1, Zn—1]2 is an (n —2)-uninorm and thus U" (21, z,—1) € {z; | 7 € [Zl, Zn—l]}- Letus
denote U"(z1, zn—1) = zx. We can easily show that U" (z1, zx) = zx = U"(zk, zn,—1) and then the monotonicity implies
that z; is the annihilator of U”" on [zl,zn_l]. Since U"(e1,z1) = z1 and U™ (z,—1, €n) = 2y—1 We get U (e, zx) =
U(er, U"(z1,zx)) = U™ (21, zx) = zx and similarly U" (e, zx) = zx. Thus

2 =U"(e1,zx) <U"(e1,en) <U" (2k, €n) = 2

i.e., U"(e1, e,) = zx and the monotonicity implies that z is the annihilator of U" on [eq, en]? (see Fig. 4). O
From now on we will denote the value U" (ey, e,,) by zk.
Lemma 3.17. Let U": [0, 1] —> [0, 1] be an idempotent n-uninorm. Then U"(x, zx) € {x, 2} for all x € [0, 1].

Proof. If x € [ej, ¢,,] then the claim follows from Lemma 3.16. Assume that x < e; (the case when x > ¢, is
analogous). If U"(x, zx) = z; for some z; € ]x,zx[ then k > i > 0 and z; = U"(x,zx) = U"(x, U"(2k, 2x)) =
U™(U™(x, zr), zk) = U™(z;, zx) = 2k, which is a contradiction. Thus U" (x, zx) € {x, zx} forall x € [0, 1]. O
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Fig. 4. A sketch of an idempotent n-uninorm, where U” (1, e,) = z. The bold lines denote the area where the values of U" differ for distinct
cases.

We say that an idempotent n-uninorm U” belongs to the Class 1 if and only if U"(0,1) = zx for some
k e{l,...,n — 1}. The structure of an idempotent n-uninorm U” from Class 1 is again very simple. If U"(0, 1) = zx
then U" is isomorphic to an idempotent k-uninorm on [0, z¢]%, to an idempotent (n — k)-uninorm on [z, 11, and
otherwise U" (x, y) = z.

Remark 3.18. Lemma 3.17 and the monotonicity of U" imply that there exists an xg € [0, e1] and a yg € [e,, 1]
such that U"(x, zx) = x for all x < xp and U"(x, zx) = zx for all xo <x <z, U"(y,zx) =y for all y > yp and
U™(y, zx) = zx for all zx <y < yo. Then for all xo < x <z and zx <y < yg there is U" (x, y) = zx. The structure of
an idempotent n-uninorm U" on ]xg, yo [ is given as follows:

(i) U™ restricted to ]xo, zx]? is isomorphic to an idempotent k-uninorm restricted to 0, 112.
(i1) U™ restricted to [zk, yo[2 is isomorphic to an idempotent (n — k)-uninorm restricted to [0, 112.
(iii) U™ restricted to |xq, zx] X [zk, Yol or to [zx, yol X ]xo, zx] is equal to z.
Summarizing, U" restricted to ]xq, yo[? is isomorphic to an idempotent n-uninorm from Class 1, restricted to 10, 1[>.
Now all results for 2-uninorms can be analogously shown also for n-uninorms. Therefore we introduce them
without proofs.

Proposition 3.19. Let U™ : [0, 1] — [0, 1] be an idempotent n-uninorm and let U" (xg, yo) = 2. Then U" is an ordi-
nal sum of semigroups G| = ([0, xo[U{zx}Ulyo, 1], U") and G2 = ([xo, yol, U"), where the order in the ordinal sum
construction is 1 < 2; and G is isomorphic to ([0, 1], U), where U is an idempotent uninorm and G is isomorphic
to ([0, 1], V"), where V" is an idempotent n-uninorm from Class 1.

Proposition 3.20. Ler U": [0, 1] —> [0, 1] be an idempotent n-uninorm such that U" (xq, yo) = xo and for all y €
1vo, 1] there is U"(xg, y) = y. Then U" is an ordinal sum of semigroups G = ([0, xo] U ]yo, 1], U™) and G, =
(Ix0, yol,U™), where 1 < 2. Further, G1 is isomorphic to ([0, 1], U), where U is an idempotent uninorm and G is
either isomorphic to (10, 11, V"), where V" is an idempotent n-uninorm from Class 1 restricted to 10, 1]2, or Go isan
ordinal sum of two semigroups, ({yo}, 1d) and (1xg, yol[, U™), while U™ is on ]xo, yo[2 isomorphic to an idempotent
n-uninorm from Class 1 restricted to ]0, 1[2.

We will again denote y; = sup{y € [yo, 1] | U" (x0, ¥) = x0}.

Proposition 3.21. Let U" : [0, 1] —> [0, 1] be an idempotent n-uninorm such that U" (xq, yo) = xo. If there is y1 > yg
and U™ (xq, y1) = xo then U" can be expressed as an ordinal sum of G1 = ([0, xo]U1y1, 1], U"), G2 = (Ix0, yol, U")
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described in Proposition 3.20 and G3 = (]yo, y1], max). Further, G is isomorphic to ([0, 1], U), where U is an
idempotent uninorm and 1 <3 < 2.

Proposition 3.22. Let U": [0, 1] — [0, 1] be an idempotent n-uninorm and let U" (xg, yo) = Xxo. If y1 > yo and
U™ (xg, y1) = y1 then U" can be expressed as an ordinal sum of semigroups G1 = ([0, xo[ U [y1,1],U"), G, =
(Ixo0, yol, U™) described in Proposition 3.20, G3 = (]yg, y1[, max) and G4 = ({xo}, 1d). Further, 1 <4 <3 <2 and
G| can be expressed as an ordinal sum of a countable number of semigroups with the operation min, semigroups
with the operation max and semigroups corresponding to idempotent uninorms (such that the related function g from
Theorem 2.4 is strictly decreasing) possibly restricted to open or half-open unit square.

The above results show us that n-uninorms are constructed from blocks which contain uninorms of lower orders.
These blocks are glued together either by the ordinal sum construction, or by the constant value z; fori € {1,...,n —
1}.

4. Idempotent n-uninorms as partially ordered ordinal sums of trivial semigroups

In this section we will use a special construction method, similar to the ordinal sum construction, which, however,
covers also partially ordered semigroups, in the case that the partial order on the respective index set corresponds to a
lower semi-lattice.

Definition 4.1. A meet semi-lattice (or lower semi-lattice) is a partially ordered set which has a meet (or greatest lower
bound) for any non-empty finite subset.

Note that since the existence of the meet is required only for non-empty finite subsets this is equivalent to the
existence of the meet between all pairs of arguments.
The following theorem describes the z-ordinal sum construction for semigroups.

Theorem 4.2. Let A and B be two index sets such that AN B =0 and C =AU B # @. Let (Gy)gec With G4 =
(Xy, *¢) be a family of semigroups and let the set C be partially ordered by the binary relation < such that (C, <)
is a meet semi-lattice. Further suppose that each semigroup Gy for a € A possesses an annihilator zy, and for all
a, B € C such that a and B are incomparable there is o A B € A. Assume that for all o, B € C the sets X, and X g
are either disjoint or that Xy N Xg = {xq,p}. In the second case suppose that for all y € C which is incomparable
witha A B thereisa Ny =B Ay and foreachy € Cwitha NB <y <aora A <y < B wehave X, = {xq p}.
Further,

(i) in the case that a N\ B € A then x4 g = Zqnp is the annihilator of both Gg and G;
(i) in the case that a N B =« € B then x4, g is both the annihilator of G g and the neutral element of G.

Put X = |J Xq and define the binary operation * on X by

aeC
Xxgy if(x,y) € Xog X Xq,
X if(x,y) € Xy x Xg,a#B,anda AN =a € B,
y if(x,y)e Xy x Xg,a#B,anda ANB=B €B,
Ly if(x,y)e Xy x Xpg,a#B,anda NB=y €A

X*xy=

Then G = (X, *) is a semigroup. The semigroup G is commutative if and only if for each a € C the semigroup G is
commutative.

Proof. First note that if @ A 8 € B then o and B are comparable. Obviously, G is commutative if and only if for
each a € C the semigroup G, is commutative. Further, we have to show that the operation * is well-defined and
associative.
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If x € X4 N Xg then for each y € C and y € X, we can define x * y as an operation on X, X X,,, or as an
operation on Xg x X,. We are going to show that in all cases this two definitions coincide. First assume that y
is incomparable with o A 8. Then the assumption implies c Ay = Ay andthusa Ay =BAYy =a ABAYy
which belongs to A since y and o A B8 are incomparable. Then in both cases x * y = zyr g1y . Now assume that y is
comparable with a A B. If y < a A B then in both cases x x y =y if y € B (x ¥ y =z, if y € A). Finally assume
thata AB<y. lfanBeAthenx =zgpg, a ABZany Za,aANB X B Ay < B,anditis easy to check that in
both cases x * y = zong. If A B € B then « and B are comparable and it is again easy to check that in both cases
Xxy=x.

Now we will show that % is associative. Assume any x,y,z € X. If x,y,z € X, for some o € A then the as-
sociativity follows from the associativity of *,. Let x,y € X4, z € Xg for some «, B € C, a # B. First assume
that « A B € B, i.e., « and § are comparable. Then the associativity follows from Theorem 2.1. f a A=y € A
then

(x*xy)*xz2=2)=x%7y, =x*(y*2),
(X*x2)ky=2zy*ky=2,=X%27, =X *(2*xY),
(Z*x)xy=2zy*xy=2z, =2%(Xx*Y).
Further suppose that x € Xy, y € Xg, z € Xs. We denote «a A B =y, a Ad=m and B A5 = p. Then
0=y Am =y Ap=m A p is the greatest lower bound of «, 8 and y.
Now we have 4 possible cases.
Case 1: If y,m,p € A. Then 6 € A and we leave as an easy exercise for the reader to check that (a *x b) * ¢ =
a x (b x c) = zg whenever (a, b, c) is a permutation of (x, y, 7).
Case 2: If y,m € A and p € B. Here 8 and § are comparable and 6 € A. If 8 > § then 8 =7 < y.If 8 < § then
6 = y < w. We again leave the proof of this case as an easy exercise for the reader. Note that similarly as in the
previous case we always obtain (a xb) xc =a x (b *xc) = zg.
Case 3: If y € A and 7, p € B. Here both « and 8 are comparable with §. If o« and 8 are comparable then y € A
and 7, p € B implies § < o A B and similarly as above it is easy to show that (a % b) x ¢ = a * (b % ¢) = z whenever
(a, b, c) is a permutation of (x, y, z). Assume that ¢ and B are incomparable. Then either § > « and § > 8, or
8 <, § < B. First suppose that § > « and § > 8. Then also § > y. Since w, p € B we know that o, 8 € B. We
have
(X*ky)*xz2=2y,%2=2, =xxy=x%(y*2),
(Y*X)*2=2y%2=2y, =y*xxXx=y* (X %2),
(X*2)ky=x*y=2,=x*xy=x%(2%*Y),
(Z*X)*ky=xX%ky=2, =2%2, =2% (X %),
(V*2)*X=y*X=2, =y*X=y*(2%X),
(zxy)*xx=y*kx =2z, =2%2y = 2% (y*x).
Now suppose that § < o, § < 8. Since 7, p € B we know that § € B. Since y € A we know that § < y. We
have
(xxy)kz=z,xz=z=x%z=x%(y*2),
(y*x)kz=2z,k2=z=y*z=y* (X *2),
(xxz)ky=zxy=z=x%7=x%(2*Y),
(Z*x)*xy=z*xy=z=2z%7, =2%x(x%Yy),
(V*2) s X =z*xXx=z=y*z=7y%*(T*X),
(Z*Y)*Xx=2%X=72=2%2) =2% (¥ *X).
Case 4: If y, m, p € B then «, §, § are all mutually comparable and the claim follows from Theorem 2.1. O
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Note that if in the previous theorem A = ) then the set C = B is linearly ordered and the z-ordinal sum reduces to
the standard ordinal sum construction. Further, if each semigroup G, for « € C is trivial and A = C then the z-ordinal
sum of G, is given by x % y =x A* y, where the order <* is given for x € X, and y € Xg by x <* y if a < .

Remark 4.3. Assume that in the previous theorem x € X, N Xg. Then the condition that @ A y = B A y for all
y € C incomparable with o A B is necessary. Indeed, if y is incomparable with @ A 8 and for example y < g then
a Ay # B Ay implies that & and y are incomparable. Here on Xg x X, thereisx xy=yify € B (x x y =z, if
y € A) however, on X, x X, there is x * y = z4ngn, - Note that alternatively we can require that if x € X, N X and
for some y € C, which is incomparable with @ A 8, there is @ Ay # B Ay then X)), = {zgnpay}-

Example 4.4. Let us assume the only idempotent nullnorm V: [0, 112 —> [0, 1] with the annihilator z; € 10, 1[,
which is a special case of a 2-uninorm with local neutral elements e; = 0 and e = 1. Then V(x, y) = max(x, y)
if x,y €[0,z1], V(x,y) = min(x, y) if x,y € [z1, 1] and V(x, y) = z1 otherwise. The semigroup ([0, 1], V) is a
z-ordinal sum of trivial semigroups G, = ({x}, Id)x¢[0,1] with A = {z1}, where z; < x for all x € [0, 1] and x1 < x;
if x1,x2 € [0, z1] and x1 > xp, or x1, x2 € (21, 1] and x; < x,. Further, x and y are incomparable for all x € [0, z1[
and y € ]z1, 1]. On the other hand, V can be expressed also as a z-ordinal sum of 3 semigroups G| = ([0, z1[, max),
G2 = (Jz1, 1], min) and G3 = ({z1}, Id), where 3 < 1, 3 < 2 and 2 is incomparable with 1.

Let us now recall two results from [12].

Proposition 4.5. Ler U : [0, 112 —> [0, 1] be an idempotent uninorm. Then ([0, 1], U) is an ordinal sum of singleton
semigroups ({x}, 1d) for x € [0, 1].

Proposition 4.6. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X, = {x}
ifi(p) =x. Let e € [0, 1] and let < be a linear order on P. If ([0, 11, U) is the ordinal sum of {(X ,1d)},ep with the
linear order <X then U is an idempotent uninorm with the neutral element e if and only if the following two conditions
are fulfilled:

(i) p1 < p2forall py, pr € P such that X ,, = {x1}, X, = {x2}, x1 <x2 and x1, x2 € [0, e],
(i) p1 < paforall p1, px € P such that Xp, = {y1}, Xp, = {y2}, y1 > y2 and y1, 2 € [e, 1].

Example 4.7. For the construction of t-norms and t-conorms, an ordinal sum with respect to a countable index set is
usually taken, which is due to the fact that the supports of respective summands need not cover the whole interval
[0, 1] and the remaining part is covered by the minimum (maximum). However, in the case of uninorms this is no
longer true and ordinal sums with uncountable index sets can be also used (see [12]). Assume the isomorphism i from
the previous proposition, a family of semigroups {(X,,1d)},cp and the relation < on P given for py, p» € P with
Xpl = {X}, sz = {y} by

P12 if (x+y<landx <y)or(x+y>1landx >y).

metric, since for x +y < 1 there p; < py and pr < p; implies x <y and y < x,i.e., x = y and similarly for x +y > 1
there p; < p2 and py < p; implies x <y and y < x, i.e., x = y. Finally we have to show that < is transitive. Assume
that p; < p2 and p; < p3 for some py, p2, p3 € P with X, = {x}, X;,, ={y} and X, = {z}. Then we have the
following possibilities:

Then the relation < is reflexive since x = x for all x € [0, 1], whether 2-x < 1 or 2 - x > 1. Further, < is antisym-

I. fx4+y<l,y+z<lthenx<yandy<gzie., x <zand x +z < y+ z < 1 which means that p; < p3.
2. Ifx+y<l,y4+z>1thenx <yandy>z. Thenx <zsincex <l—y<zandx+z<x+4+y<l,ie., p; < p3.
3. Ifx+y>1,y+z<lthenx>yandy <z.Thenx >zsincex>1—y>zandl <x+4+y<x+zi.e., p; < p3.
4, If x+y>1,y+z>1thenx >yand y > z,i.e., x >z and x +z > y + z > 1 which means that p; < p3.

Therefore < is transitive and thus it is a partial order. It is easy to see that < is also a linear order since for any
x,y€]0,1] thereis (x + y < 1) or (1 <x + y) and there is (x < y) or (y < x).
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If ([0, 1], U) is the ordinal sum of {(X, Id)},ep with the linear order < then U is given by U (x, y) = min(x, y) if
x+y<Tland U(x,y)=max(x,y)if 1 <x 4 y.Itis easy to check that U is an idempotent uninorm with the neutral
element %

Thus uninorm U is an ordinal sum of trivial semigroups with respect to an index set which is uncountable. Note that
this uninorm cannot be expressed as an ordinal sum of a countable number of non-trivial semigroups with supports
that are connected sets.

We would like to show similar results for idempotent 2-uninorms and then generally for idempotent n-uninorms.
We will start with 2-uninorms.

Definition 4.8. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X, = {x}
if i(p) = x. Assume a commutative binary function F: [0, 172 —> [0, 1]. On the set P we define a relation < by
p1 =X p2if F(x,y) =x, where X, = {x} and X, = {y}.

Lemma 4.9. Ler U?: [0, 11> —> [0, 1] be an idempotent 2-uninorm. Then =< defined in Definition 4.8 is a partial
order on the set P and the set P partially ordered by the binary relation < is a meet semi-lattice. Moreover, if pi
and py are incomparable for X ,, = {x} and X ,, = {y} then the meet of p| and p; is qi, i.e., pi A\ p2 = q1, where
qu == {Zl}.

Proof. Since U? is idempotent < is reflexive. The transitivity follows from the associativity since for X n = 1x}
Xp, =1{y} and X, = {z} there p; < p> and p> < p3 implies U?(x,z) = U>(U%(x, y),2) = U*(x,U?(y,2)) =
U 2(x, y) = x, i.e.,, p1 < p3. Finally, if p; < p> and p> < p; the result is implied by the commutativity. Thus <
is a partial order.

From Proposition 4.6 we know that all semigroups corresponding to points from [0, z1] ([z1, 1]) are linearly ordered
by <. Therefore the definition of < and Lemma 3.1 implies that p; and p; are incomparable for X, = {x}, X, = {y},
x <y, if and only if U?(x, y)=2z1 and 71 € |x, y[.

Now we will show that each pair of our trivial semigroups have the meet. Assume the semigroups X ,, = {x} and
Xp, ={y}. I p; and p; are comparable, i.e., if U?(x, y) € {x, y} then we are done. Assume that U?(x, y) =21,
x #z1 and y # z1. Then z; € ]x, y[ and we claim that g; is the meet of p; and p>, where X, = {z;}. First we have
to show that g1 < p; and g; < p>. We have

21 =U%(x,y) =U*(U%(x,x),y) = U*(x, U(x, y)) = U(x, 21)

and similarly Uz(y, z1) = z1. Thus g1 <X p1 and g1 < p;. Now we know that ¢ is the lower bound of p; and p»,
however, we have to show that it is the greatest lower bound. Assume that there exists a p; € P such that p; < pq,
pj X p2and g1 < pj for X, = {w}. Then we have

Uz(x, w)=w= Uz(y, w)

and U%(w, z1) = z;. However, since z; € ]x, y[ the monotonicity implies U2(z1, w) = w and thus w =z, i.e., q1 =
pj- Therefore gy is the meet of p; and p;. Thus the set P partially ordered by the binary relation < is a meet
semi-lattice. O

Remark 4.10. Assume xo, yo € [0, 1] from Remark 3.2. Then ¢g; < p3 and g1 < p4, where X, = {z1}, Xp, = {x1}
for x1 € |xo, z1[ and X, = {y1} for y1 € |z1, yo[. Similarly, ps < g1 and pg < g1, where X ,; = {x2} for x2 € [0, xo[
and X, = {y2} for y» € ]yo, 1].

To simplify the notation hereinafter we will denote Xy, = {z;}, Xu, = {e;}, X4, = {xi}, Xp, = {y;} for i € N,
Xo=1{x}, Xp={y} and X, = {U?(0, 1)}. Note that since U>(0, 1) is the annihilator of U? then py is the bottom
element of the meet semi-lattice (P, <).

Proposition 4.11. Let U?:[0,1]> — [0, 1] be an idempotent 2-uninorm. Then ([0, 1], U?) is a z-ordinal sum of
singleton semigroups ({x}, 1d) for x € [0, 1].
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Fig. 5. A lower semi-lattice corresponding to an idempotent 2-uninorm with U 2(x0, yo) = z1 (left) and with U 2(xo, yo) = xg, U 2(y0, 1) =121
(right).

Fig. 6. A lower semi-lattice corresponding to an idempotent 2-uninorm with U 2(x0, yo) =x0, U 2(21, y0) =y0, U Z(xo, y) =y forall y > yg (left)
and with U (x9, ) = X0, U?(30. 21) = Y0, U%(x0, 1) = X0 (right).

Proof. Assume the partial order from Definition 4.8. Let ([0, 1], U*) be the z-ordinal sum of {(X,Id)},cp with the
partial order <, such that A = {q}. Assume x, y € [0, 1]. If x = y evidently U2(x,x)=U*(x,x) =x.If U%(x, y)=x
thena < b. If x #z; thena € B and U*(x,y) =x.If x =z; then a € A and U*(x, y) = z; = x. Thus U?(x, y) =
U*(x, y) = x. Similarly, if U?(x, y) =y then U%(x, y) = U*(x, y) = y.

Finally assume that U 2(x, y) =21, z1 € ]x, y[. Then a and b are incomparable and therefore U*(x, y) = z;. Thus
U?(x, y) =U*(x, y) = z;. Summarizing, U?(x, y) =U*(x,y) forall x, y € [0, 1] (see Fig. 5 and Fig. 6). O

Proposition 4.12. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X, = {x}
ifi(p)=x. Letz1 €10, 1[, e1,e2 €0, 1], 1 < z1 < e2. Denote A ={q1}, where X4, ={z1} and B = P \ {q1}. Let <
be a partial order on P such that all requirements of Theorem 4.2 are fulfilled. If ([0, 1], U?) is the z-ordinal sum of
{(Xp,1d)} pep with the partial order < then U2 is an idempotent 2-uninorm with the 2-neutral element {e1, ez}, if
and only if the following conditions are fulfilled:

(i) ay <az forall ay,ar € P such that X4, = {x1}, X4, = {x2}, x1 <x2 and x1,x2 € [0,e1]1U [z1, e2],
(ii) by < by forall by, by € P such that Xp, = {y1}, Xp, ={y2}, y1 > y2 and y1, y2 € [e1,z1] U [e2, 1].
(iii) a and b are incomparable if and only if g1 < a, q1 <b and z| € |x, y[, where X, = {x}, Xp = {y}.
(iv) a1 and ap are comparable for all ay, ap € P suchthat X4, = {x1}, X4, = {x2}, where (x1, x2) € [0, Z1]2U [z1, 1]2.

Proof. The necessity follows from Proposition 4.6 and the monotonicity as U?(x,z1) = z1 = U?(y, z1) implies
UP(x,y)=z1if 21 € Ix, y[.
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Now we will show the sufficiency part. The associativity and the commutativity of U? follows from Theorem 4.2.
Further, U? is evidently idempotent. From (7) it follows that if x < e then U 2(x, e1) = x. Further, from (ii) it follows
that if x € [e1, z1] then U%(x, e;) = x. Thus e; is the neutral element of U2 on [0, z1]°. Similarly we can show that e,
is the neutral element of U2 on [z;, 1]2.

To finish the proof we have to show that U? is non-decreasing. Proposition 4.6 implies that U? is non-decreasing
on [0, 21]2 and on [z1, 1]2.

Let x, y1, y2 € [0, 1]. We will assume x € [0, z;] as the case when x € [z, 1] is analogous. Then it is enough to
check the monotonicity for yi, y2 € [z1, 1], ¥y1 < y2. If x = z; then the monotonicity follows from Proposition 4.6.
Thus we will suppose that x < zj. Further, if y, = z; then also y; = z; and therefore we will suppose that y, > z;.
From (ii) we know that b, < b;. Now we have the following 6 cases:

Case 1: If a < by < by. Since x # z] we get

U(x,y1) =x =U>(x, y).
Case 2: If by < a < by. Since y; # z1 and x # z; we have
U(x,y1) =x < y2 =U%(x, y2).

Case 3: If b < b; <a We have Uz(x, y1) = y1 in both cases, when y; = z; and when y; > z; and thus we have

U(x,y1) = y1 < y2 = U?(x, y2).

Case 4: If a is incomparable with b and by < a we get

U%(x,y1) =21 < y2 = U*(x, y).

Case 5: If a is incomparable with b, and a < by we get
U(x.y1) =x <z1=U%(x, y2).

Case 6: If a and by are incomparable and a and b, are incomparable we get

U%(x, y1) =21 = U*(x, y2).

Thus in all cases U2 (x, y;) < U%(x,y). O

Example 4.13. Assume a 2-uninorm U12 from Example 3.3. Then U12 is a z-ordinal sum of semigroups G| =

1 1

([0, 1], Ul[o’ 2]), G, =([3.1], Uz[z’l]) and G3 = ({3}, 1d), where A = {3}, 1 and 2 are incomparable and 1 A 2 = 3.
Observe that {%} € X1NX,NXs3and % is the annihilator of all three semigroups. Since a Ab =3 foralla, b € {1, 2, 3},
a#band3 < pforall p € {1,2, 3} we see that there are no «, 8, y € {1, 2, 3} such that y is incomparable with o A B.

We can also show that U12 is a z-ordinal sum of trivial semigroups. From [12] we know that each uninorm
U:[0,11> — [0, 1] corresponds to an ordinal sum of trivial semigroups, where the order in the ordinal sum con-
struction is given by a <y b for X, = {x} and X}, = {y} if U(x, y) = x. Thus it is easy to show that U12 is a z-ordinal
sum of trivial semigroups, where A = {g;} for X, = {%} and the corresponding order is given by:

e forx,ye [0, %] the respective a, b are ordered by the corresponding order induced by Uy,
e forx,ye [% 1] the respective a, b are ordered by the corresponding order induced by U,

o forx e [O, ;[ and y € ]%, 1] the respective a, b are incomparable.

Note that since U is disjunctive and U, is conjunctive we get g1 < p forall p € P and X, = {%}, i.e., g1 is the
bottom element of the meet semi-lattice (P, <).

Assume a 2-uninorm U22 from Example 3.3. Then U22 is an ordinal sum of semigroups G| = ([0, %[, min), G, =
(]%, 1] ,max) and G3 = ([zlt’ %] , U22) with the respective order 1 < 2 < 3. From the previous we know that G3 can

11 13
be further decomposed to the z-ordinal sum of semigroups G4 = ([411’ %] , Ul[4 2}), Gs = ([%, %] , U2[2 4]) and Gg¢ =
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({%}, Id), where A = {6}. Thus U22 can be also expressed as a z-ordinal sum of semigroups G, G», G4, G5 and G,
where A = {6} and the corresponding order in the z-ordinal sum construction is 1 <2 < 6, 4 and 5 are incomparable
and 4 A 5 =6. We can also show that U22 is a z-ordinal sum of trivial semigroups. The respective order is given by:

o o
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e

d
<
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=
o
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o
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>
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=

o forx,y , %] the respective a, b are ordered by the corresponding order induced by Us,
o forx e [}L, [ and y € ]%, %] the respective a and b are incomparable.

Observe that X ,; = {0}.
Similarly we can use the z-ordinal sum construction to decompose 2-uninorms U32, U f and U52 from Example 3.3.

Now we will show the above results for idempotent n-uninorms for n € N with n > 2.

Lemma 4.14. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X , = {x} if
i(p) = x. Further, let U™ be an idempotent n-uninorm. On the set P we define a relation < bya <b if U"(x,y) =x,
where X, = {x} and Xp = {y}. Then < is a partial order on the set P and the set P partially ordered by the binary
relation < is a meet semi-lattice. Moreover, if a and b are incomparable for X, = {x} and X}, = {y} then a A b = g;,
where Xy, = {z;} for somei € {1, ...,z,-1} and z; € ]Imin(x, y), max(x, y)[.

Proof. Similarly as in Lemma 4.9 we can show that < is a well-defined partial order, where its reflexivity follows from
the idempotency of U", its transitivity from the associativity of U" and its anti-symmetry from the commutativity of
U". From Proposition 4.6 we know that all semigroups corresponding to points from [zi, z,-+1] foralli =0,...,n—1
are linearly ordered by <. From the definition of < and Lemma 3.15 we see that a and b are incomparable for
x < y if and only if U"(x, y) = z; for some z; € ]x, y[. Further, for z; = U"(e1, e;;) we know from Lemma 3.17
that U" (zx, x) € {x, zx} for all x € [0, 1] and thus g, is comparable with every p € P. Note that g; < ¢; for all
ie{l,...,n—1}

Now we will show that each pair of points from P have the meet. Assume that X, = {x} and X; = {y}. If a and b
are comparable, i.e., if U" (x, y) € {x, y} then we are done. Assume that U" (x, y) = z; for some z; € ]x, y[. We claim
that then ¢; is the meet of a and b. First we have to show that ¢; < a and ¢; < b. We have

i =U"(x,y)=U0"U"(x,x),y) =U"(x,U"(x,y) =U"(x,2;)
and similarly U"(y, z;) = z;. Thus ¢; <a and g; < b. Now we know that ¢g; is the lower bound of a and b, however,

we have to show that it is the greatest lower bound. Assume that there exists a p; € P such that p; <a, p; < b,
qi < pj and ij = {v}. Then we have

U'(x,v)=v=U"(y,v)

and U" (v, z;) = z;. However, since z; € |x, y[ the monotonicity implies U" (z;, v) = v and thus v = z;, i.e., g; = p;.
Therefore ¢g; is the meet of @ and b. Thus the set P partially ordered by the binary relation < is a meet semi-lattice. O

Remark 4.15. For an idempotent n-uninorm there is also gx < a1 and g < b1, where X,, = {x1} for x1 € ]xo, zx[ and
Xp, = {n} for y1 € lzk, yol. Similarly, a» < g and by < gi, where X,, = {x2} for x2 € [0, xo[ and X, = {y»} for
2 € ]yo, 1]. Further, a and b are incomparable for X, = {x} and X; = {y} if and only if there exists a g; € A such that
zi € Ix, y[ and g; < a, g; < b. The necessity of this claim follows from Lemma 4.14 and the sufficiency follows from
the monotonicity as ¢; < a, g; < b implies U"(x, z;) = z; = U"(z;, y) and z; € ]x, y[ then implies U" (x, y) = z;.

Proposition 4.16. Let U™ : [0, 11> — [0, 1] be an idempotent n-uninorm. Then ([0, 1], U") is a z-ordinal sum of
singleton semigroups ({x},1d) for x € [0, 1].

Proof. We will define a partial order as in Lemma 4.14. Denote Z = {z1,...,2s,—1}. Now let ([0, 1], U*) be the
z-ordinal sum of {(X,Id)},cp with the partial order <, such that A = {q1,...,g,—1}, where X, = {z;} for i =
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Fig. 7. A lower semi-lattice corresponding to an idempotent 4-uninorm, where k = 2. Here § = [O, xo[ U ] Y0> l] if U 4(x0, Y0)=121,8= [O, xo] u
Iy0. 1] if U*xo. y0) = x0. U* (21 y0) = 21 and § = [0,.x0] U [yo. 1] if U*(x0. y0) = 0. U* (21 y0) = y0.

I,....,n—1. Assume x,y € [0, 1]. If x = y evidently U"(x,x) = U*(x,x) = x. If U"(x,y) = x then a < b. If
x ¢ Z then a € B and thus U*(x,y) =x.If x € Z then a € A and x = z; for some i € {1,...,n — 1}. Therefore
U*(x,y)=z; =xand U"(x, y) = U*(x, y) = x. Similarly, if U"(x, y) = y then U" (x,y) = U*(x,y) = y.

Finally assume that U (x, y) = z; for some z; € |x, y[. Then a and b are incomparable and similarly as in the proof
of Lemma 4.14 we can show that g; is the meet of a and b. Therefore U*(x, y) = z;. Thus U"(x, y) = U*(x, y) = z;.
Summarizing, U"(x, y) = U*(x, y) for all x, y € [0, 1] (see Fig. 7 and Fig. 8). O

Proposition 4.17. Let P be an index set isomorphic with [0, 1] via the isomorphism i. For all p € P we put X , = {x}
ifi(p)=x.Letey,....ey,21,--.,2n—1€10,1],0=z0<z1 < - <zp=1,¢ € [zi_l,zi]fori =1,...,n. Denote
A={q1,....qn-1}, where Xy, ={z;} fori =1,...,n—1and B= P\ A. Let < be a partial order on P such that all
requirements of Theorem 4.2 are fulfilled. If ([0, 1], U") is the z-ordinal sum of {(X p,1d)} ,e p with the partial order
=< then U" is an idempotent n-uninorm with the n-neutral element {ey, ..., ey}, .. -, if and only if the following
conditions are fulfilled:

(i) a1 <az forall ay,ar € P such that X4, = {x1}, X4, = {x2}, x1 <x2and x1,x3 € [zi,l, ei],fori =1,...,n.
(ii) by < by forall by, by € P such that Xp, = {y1}, Xp, ={y2}, y1 > y2and y1,y2 €le;, zi] fori =1,...,n.
(iii) Fora,b e P, X, ={x}, Xp ={y}, are a and b incomparable if and only if there existsani € {1, ...,n — 1} such

that q; < a, q; <band z; € |x, y[, where X, = {z;}.

(iv) a1 and ap are comparable for all ay,a; € P such that X,, = {x1}, X4, = {x2}, where (x1,x2) € [Zi—l,zi]zfor
i=1,...,n.

Proof. The necessity follows from Proposition 4.6 and Remark 4.15.

Now we will show the sufficiency part. The associativity and the commutativity of U" follow from Theorem 4.2.
Further, U" is evidently idempotent. From (7) it follows that if x € [zi_ 1, ei] fori=1,...,n then U"(x,¢;) = x.
Further, from (ii) it follows that if x € [¢;, z;] fori =1,...,n then U"(x, ¢;) = x. Thus ¢; is the neutral element of
U" on [Zi—l, Zi]z-

To finish the proof we have to show that U” is non-decreasing, however, first we will show two important points.
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Fig. 8. A lower semi-lattice corresponding to an idempotent 4-uninorm, where k = 3. Here § = [0, xo[ U ] Y0, 1] if U 4(x0, Y0)=121,S= [0, xo] U
Jyo. 1] if U*(x0. y0) = x0. U*(z1. y0) = z1 and § = [0, x0] U [yo. 1] if U*(x0. y0) = x0. U*(z1. y0) = Yo.

Point 1: If ¢; <a and ¢; < b, for some X, = {x}, Xp ={y},x <y, ie{l,...,n—1}and z; € |x, y[then U"(x, y) =
Zi.
Point 2: U" (eq, e;,) =z forsome k € {1,...,n — 1}.

To show Point 1 first observe thatif g; <a and g¢; < b forsome i € {1,...,n — 1} and z; € ]x, y[ then (iii) implies
that a and b are incomparable. Suppose that a A b = g, where j # i, i.e., U"(x,y) = z;. Then either z; < z;, or
zj > zi.- We will assume that z; < z; (the case when z; > z; is analogous). Then ¢; < ¢g; and z; € ]zj, y[, i.e., by (iii)
g; and y are incomparable, which is a contradiction. Thus U"(x, y) = z;.

To show Point 2 first observe that g; A --- A g,—1 € A and thus

g1 N\ NGn—1 =gk

for some k € {1,...,n — 1}. Then g; is comparable with all p € P. Indeed, if g is incomparable with some p € P
then p Agyr = g; forsome i € {1, ...,n— 1}, however, since g; A q; = gx we get gx < p, which is a contradiction. Thus
U"(x, zk) € {x, zx} for all x € [0, 1]. Since g < g1 < wy and gx < gn—1 < w, we have U"(e1, zx) = 7k, U" (en, 2x) =
Zk. If zi € ler, ex| we get U (eq, en) = 2. If 2k = e1 (zx = ep) then w1 < wy, (w, < wy) and U"(e1, ey) = €1 = 2k
(U"(e1, €4) = e, = zx) as in the previous case.

Now we are ready to show that U” is non-decreasing. The proof will be done by induction. Since for 2-uninorms
and uninorms (see Propositions 4.12 and 4.6) the claim holds we will suppose that the claim of this proposition holds
for all (n — 1)-uninorms. Now we will show that it holds also for all n-uninorms. Due to the induction assumption U” is

non-decreasing on [0, zn_l]z aswellason [z1, 1]2. Thus we only have to check the monotonicity on [0, z1] x [zn_l, 1]
and on [Zn_1, 1| x [0, z1]. We will take X, = {x}, Xp, = {y1} and X, = {y2} and we will assume x € [0, z{] (the
case when x € Hz,,_l, 1] is analogous). Then it is enough to check the monotonicity for yi, y» € [z,,_l, 1], v < y.
If x = z; then the monotonicity follows from the induction assumption. Thus we will suppose that x < zy. Further,
if yp = z,—1 then also y; = z,,— and therefore we will suppose that y, > z,,_. Note that the conditions (i) and (ii)
imply a < wy and b; < wy,, by < wy, and thus from the monotonicity of the meet we know that a A b1 < w1 A w, = gi
and similarly a A by < gi. Therefore if a and b (b») are incomparable then their meet is equal to gx. From (ii) we
know that b, < b1. Now we have the following 6 cases:
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Case 1: If a < by < by. Since x # z; we get
U'(x,yn) =x=U"(x, y).

Case 2: If by < a < by. Since y # z,—1 and x # z; we have

U'(x,y1)=x <y =U"(x, y2).

Case 3: If b) < by <a. We have U"(x, y;) = y; in both cases, when y; = z,—1 and when y; > z,,_| and thus we have

U'(x,y1)=y1 <y2=U"(x, y).

Case 4: If a is incomparable with b; and b, < a we get

U'(x,y1)) =z <y2=U"(x, y2).

Case 5: If a is incomparable with by and a < by we get
U'(x,y)) =x <zx =U"(x, y2).

Case 6: If a and b are incomparable and a and b, are incomparable we get

U(x,y1) =z =U"(x, y2).
Thus in all cases U"(x, y;) < U™ (x, y3). O

If we summarize the results obtained in this section we will see that the partial order on P induced by an idempotent
n-uninorm resembles a tree, where g; ~ z; fori =1, ..., n — 1 are nodes of this tree. More precisely, if p; and p, are
incomparable for p1, p» € P then p; and p> have no join (the least upper bound).

5. Conclusions

We have described the structure of idempotent 2-uninorms and n-uninorms showing that each idempotent 2-
uninorm (n-uninorm) can be expressed as an ordinal sum of an idempotent uninorm (possibly also of a countable
number of idempotent semigroups with operations min and max) and an idempotent 2-uninorm (n-uninorm) such that
U%(0, 1) = z; (U™(0, 1) = zx), possibly restricted to 10, 1[2, or [0, 1[2, or 10, 1]°.

Further, we have shown that idempotent n-uninorms are in one-to-one correspondence with special lower semi-
lattices defined on the unit interval, where these semi-lattices have a tree-like structure. We have also defined the
z-ordinal sum construction for partially ordered semigroups. This construction extends the ordinal sum construction
of Clifford and our aim is to show that similarly as continuous t-norms (t-conorms) can be expressed as an ordinal
sum of continuous Archimedean t-norms (t-conorms) also n-uninorms with continuous underlying functions can be
decomposed to Archimedean and idempotent semigroups using the z-ordinal sum construction.

As we mentioned in the introduction, in the future work we would like to introduce the notion of the characterizing
function defined for uninorms with continuous underlying functions also for z-uninorms, showing that each n-uninorm
with continuous underlying functions possesses n characterizing functions and that graphs of these characterizing
functions cover all points of discontinuity of such an n-uninorm. Finally, we would like to show that each n-uninorm
with continuous underlying functions is a z-ordinal sum of a countable number of semigroups related to representable
uninorms, continuous Archimedean t-norms, continuous Archimedean t-conorms and internal uninorms (including
the min and the max operator).
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ABSTRACT ARTICLE HISTORY
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are studied. We show that each 2-uninorm with continuous under-  Accepted 1 December 2020

lying functions can be expressed as an ordinal sum of a uninorm KEYWORDS

with continuous underlying functions (possibly also of a count- p-uninorm; uninorm; ordinal
able number of semigroups related to representable uninorms, con- sum; t-norm; t-conorm
tinuous Archimedean t-norms, continuous Archimedean t-conorms

and internal uninorms) and a 2-uninorm with continuous underly-

ing functions such that U%(0,1) = z; (possibly restricted to open

or half-open unit square [0, 1[2, 10, 112). Similar results are shown

for n-uninorms with continuous underlying functions, where n € N,

n> 2.

1. Introduction

Triangular norms and conorms (see Klement, Mesiar, and Pap 2000; Alsina, Frank, and
Schweizer 2006) represent the prominent classes of associative aggregation functions on
the unit interval which are, due to their nice properties, used in many applications and
many theoretical studies. The class of continuous t-norms was completely characterized
using the ordinal sum construction and additive generators. Since t-conorms are dual oper-
ations to t-norms the characterization of continuous t-conorms is straightforward. When
focusing on the neutral element of an aggregation function, t-norms and t-conorms can
be generalized into uninorms capable of representing bipolar aggregation (see Yager and
Rybalov 1996; Fodor, Yager, and Rybalov 1997; Mesiarova-Zemankova 2015). If we focus
on the annihilator, t-norms and t-conorms can be generalized into nullnorms (also called
t-operators) (Mas, Mayor, and Torrens 1999; Calvo, De Baets, and Fodor 2001). The above
generalizations bring together t-norms and t-conorms. In the second step a notion that
brings together uninorms and nullnorms was introduced by Akella (2007). These special
aggregation functions are called #-uninorms and each #-uninorm possesses 7 local neu-
tral elements. The basic structure of n-uninorms was described in Akella (2007). Further,
5 possible classes, defined by values of U?(0,1), U?(0,z;) and U?(z;, 1) were character-
ized in Zong et al. (2018). If for a 2-uninorm there is e; = 1 we obtain a uni-nullnorm
and if e; = 0 we obtain a null-uninorm (Sun, Wang, and Qu 2017). The migrativity and
distributivity of uni-nullnorms were studied in Sun, Qu, and Zhu (2019); Wang, Qin, and

CONTACT Andrea Mesiarova-Zemankova @ zemankova@mat.savba.sk, vicandy27@yahoo.ca
© 2020 Informa UK Limited, trading as Taylor & Francis Group
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Li (2019). Moreover, uni-nullnorms with continuous Archimedean underlying functions
were characterized in Sun, Wang, and Qu (2018).

In this paper we focus on n-uninorms with continuous underlying functions. The idem-
potent #n-uninorms were fully characterized in Mesiarova-Zemankova (forthcoming) and
we would like to obtain similar results for all n-uninorms with continuous underlying
functions. In the next papers we would like to study characterizing functions of such
n-uninorms and afterwards describe their decomposition into irreducible semigroups.

The paper is structured as follows. In the following section we recall all necessary basic
notions and results. Section 3 gives basic results on 2-uninorms with continuous under-
lying functions which will be used in the following section. In Section 4 we will study
the structure of 2-uninorms and n-uninorms are examined in Section 5. We give our
conclusions in Section 6.

2. Basic notions

A triangular norm is a binary function T': [0, 112 — [0, 1] which is commutative, associa-
tive, non-decreasing in both variables and 1 is its neutral element. Due to the associativity,
n-ary form of any t-norm is uniquely given and thus it can be extended to an aggregation
function working on | J,,.x[0, 1]". Dual functions to t-norms are t-conorms. A triangular
conorm is a binary function S: [0, 112 — [0, 1] which is commutative, associative, non-
decreasing in both variables and 0 is its neutral element. The duality between t-norms and
t-conorms is expressed by the fact that from any t-norm T we can obtain its dual t-conorm
S by the equation

Se,y) =1—-T(Q —x,1—y)

and vice-versa.

Each continuous t-norm (t-conorm) is equal to an ordinal sum of continuous
Archimedean t-norms (t-conorms). Note that a continuous t-norm (t-conorm) is
Archimedean if and only if it has only trivial idempotent points 0 and 1. A continuous
Archimedean t-norm T (t-conorm S) is either strict, i.e. strictly increasing on ]0, 1)? (on
[0,1[?), or nilpotent, i.e. there exists (x,y) € ]0, 1[% such that T(x, ) =0 (S(x, ») = 1).
Moreover, each continuous Archimedean t-norm (t-conorm) has a continuous additive
generator, which is uniquely determined up to a positive multiplicative constant. More
details on t-norms and t-conorms can be found in Klement, Mesiar, and Pap (2000); Alsina,
Frank, and Schweizer (2006).

A uninorm (introduced in Yager and Rybalov 1996) is a binary function U: [0,1]*> —
[0, 1] which is commutative, associative, non-decreasing in both variables and have the
neutral element e € [0, 1] (see also Fodor, Yager, and Rybalov 1997). Evidently, if e = 1
(e = 0) then we retrieve a t-norm (t-conorm).

Due to the monotonicity, for each uninorm the value U(1,0) € {0, 1} is the annihilator
of U. A uninorm is called conjunctive (disjunctive) if U(1,0) = 0 (U(1,0) = 1).

For each uninorm U with the neutral element e € ]0, 1[, the restriction of U to [0, e]?
is a t-norm on [0, e]?, i.e.a linear transformation of some t-norm Ty on [0, 1]? and the
restriction of U to [e,1]? is a t-conorm on [e, 1]?, i.e. a linear transformation of some
t-conorm Sy. Moreover, min(x, y) < U(x, y) < max(x,y) for all (x,y) € [0,e] x [e,1] U
[e,1] x [0,¢e].
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Similarly as in the case of t-norms and t-conorms we can construct uninorms using
additive generators (see Fodor, Yager, and Rybalov 1997). A uninorm which possesses an
additive generator is called representable. In Ruiz and Torrens 2006 (see also Mesiarova-
Zemankova 2015) it was shown that U is representable if and only if it is continuous

n [0,1]2\ {(0,1),(1,0)}. This result completely characterizes the set of representable
uninorms.

Definition 2.1: A uninorm U: [0,1]?> — [0,1] is called internal if U(x,y) € {x, y} for
all (x,y) € [0,1]2. Further, U is called locally internal on A(e) if U is internal on A(e) =
[0,e] x [e,1] U [e, 1] x [0, €] .

Several results on internal and locally internal uninorms can be found in Czogala and
Drewniak (1984), De Baets (1998), Martin, Mayor, and Torrens (2003), Ruiz-Aguilera
et al. (2010) and Drygas, Ruiz-Aguilera, and Torrens (2016). Note that if a uninorm U
is internal then it is also idempotent, i.e. U(x, x) = x for all x € [0, 1] and vice versa.

Ordinal sums of uninorms were defined in Mesiarova-Zemdnkova (2016). Uninorms
with continuous underlying functions were completely characterized in Mesiarova-
Zemdankova (2017, 2018). In Mesiarova-Zemdankova (2017) it was shown that each
uninorm with continuous underlying functions can be decomposed into an ordinal
sum of a countable number of semigroups related to representable uninorms, continu-
ous Archimedean t-norms, continuous Archimedean t-conorms and internal uninorms
(including the min and the max operator). In Mesiarova-Zeménkové (2018) it was shown
that the set of all points of discontinuity of a uninorm with continuous underlying
functions is a subset of the graph of the characterizing function of such a uninorm.

The following is the definition of a nullnorm (Calvo, De Baets, and Fodor 2001). Note
that t-operators were independently defined in Mas, Mayor, and Torrens (1999) and in
Mas, Mayor, and Torrens (2002) it was shown that t-operators and nullnorms coincide.

Definition 2.2: A binary function V: [0, 1]> —> [0, 1] is called a nullnorm if it is commu-
tative, associative, non-decreasing in each variable and has an annihilator z € [0, 1] such
that V(0,x) = xforallx < zand V(1,x) = x for all x > z.

Ifz = 0(z = 1) then Visa t-norm (t-conorm). Note that for a commutative, associative
and non-decreasing function F: [0, 112 — [0, 1] with F(0,0) = 0, F(1,1) = 1, the value
F(0,1) is always an annihilator of F. Thus for a nullnorm z = V(0, 1). In Calvo, De Baets,
and Fodor (2001) the following result was shown.

Theorem 2.3: Letz € ]0,1[. Then V: [0,1]2 —> [0, 1] is a nullnorm with the annihilator
z if and only if there exists a t-norm Ty and a t-conorm Sy such that
y : 2
Z'SV()_ZC: z) 1fx,)’€ [0>Z] 5

Vix,y) = z+(1_z).TV(x_Z}:) ifx,ye[z,l]z,
z
z otherwise.

1—-21—

Now let us recall the definition of an n-uninorm (see Akella 2007).
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Definition 2.4: Assumeann € N\ {1}.Let V: [0,1]> —> [0, 1] be a commutative binary
function. Then {ey, . . ., e4},...z,, is called an n-neutral element of V iffor 0 = zp < z; <
-<zy,=1ande; € [zi_1,zi],i=1,...,nwehave V(e;,x) = xforall x € [z;i_1,2].

Definition 2.5: A binary function U": [0,1]> —> [0, 1] is an #-uninorm if it is asso-
ciative, non-decreasing in each variable, commutative and has an n-neutral element

{ei,..., en}zl,...,Zn—l'

The basic structure of n-uninorms was described in Akella (2007) and the characteri-
zation of the main five classes of 2-uninorms was given in Zong et al. (2018). Now we will
recall these five exhaustive and mutually exclusive classes:

Class 1: 2-uninorms with U?(0,1) = z;.

Class 2a: 2-uninorms with U2(0,1) = 0, U%(1,z;) = z].
Class 2b: 2-uninorms with U%(0,1) = 1, U%(0,z;) = z;.
Class 3a: 2-uninorms with U%(0,1) = 0, U%(1,z;) = 1.

Class 3b: 2-uninorms with U?(0,1) = 1, U%(0,z;) = 0.

Each n-uninorm has the following building blocks around the main diagonal.

Proposition 2.6: Let U": [0,1]> —> [0, 1] be an n-uninorm with the n-neutral element
{e1,....enlz,. .20, Then

(i) U" restricted to [zi—1, ei]2 ,fori=1,...,n, isisomorphic to a t-norm. We will denote
this t-norm by Ti.
(i) U™ restricted to [e,-,z,-]zfor i=1,...,n,is isomorphic to a t-conorm. We will denote
this t-conorm by §;.
(iii) U™ restricted to [zi_1, z,-]zfori =1,...,n,isisomorphic to a uninorm. We will denote

this uninorm by U,.
(iv) U™ restricted to [zi,zj]z for i,j€{0,1,...,n}, i <j, is isomorphic to a (j— i)-
uninorm.

For n € N we will denote the set of all n-uninorms U" such that Ty,...,T, and
Si». .., Sy are continuous by Uj,.

Since we will work in this paper with ordinal sums of semigroups we recall a fundamen-
tal result of Clifford (1954).

Theorem 2.7: Let A # ) be a totally ordered set and (Gy)uea With Gy = (Xo» *o) be a
Sfamily of semigroups. Assume that for all o, B € A with o < B the sets X, and Xg are either
disjoint or that Xo N Xp = {Xq,p}, where xo,p is both the neutral element of G, and the
annihilator of Gg and where for each y € A with a <y < f we have X, = {xq g}. Put
X = Uyena Xa and define the binary operation % on X by

xxqy i (%) € Xy X Xo,
X*ky=1x if (x,y) € Xo x Xganda < B,
y if (x,y) € Xo x Xganda > B.
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Then G = (X, *) is a semigroup. The semigroup G is commutative if and only if for each
a € A the semigroup Gy is commutative.

Remark 2.8: As we see in the previous theorem the ordinal sum construction assumes that
the index set A is totally (linearly) ordered and therefore if we say that semigroups G, for
a € A are ordered we are speaking about the order defined on the index set A. Then, if for
some «, B € A we have X, # Xg and x x y = x for all x € X, and all y € Xg, necessarily
o< B.

Vice versa, assume a commutative, associative function F: [0, 1]> — [0, 1], an index
set A and semigroups (Gg)gea With Gy = (Xg, Flx,), where Flx, : Xg — X, is the
restriction of F to X, such that [0, 1] = [ J,c4 Xa» and for «, B € A the sets X, and Xp
are either disjoint, or X, N Xg = {xq g}, and X, # Xg whenever o # . We define a par-
tial orderon Abya <4 Bforw, B € Aifeithera = B, or F(x,y) = xforallx € X, and all
y € Xg. Then <, is evidently reflexive, the antisymmetry of <, follows from the commu-
tativity of F and the fact that X, # Xg whenever o # B, and the transitivity of <4 follows
from the associativity of F. In the case when <, is a total (linear) order it is easy to check
that ([0, 1], F) is an ordinal sum of (Gy)yea with respect to order <y4 .

Therefore, in order to show that F is an ordinal sum of semigroups (G )qea it is enough
to show that these semigroups are totally ordered by the order <4 defined above.

Note that when we speak about ordinal sums of t-norms (t-conorms) we work either
with trivial semigroups, or with semigroups acting on subintervals [a;, b;] of the unit
interval, a; < b;, with operations which are equal to t-norms (t-conorms) linearly trans-
formed to [aj, b;]. In the case of uninorms we use uninorms transformed to the set
[ai, bi[ U {vi} U ]ci, d;] by a piece-wise linear, increasing isomorphism.

Therefore, if we will speak about linear transformation from interval [, b] to interval
[¢, d] we mean a linear function ¢: [a,b] —> [, d] given by

ox) = —(x—a) @=0 +c

b—a
which transforms a unary function f: [a,b] — [a, b] to a function g: [¢,d] — [c, d]
given by g(x) = ¢(f (¢ ' (x))), and transforms a binary function V: [a, b]> —> [a,b]toa
function U: [¢,d]* —> [c, d] given by U(x, y) = ¢(V(¢~(x), 9~ ())). Further, for any
0<a<b<c<d<1,velbc and a uninorm U: [0,1]> —> [0, 1] with the neutral
element e € ]0, 1[ we use the transformation f: [0, 1] —> [a, b[ U {v} U ]c,d], given by

(b—a)-)—;+a if x € [0,¢[,
fx) =V if x=e, (1)
d— % otherwise.

Then f is linear on [0, e[ and on Je, 1] and thus it is a piece-wise linear isomorphism of
[0,1] to ([a, b[ U {v} U ]¢,d]) and the binary function Ug’b’c’d: ([a, b[ U {v} U e, d])? —
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([a, b[ U {v} U ]¢, d]) given by

U y) = FUG @ ) @

is a uninorm on ([a, b[ U {v} U ]c, d])?. The backward transformation f ~! then transforms
a uninorm defined on ([a, b[ U {v} U ]¢, d])? to a uninorm defined on [0, 1]2.

For the rest of the paper if we say that two semigroups (X1, F1) and (X3, F») are iso-
morphic we assume that there exists an increasing isomorphism ¢: X; — X, such that
Fi(x,y) = ¢~ {(F2(p(x), 9(»))) for all x, y € X;. Note that such an isomorphism preserves
the commutativity, the associativity, the monotonicity, the (local) neutral element and the
annihilator, as well.

Since we will use ordinal sums of trivial semigroups, let us recall that there exists only
one operation on a trivial semigroup, namely the function Id: {x}> —> {x}, which is
simply defined by Id(x, x) = x.

3. Basic results on 2-uninorms with continuous underlying functions

Let us settle for this paper that if we say that a function is an n-uninorm we will suppose
that it possesses the n-neutral element {ey,. .., eu}z,. 2, ,. In this section we will focus
on 2-uninorms U?: [0,1]> —> [0, 1] such that T}, T, and Sy, S, are continuous. First we
introduce several useful examples of 2-uninorms related to a 2-uninorm from Class 1,
i.e. such that U2(0, 1) = z,. Afterwards we will describe the structure of 2-uninorms with
continuous underlying functions.

Example 3.1: Uninorms with nilpotent (strict) underlying t-norm and t-conorm were
described in Fodor and De Baets (2012) and Li, Liu, and Fodor (2014). In (Mesiarové-
Zemankova 2017, Example 1,Example 2) it was shown that these uninorms are in fact
ordinal sums of semigroups defined on [0, e[, {e} and ]e, 1] in the nilpotent case and on
{0}, 10, e[, {e}, ]e, 1[, {1} in the strict case. The order of these semigroups then determines
the class of the corresponding uninorm. A similar construction can be used to construct
special examples of 2-uninorms related to a 2-uninorm U? from the Class 1 which will be
used later for the characterization of 2-uninorms with continuous underlying functions.
Assume a 2-uninorm Ulz: [0,1]2 — [0,1], U12 € U,, such that Ulz(l, 0) = z;. Then Ul2 is
isomorphic to a uninorm with continuous underlying functions on [0, z1]* ([z1, 1]?) and
U%(x,y) = z; forall x,y € [0, 1] such that z; € [x,y] .

In the case when T; has no zero divisors then U12 is closed on ]0, 1]2 , l.e. U12 (xy) €
10,1]? for all x, y € ]0,1]%, and we can define a function U22: [0,1]> — [0,1] by

U%(x,y) _ :Uf(x,y) if x,y e 10,17,

0 otherwise.
Then U% is an ordinal sum of two semigroups G; = (]0,1], Uf) and G, = (0,1d), where
the order of semigroups in the ordinal sum construction is 2 < 1. Therefore U? is associa-
tive and commutative. The monotonicity and the 2-neutral element of U7 are easily verified
and thus we see that U3 is a 2-uninorm.
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Similarly, if S, has no divisors of 1 then U12 is closed on [0,1[? and we can define a

function U32: [0,1]> — [0,1] by

Uf(x,y) if x,y € [0,1],

1 otherwise.

@mwzi

Then U32 is an ordinal sum of two semigroups G; = ([0, 1[, Uf) and G, = (1,1d), where
the order of semigroups in the ordinal sum construction is 2 < 1. Therefore U? is associa-
tive and commutative. The monotonicity and the 2-neutral element of U? are easily verified
and thus we see that U7 is a 2-uninorm.

Finally, if both T has no zero divisors and S, has no divisors of 1 then we can define two
2-uninorms given as ordinal sums of G; = (]0, 1[, U12), G, = (0,Id) and G3 = (1,1d). To
keep the monotonicity for the order of the semigroups we need to have2<1and 3 < 1,
however, there are two possibilities: either 2 < 3, or 3 < 2. Then we obtain the following
two functions

Ui(x,y) ifx,y€]0,1],
Ui(x,y) =40 if min(x,y) = 0,
1 otherwise,

and
Ulz(x,y) ifx,y €]0,11,
Ug(x, y) =11 if max(x,y) =1,

0 otherwise.

Similarly as in the previous cases we can easily check that U7 and U? are 2-uninorms which
possess the same 2-neutral element as U12. Observe that U% coincides with U12 on 10,1]%,
U32 coincides with U12 on [0,1[%, and Uf, Ug coincide with U% on ]0,1[>.

For any U? € U, we know that U? is isomorphic to a uninorm with continuous under-
lying functions on [0, z;]? ([z1, 1]%). In Mesiarové-Zemankova (2018) the following result
was shown.

Lemma 3.2: Let U: [0,1]> — [0, 1] be a uninorm with continuous underlying functions.
Ifa € [0,1] is an idempotent point of U then U(a, x) € {x, a} for all x € [0,1].

A similar result can be shown also for idempotent points of a 2-uninorm U? € U,
however, here U%(a,x) € {x,a,z} forall x € [0,1].

Lemma 3.3: Let U%: [0,1]> — [0, 1] be a 2-uninorm and let U> € U,. If a € [0,1] is an
idempotent point of U* then U*(a,x) € {x,a,z1} for all x € [0,1].

Proof: Leta < [0, 1] be an idempotent point of U2. Ifa = z; then U (21, x) € {21, x} forall
x € [0,z1] U [z1, 1] = [0, 1] follows from Lemma 3.2. Further we will assume that a < z;
asthe case when a > z; is analogous. Due to Lemma 3.2 there is U%(a, x) € {a, x} forallx €
[0,21]. Assume any y € [z1,1]. Then U?(a, z1) € {a,21} and U%(y,z1) € {y,z1}. Therefore
there are the following four possibilities:
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(i) IfU%(a,z1) = z1 and U%(y, z1) = z;. Then the monotonicity of U? gives us
2 =Uaz) < Ulay) < Ulz)) =21

and therefore U2(a, y) =2z.
(ii) If U%(a,z1) = z1 and U*(y,z1) = y. Then

U*(a,y) = U(a, U (21,)) = U*(U*(a,21),y) = U (z1,y) = y.
(iii) If U?(a,z;) = aand U%(y,z1) = z;. Then
U%(a,y) = U*(U*(a,21),y) = U*(a, U*(z1,9)) = U*(a,21) = a.
(iv) If U%(a,z;) = a and U? (y,z1) = . First suppose that U2 (a,y) < e3. Then
a=Ua,21) = U(a, U(ez,21)) = U(e2, U (a4, 21)) = U(ez, )
and therefore
a=Uaz2) < Uay) = U(U(a,a),y) = U(a, U (a,y) < U(a,&) = a,

ie U? (a,y) = a.

Now suppose that U2(a,y) > e;. Since U?(a,y) < U%(z, y) =y there is
U%(a,y) < y. Suppose that U?(a, y) < y. Then since S, is continuous there exists
ay) € [ez, 1] such that U?(y;, U*(a, y)) = y and we get

U(a,y) = U*(a, UX(U*(a, ), y1)) = U*(U*(a,a), U*(y,1))
= U*(U*(a,9), 1) = y.

Summarizing the four cases, for any y € [z1, 1] we get U*(a,y) € {a,y,21}.
Therefore U(a,x) € {a,x,2;} forall x € [0,1]. |

Remark 3.4: Since for each x € [0,21] (x € [z1, 1]) there is U?(x, z1) € {x,2} the mono-
tonicity of U? implies that there exists an xo € [0,e;] and a yp € [es, 1] such that
U2%(x,z)) = x for all x < xg and U?(x,z;) = z; for all xy < x < z;, and Uz(y,zl) =y for
all y > yp and Uz(y, z1) = z1 forall z; <y < yp. Note thatif xo < e; (yo > e2) then there
are possible both cases U?(x,z1) = xp as well as U?(xg,z1) = z1 (U*(yo,21) = yo as well
as U2(y,21) = 21).

Further, it is clear that xo and yo are idempotent points. Otherwise, if xo is not an
idempotent point of U? (and similarly for yy) due to the continuity of T; there exists an
x1 € [0,e;] such that x; > xp and U?(x1, %) < xo. Then we get

71 = U*(x1,21) = U (x1, U (21, 21)) = U (U (31, x1), 21) = U (x1,%1) < X0
which is a contradiction.

Note that if for a 2-uninorm U? there is xy = 0, yo = 1and U?(xo, ¥0) = z1 we obtain
just the 2-uninorm U} from Example 3.1.
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For the rest of this section we assume that xo and yy are defined as in Remark 3.4.

Since xp (yo) is an idempotent point, U? restricted to [xg, 1] ([ez, yo]z) is isomorphic a
t-norm T (t-conorm Sp). The following result describes the case when T has zero divisors
(So has divisors of 1).

Lemma 3.5: Let U?: [0,1]2 —> [0,1] be a 2-uninorm and let U? € Us. If there exist
x1,%2 € )x0, 1] such that U*(x1,x;) = xo then U*(xo,21) = z1. Similarly, if there exist
YL,y € [O,yo[ such that U?(y1, y2) = yo then U*(yo,21) = z1.

Proof: We will show only the first part, as the second is analogous. If there exist x;, x; €
]x0, 1] such that U?(x1, x2) = xo then evidently x; < z; and x, < z; and

U (x0,21) = UX(U*(x1,x%2), 21) = U (21, U (52, 21)) = U*(x1,21) = 21.
[ |

Remark 3.6: Lemma 3.5 shows that if there exist x1, x5 € ]xg, 1] such that U?(x1, x3) = xg
and y1, 2 € [0, y[ such that U%(y1, ) = yo then U? on [xo,yo]z is isomorphic to the
2-uninorm U12 from Example 3.1. If there exist x1,x; € ]xp, 1] such that U?(x1,x2) = %
and U? is closed on [0, yo [2 then U? on [xo, yo]2 is isomorphic to U} in the case when
U%(z1, y0) = z1 and it is isomorphic to U§ in the case when U?(z1, yp) = yo. If there exist
YL Y2 € [O,yo[ such that Uz(yl,yz) =y and U2 is closed on ]xg, 1]? then U? on [xo,y0]2
is isomorphic to U12 in the case when U?(z1,x9) = z; and it is isomorphic to U% in the
case when U?(z1,x0) = xo. Finally, if U? is closed on ]xo, yo[2 then U? on [xo, yo]z is
isomorphic to one of the five 2-uninorms from Example 3.1 depending on the values of
U2(z1, ), U(z1, x9) and U2 (x0, o).

Since xo and yy are idempotent elements of U?, the monotonicity ensures that U? is
closed on [xo,yo]2 .

Now we are going to determine the structure of U? on ([0, xo[ U ] 0, 1])2. We will show
that, similarly as in the case of uninorms with continuous underlying functions, U? is
closed on ([0, xo[ U {U?(x0, y0)} U ]yo, 1])2.

Lemma 3.7: Let U%: [0,1]2 —> [0, 1] be a 2-uninorm and let U? € U,. Assume an a €
[0,x0] and a b € [yo, 1] , where a and b are idempotent points of UZ. Then U? is closed on
([0,a] U {z1} U [b,1])%

Proof: The monotonicity implies that U? is closed on [0, a)? as well as on [b, 1]? . Further,
forall x € [0,1] thereis U%(x, z1) € {x,2}. Due to Lemma 3.3 we have U%(a, x) € {a,x, 21}
and U%(b,x) € {b,x,z1} for all x € [0,a] U {z1} U [b, 1] . Thus, due to the commutativity,
we have to check only the value of U?(x, y) for x € [0,a[ and y € |b, 1]. First assume that
U?(x, y) < e;1. Then

Ul(x,y) = U*(U*(a,x),y) = U(a, U(x,y)) < U(a,e1) = a.
Similarly, if U?(x, y) > e, then U?(x, y) > b. Finally assume that U?(x, y) € ]ej, ez[. Then
UAx.y) = U (U (% 21),p) = UA(UP (6 p),21) = 21
Summarizing, U? is closed on ([0, a] U {z1} U [b, 1])%. |

201



202

INTERNATIONAL JOURNAL OF GENERAL SYSTEMS . 101

Lemma 3.8: Let U?: [0,1]> —> [0,1] be a 2-uninorm and let U*> € U,. Assume an a €
[0,x0] and a b € [yo, 1], where a and b are idempotent points of U. Then U? is either closed
on ([0, a[ U ]b,1])2, or U? is closed on ([0, a[ U {U?(a, b)} U ]b, 1])2.

Proof: If U is not closed on ([0, a[ U ]b, 1])? then due to the monotonicity and Lemma 3.7
there exist an x; € [0,a[ and an x, € ]b, 1] such that U?(x;,x2) € {a, b, z1}. We will show
that then U?(x;, x2) = U?(a, b). First suppose that U?(x1, x;) = a. Then

a = U*(x1,x2) = UX(U*(x1,a), U(x2, b)) = U*(U*(a, b), U*(x1,%2))
= U*(U*(a,b),a) = U*(U*(a,a),b) = U?(a,b).

Analogously, if U?(x1,x;) = b then U?(a, b) = b. Finally assume that U?(x;,x;) = z;.
Then similarly as above we can show that U%(U%(a, b),z;) = z;. The associativity gives us
U%(a,z1) = z1 = U?(b, z1) and then the monotonicity of U? implies U%(a,b) = z;. N

Corollary3.9: Let U?%: [0,1]2 —> [0, 1] be a 2-uninorm and let U? € U,. Then U? is either
closed on ([0, xo[ U ]yo, 1])2, or U? is closed on ([0, xo[ U {U?(x0, y0)} U ]yo, 1])2.

From the previous result we see that U? is closed on ([0, xo[ U {z1} U ] 10 1])2 if either
U? (%0, y0) = 21, or U? is closed on ([0, xo[ U ]yo, 1])2. For such a 2-uninorm we have the
following result.

Proposition 3.10: Let U?: [0,1]> —> [0,1] be a 2-uninorm and let U*> € U,. If U? is
closed on ([0, xo[ U {z1} U ]yo, 1])2 then U? restricted to ([0, xo[ U {z1} U ]yo, 1])2 is isomor-
phic to a uninorm with continuous underlying functions.

Proof: 1t is enough to observe that if U? is closed on ([0, x0[ U {z1} U ]yo, 1])2 then z;
is the neutral element of U? restricted to ([0,x0[ U {z1} U ] Y05 1])2. Since U? is continu-
ous on ([0, x9[)? and on (]yo, 1])2 we see that U? restricted to ([0, x[ U {z;} U ]yo, 1])2 is
isomorphic to a uninorm with continuous underlying functions. n

4. Characterization of 2-uninorms with continuous underlying functions

In this section we will again assume that xo and yg are defined as in Remark 3.4. We will
relate all 2-uninorms with continuous underlying functions to 2-uninorms from Class 1
(or their restrictions to open, or half-open unit square). Due to Lemma 3.3 there are three
possibilities: U2 (xo, y0) = xo, U*(x0, ¥0) = yo and U?(xo, yo) = 21, while U?(xo, o) is the
annihilator of U? on [xo, yo]z. Since the cases U?(xo, yo) = xo and U?(xo, yo) = o are
analogous we will focus just on the cases when U2 (xg, ¥0) = z1 and when U2 (x0, o) = Xo.
In the case when U?(xg, ¥0) = z1 the structure of U? is simple, however, in the case when
U (x0, o) = xo (U*(x0, ¥0) = yo) the situation is much more complicated and we have to
divide it into more cases.

e Cuase I: UZ(X(),Y()) =1.

Theorem 4.1: Let U%: [0,1]> —> [0, 1] be a 2-uninorm and let U? € U,. IfUz(xo,yo) =
z1 then U? is an ordinal sum of two semigroups G = ([0, xo[ U {z1} U ]yo, 1] ,U?)and G, =
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([x0,y0] » U?), where G is isomorphic to U} from Example 3.1 and G, is isomorphic to a
uninorm with continuous underlying functions and the order of semigroups in the ordinal
sum construction is 1 < 2.

Proof: Proposition 3.10 shows that G is isomorphic to a uninorm with continuous under-
lying functions. Since U?(x0, y0) = 2 it is easy to see that G, is isomorphic to Uf from
Example 3.1. Further, z; is the annihilator of U? on [xo, y0]2 and the neutral element of
U? on ([0,x[ U {z1} U ]yo, 1])2. Finally, if x € [0,x0[ U {z1} U ]yo, 1] and y € [xo,yo] we
get

U(x,y) = V(U 21),p) = UP(x, UP(21,9)) = UP(x21) = &,
ie. 1 < 2. |

The case when U? is closed on ([0, xo[ U ]yo, 1])2 and U2 (%0, y0) # z1 will be discussed
later (see Remark 4.10).

e Case 2: Uz(xo,yo) = Xp.

Since the cases when U?(xg, ¥0) = xo and when U?(xo, ¥0) = Yo are analogous we will
further focus just on the case when U?(xg, y9) = xo. In such a case the monotonicity

implies U?(xg, z1) = xo. Therefore Lemma 3.5 implies that U? is closed on ]xo, y0]2 . Here

U? restricted to ]xo, y0]2 is isomorphic to a 2-uninorm Uf restricted to ]0, 1]%.
For the rest of the section let us denote

y1 = sup{y € [yo, 1] | Uz(xo,y) = Xxp}.

Then y; > yp and similarly as for x and yo in Remark 3.4 we can show that y; is an idem-
potent point of U2. If y; = yo then U?(xq, yo) = xo = U?(x0, y1) and if y; > yo we have
U?(x0, 1) € {x0,21,)1}-

Lemma 4.2: Let U%: [0,1]2 —> [0, 1] be a 2-uninorm and let U? € U,. If y1 > yo then
U%(x0, y1) € {x0, 1} and U%(x0,y) = y forall y > y;.

Proof: We know that U?(xo, y1) € {x0, 21, y1}. Assume that U?(xg, y1) = z;. Then
21 = U*(x0,y1) = U*(U*(x0,%0), 1) = U*(x0, U (%0, 1)) = U*(x0,21) = %0,

which is a contradiction. Thus U?(xo,y1) € {x0,y1}. Similarly we can show that
U%(x0,y) = yforally > y,. |

Due to these facts we see that we have to distinguish three cases: when y; = yp, when
y1 > yo and U?(xg,y1) = xo and when y; > yp and U?(xq, y1) = y1.

e Cuase 2a: U2(x0,y0) = X0, Y1 = Yo.
Proposition 4.3: Let U?: [0,1]> — [0,1] be a 2-uninorm and let U? € U,. If

U (x0, yo) = xo and U?(xg,y) = y for all y > y, then U? restricted to ([0,x0] U ]yo, 1])2
is isomorphic to a uninorm with continuous underlying functions.
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Proof: Due to Corollary 3.9 U? is closed on ([0, x9] U ]yo, 1])2. Further, U2(x, xy) = x for
all x < xg and U?(xo,y) = y for all y > yo and therefore xo is the neutral element of U?
on ([0,x] U ]yo, 1])2. Since U? is continuous on [0, x9]? and on ]yo, 1]2 we see that U?
restricted to ([0, x] U ] Y0, 1])2 is isomorphic to a uninorm with continuous underlying
functions. u

Theorem 4.4: Let U?: [0,1]*> —> [0,1] be a 2-uninorm and let U> € Us. If U?(xg, yo) =
x0, U?(z1,y0) = z1 and U*(x0,y) = y for all y > yo then U? is an ordinal sum of two
semigroups G = ([0,x0] U ]yo, 1] ,U?) and G, = (]xo,yo] ,U?), where G is isomorphic
to Uf from Example 3.1 restricted to ]0, 112, Gy is isomorphic to a uninorm with continuous
underlying functions and the order of semigroups in the ordinal sum construction is 1 < 2.

Proof: Proposition 4.3 implies that G; is isomorphic to a uninorm with continuous under-
lying functions. Further, it is easy to see that G, is isomorphic to U} from Example 3.1
restricted to ]0, 1]?. Finally, if x € [0, x0] U ]yo, 1] andy € ]xo,yo] then

U%(x,y) = U(U%(x, 21), ) = U*(x, U(z1,9)) = U*(x,21) = x,
ie. 1l < 2. n

Theorem 4.5: Let U?: [0,1]*> —> [0,1] be a 2-uninorm and let U> € U,. If U?(xg, yo) =
x0, U(z1,¥0) = yo and U*(xo, y) = y forally > yo then U? is an ordinal sum of three semi-
groups G = ([0, xp] U ]yo, 1] ,U?), Gy = (]xo,yo[, U?) and G = {yo},1d), where G is
isomorphic to a uninorm with continuous underlying functions, G, is isomorphic to a 2-
uninorm U? restricted to 10, 1[* and the order of semigroups in the ordinal sum construction
isl <3 <2.

Proof: Proposition 4.3 implies that G is isomorphic to a uninorm with continuous under-
lying functions. Further it is easy to see that G, is isomorphic to U} from Example 3.1
restricted to ]0, 1[. Finally, if x € [0, xo] U |0, 1] and y € Jxo, yo[ then

Ul(x,y) = U (UP(x,21),9) = UP(x, UP(z1,) = UP(x,21) =,
el <2.Ifx € [0,x] U ]yo, 1] then
U (x,y0) = U (UP(x, x0), yo) = U*(x, U (x0, 70)) = U (%, x0) = x,
ie.1<3andifx € ]xo,yo[ then
U%(x,y0) = U(x, U (21, 30)) = U*(U*(x, 21), y0) = U*(21,0) = yo,
ie.3 < 2. [ |
e Case 2b: U(x0,Y0) = X0,¥1 > Yo, U?(x0,¥1) = Xo.

From now on we will assume that y; > y. Since yy and y; are idempotent points of
U? Proposition 2.6 and the structure of continuous t-conorms imply that U? restricted to
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]yo,y1 [2 (]yo,yl]z) is isomorphic to a t-conorm restricted to ]0, 112 (J0,1]?). Similarly, U?
restricted to [yo, yl] is isomorphic to a t-conorm.

Since U?(xp,y) = y for all y > y; in the case that U?(xp,y;) = xo we can show the
following result.

Proposition 4.6: Let U?: [0,1]> —> [0,1] be a 2-uninorm and let U?> € U,. Assume
U (x0, o) = X0, ¥1 > Yo and U?(xg, y1) = xo. Then U? restricted to ([0, xo] U ]yl, 1])2 is
isomorphic to a uninorm with continuous underlying functions.

Proof: Due to Lemma 3.8 U? is closed on ([0, x0] U ]yl, 1])2. Further, U%(x, xy) = x for
all x < xo and U%(xy, y) = y for all y > y; and therefore xj is the neutral element of U?
on ([0,xp] U ]yl, 1])2. Since U? is continuous on [0, x9]? and on ]yl, 1]2 we see that U?
restricted to ([0, xp] U ] V1, 1])2 is isomorphic to a uninorm with continuous underlying
functions. [ |

Theorem 4.7: Let U?: [0,1]2 —> [0,1] be a 2-uninorm and let U? € U,. Assume
Uz(xo,yo) = x0, y1 > yo and U?(xo,y1) = X0, Uz(zl,yo) =z,. Then U? is an ordi-
nal sum of three semigroups G1 = ([0, x9] U ]yl, 1] ,U?), G, = (]xo,yo] ,U?) and G3 =
(y0,y1]> U?), where Gy is isomorphic to a uninorm with continuous underlying functions,
G, is isomorphic to a 2-uninorm U? restricted to 10, 1]* and Gs is isomorphic to a t-conorm
restricted to 10, 1]>. Moreover, the order of semigroups in the ordinal sum construction is
1<3<2.

Proof: Proposition 4.6 implies that G; is isomorphic to a uninorm with continuous under-
lying functions. Further it is easy to see that G, is isomorphic to U? from Example 3.1

restricted to ]0, 1]? and from the previous we know that U? on ] 05 y1]2 is isomorphic to a
t-conorm restricted to ]0, 1]2.
Finally, if x € [0,x0] U ]yl, 1] andy € ]xo,yg] then

U(xy) = UX(U*(x,21),y) = UP(x, UP(21,p) = UP(x,21) = X,
ie. 1l <2.Ifx e [0,x0] U ]yl, 1] Yy € ]yo,yl] then

U(x,y) = U (U (x,%0),y) = U (x, U (x0,)) = U (3, %0) = X,
ie.1<3andifx e ]xo,yo] andy € ]yo,yl] then

U(xy) = UA(x, U (21,9) = UX(U(x,21),p) = U (z1,) = »,

ie. 3 < 2. u

Theorem 4.8: Let U?: [0,1]2 —> [0,1] be a 2-uninorm and let U? € U,. Assume
Uz(xo,yo) =Xp, y1 > yo and Uz(xo,yl) = Xp, Uz(zl,yo) = y9. Then U? is an ordi-
nal sum of three semigroups G = ([0,x0] U ]yl, 1] LU, Gy = (]xo,yo[, U?) and G; =
([y0,y1]> U?), where Gy is isomorphic to a uninorm with continuous underlying functions,
G, is isomorphic to a 2-uninorm U? restricted to |0, 1[* and Gs is isomorphic to a t-conorm.
Moreover, the order of semigroups in the ordinal sum constructionis1 < 3 < 2.
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Proof: Proposition 4.6 implies that G; is isomorphic to a uninorm with continuous under-
lying functions. Further it is easy to see that G, is isomorphic to U7 from Example 3.1
restricted to ]0, 1[? and from the previous we know that U? on [yo, y1]2 is isomorphic to a
t-conorm.

Finally, similarly as in the previous theorem we can show that 1 < 3 < 2. [

Now we will show that if U? (%0, y0) = xo and U? is not closed on ([0, xo[ U ]yo, 1])2
then U?(y1, x0) = xo.

Lemma 4.9: Let U?: [0,1]2 — [0,1] be a 2-uninorm and let U? € Us. Suppose that
U2 (x0, yo) = xo and U? is not closed on ([0, xo[ U ]yo, 1])2. Then U?(y1,x0) = Xo.

Proof: Since U? is not closed on ([0, xo[ U ]yo, 1])2 and U?(xg, o) = Xo there existan x; €
[0,x0[ and an x, € ]yo, 1] such that U2 (x;, x3) = xo. Then U2 (x1, x0) = x1. If U2 (0, x3) =
xo then we get

xo = U%(x1,%2) = UX(U?(x1,%0), X2) = U (x1, U(x0,%2)) = U?(x1,%0) = X1,

which is a contradiction. Therefore x, > y;. Since y; is an idempotent point of U? and U2
on [ez, 1] is isomorphic to a continuous t-conorm we know that U?(yy, x2) = x,. Then
we get

xo = U%(x1,%2) = U*(x1, U (x2, 1)) = UX(U*(x1, %2), y1) = U (%0, 1)

e Case 2c: U%(x9,y0) = X0,¥1 > Yo, U?(X0, Y1) = ¥1.

To conclude our investigation of the structure of 2-uninorms with continuous underly-
ing functions we have to discuss the case is when y; > yo and U?(xo, y1) = y1.

Remark 4.10: Assume Uz(xo,yg) = xp, y1 > yo and U2(x0,y1) = y1. Due to Lemma 4.9
we know that in such a case U? is closed on ([0, xp[ U ]yo, 1])2. Since U?(xg, y1) = y the
point y; behaves differently than the rest of the semigroup defined on ] 0, yl] ([yo, yl]) and
therefore we cannot use the same construction as above. We define x; = inf{x € [0, xp] |
U"(y1,x) = y1} and we can continue like this by the induction: for n € N we define

yn =supfy € [yn—ls 1] | U”(xn—l,)/) = Xy-1}
and
xp = inf{x € [0,x,-1] | U" (Y, %) = yn).

It can happen that y,,, = y,,—1 (and then x,,, = x,,—1) for some ny € N. In such a case U?
is an ordinal sum of a semigroup isomorphic to a uninorm with continuous underlying
functions, of a semigroup isomorphic to a U? from Example 3.1 (restricted to ]0, 1[*, or
to ]0, 1]?) and a number of semigroups corresponding to continuous t-norms or continu-
ous t-conorms (possibly restricted to open, or half-open unit square). However, it is also
possible that (y;)ien ((xi)ieN) is an increasing (decreasing) sequence. Therefore we see that
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the structure of U2 on ([0, xp] U ] 05 1])2 can be rather peculiar. That is why it need not to
be easy to express U? as an ordinal sum of a uninorm, a 2-uninorm from Example 3.1 and
few other semigroups. Therefore we adopt a different approach.

Proposition 3.10 implies that U? restricted to ([0,x0[ U {21} U ]yo, 1])2 is isomorphic
to a uninorm with continuous underlying functions. Due to results from Mesiarova-
Zemankova (2017) we know that each uninorm with continuous underlying functions
is an ordinal sum of a countable number of semigroups related to representable uni-
norms, continuous Archimedean t-norms, continuous Archimedean t-conorms and inter-
nal uninorms (including the min and the max operator). At first we will suppose that
U? (0,21) = z1. Then U? is closed on ] 0, V1 [2 .Further, Lemma 3.8 shows that U? is closed
on ([0,x0[ U [y1,1])% Therefore, since ([0,x0[ U {z1} U ]y, 1))* N ([0, x0[ U [y1, 1])* =
([0, x0[ U [yl, 1])2 we know that ([0, xo[ U [yl, 1] ,U?) can be expressed as an ordinal
sum of a countable number of semigroups related to representable uninorms, continu-
ous Archimedean t-norms, continuous Archimedean t-conorms and internal uninorms
(including the min and the max operator).

For x € [0, x0[ U [yl, 1] andy € ]yo,yl[ there is

U%(x,y) = UX(U%(x, x0), y) = U%(x, U%(x0, ) = U%(x, x0) = x.

Since U? is closed on ([0, xo[ U ]yo, 1])2 we see that ([0, xo[ U ]yo, 1] , U?) can be expressed
as an ordinal sum of G; = ([0, xo[ U [yl, 1] ,U»and G, = (]}’0,)/1 [ ,U?) with1 < 2. Then
([0,x0] U ]yo, 1] , U?) is an ordinal sum of G, G, and G3 = ({x},Id), with 1 < 3 < 2. We
get the following result.

Theorem 4.11: Let U?: [0,1]> —> [0,1] be a 2-uninorm and let U* € U,. Assume
Uz(xo,yo) = X0, y1 > Yo and U? (x0, y1) = Y1 U%(z1, y0) = z1. Then U? is an ordinal sum
of four semigroups Gy = ([0, xo[ U [yl, 1] ,U?), Gy = (]}/o,}q[, U?%), Gs = ({x0},1d) and
Gy = (]xo,yo] , U?), where Gy can be expressed as an ordinal sum of a countable number of
semigroups related to representable uninorms, continuous Archimedean t-norms, continuous
Archimedean t-conorms and internal uninorms, G is isomorphic to a restriction of a contin-
uous t-conorm to the open unit square and Gy is isomorphic to a 2-uninorm U} restricted to
10, 1]%. Moreover, the order of semigroups in the ordinal sum constructionis1 < 3 < 2 < 4.

Let us note that U? can be expressed also as an ordinal sum of three semigroups H; =
([0, x0] U [yl, 1] ,U?), H, = (]yo,yl[, U?) and H; = (]xo,yo] ,U?), 1 < 2 < 3, where U?
restricted to ([0, xp] U [yl, 1])2 is so-called generalized uninorm defined in Mesiarova-
Zemankova (2016), with the neutral element x.

Similarly we can show the following result.

Theorem 4.12: Let U?: [0,1]2 —> [0,1] be a 2-uninorm and let U% € U,. Assume
Uz(xo,yo) = Xxp, y1 > Yo and Uz(xo,yl) =y, Uz(zl,yo) = ¥o. Then U? is an ordinal sum
of four semigroups Gy = ([0, xo[ U [yl, 1] ,U?), Gy = ([yo,yl[, U?), Gz = ({xo},1d) and
Gy = (]xo,yo[ , U?), where G, can be expressed as an ordinal sum of a countable number
of semigroups related to representable uninorms, continuous Archimedean t-norms, contin-
uous Archimedean t-conorms and internal uninorms, Gy is isomorphic to a restriction of a
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Figure 1. A 2-uninorm with U2(xq, yo) = z (left) and with U?(Xo,¥0) = Xo, ¥1 > Yo, U(Xo,y1) = Xo
(right). U; (Uy, S5) indicates that U2 is on the given area isomorphic to a restriction of Uy (U, $») to a
subinterval of [0, 1].

continuous t-conorm to [0, 1[% and Gy is isomorphic to a 2-uninorm U12 restricted to 10, 1[%.
Moreover, the order of semigroups in the ordinal sum constructionis1 < 3 <2 < 4.

Since uninorms with continuous underlying functions were completely characterized,
the structure of any 2-uninorm with continuous underlying functions is described by one
of the Theorems 4.1, 4.4, 4.5, 4.7, 4.8, 4.11, 4.12 (or an analogous result in the case when
U2 (x0, o) = ¥o), see Figure 1.

Remark 4.13: Assume a 2-uninorm U? € U,. If the underlying uninorm U; (U,) of U? is
disjunctive (conjunctive) then xo = 0 (yo = 1). Moreover, if the underlying t-norms and
t-conorm of U? are Archimedean then xy € {0, e;} and yo € {e2, 1}.

Since for uni-nullnorms there is e; = 1 in this case we obtain yo = 1. Thus any uni-
nullnorm UN € U, is uniquely determined on ]xy, 1] and therefore its structure on
[0, 1]? is uniquely determined by the structure of the underlying uninorm U; (which has
continuous underlying functions). Therefore the structure of uni-nullnorms with con-
tinuous underlying functions follows from the structure of uninorms with continuous
underlying functions, see for example, Li, Liu, and Fodor (2014), Li and Liu (2016) and
Mesiarova-Zemankova (2017).

If we assume that underlying t-norms and t-conorm of UN are Archimedean we get
xo € {0, e1}. Note that since UN(z1, y9) = UN(z1, 1) = z; there is UN (xo, y0) # yo.

First assume that xo = e;. Then UN(xo,z1) = UN(y9,21) = z; and the monotonicity
gives UN(xo, yo) = z1. Here the uninorm on ([0, xo[ U {21} U ]yo, 1])2 reduces to a t-norm
on ([0, e[ U {z1})2. Since z; is the annihilator of UN on [e, 1]* and the neutral element of
UN on ([0, e1[ U {z1})?, we see that in this case UN is an ordinal sum of a uni-nullnorm
from Class 1 acting on ey, 1]? (which is isomorphic to a nullnorm) and a (restricted) t-
norm acting on the interval [0, e; & (compare Sun, Wang, and Qu 2018, Theorem 4.1(i)).

Now assume that xo = 0. If UN(x¢,y0) = z1 then the uninorm on ([0,xo[ U {z1} U
] Y05 1])2 reduces to an operation on a single point {z;} and UN belongs to the Class 1. Here
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z1 is the annihilator of UN. This case encompasses (Sun, Wang, and Qu 2018, Theorem 4.1),
cases (ii), (iii), (iv) and (v).

If UN(x9, ¥0) = xo then the uninorm on ([0, xo] U ]yg, l])2 reduces to an operation on
a single point {xo} and thus UN is an ordinal sum of a (restricted) uni-nullnorm from
Class 1 acting on ]0, 1]?and a semigroup ({0}, Id). This case encompasses (Sun, Wang, and
Qu 2018, Theorem 4.1), cases (vi), (vii) and (viii).

5. n-uninorms with continuous underlying functions

In this section we will generalize the results from the previous sections for n-uninorms
with continuous underlying functions, where n € N, n > 2.

5.1. Basic results on n-uninorms with continuous underlying functions

Recall that if U": [0,1]" — [0, 1] is an n-uninorm then U" restricted to [z,-,zj]z for0 <
i <j <1, wherej—i = pisap-uninorm.

Lemma 5.1: Let U": [0,1]> —> [0, 1] be an n-uninorm and let U" € U,. Ifael0,1]is
an idempotent point of U" then U"(a,x) € {x,a} U {z; | zi € Imin(a, x), max(a, x)[} for all
x € [0,1].

Proof: We will do the proof by the induction. By Lemmas 3.2 and 3.3 we know that for
a uninorm and a 2-uninorm the result holds. Assume n € N, n > 2. We will suppose that
the result holds for all (n — 1)-uninorms. Let a € [0, 1] be an idempotent point of U". If
a = z,—) then by Lemma 3.2 we know that U"(z,,—1,x) = {z,—1,x} for all x € [z,-1,1]
and U"(z,_1,%) € {x,z,_1} U {zi | x < zi < z4_1]} for x € [0, z,_1] since the claim holds
for all (n — 1)-uninorms and U" restricted to [0, z,—1]? is an (7 — 1)-uninorm. Thus

U"(zp—1,%) € {x,2,-1} U {z; | zi € Imin(z,_1,x), max(z,_1,x)[}

forall x € [0, 1]. Now we will assume that a < z,_; (the case when a > z,_; is analogous).
Then U"(a,x) € {x,a} U {z; | z; € ]min(a, x), maxa, x[} for all x € [0,z,_1] since the
claim holds for all (n — 1)-uninorms. Assume an x € |z,_1,1]. Further we will discuss 6
possible cases.
Case 1: When U"(a,z,_1) = z,—1 and U"(x,2,_1) = z4—1. Then

zy—1 = U"a,2,-1) < U"(a,%) < UM (zp—1,%) = Zu_1.

Thus U"(a,x) = z,—_1.
Case 2: When U"(a,z,_1) = z,—1 and U"(x,z,_1) = x. Then

U"(a,x) = U"(a, U"(zy—1,%) = U (U"(a,24—1), X) = U"(2—1,X) = x.

Case3: When U"(a,z,,_1) = zj,a < z; < zy_1,forsomei € {1,...,n — 2}and U"(x,z,_1)
= z,—1. Then

U™(zi, zn—1) = UM (U" (@, 2n—1), 2n—1) = U"(a, U (zn—1,20—1)) = U" (@, 24—1) = zi
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and
U'(x,z) = U"(x, U"(zn-1,21) = U (U"(x,20-1),2i) = U (zu—1,2i) = zi.

Further, U"(a, z;)) = U"(a, U"(a,z,—1)) = U*(U"(a,a),zy,—1) = U"(a,z,—1) = z;jand we
get

zi=U"(a,z) < U"(a,x) < U"(2;,%) = zi,
ie. U(a,x) = z;.

Case 4: When U"(a,z,_1) =z, a < zj < zZy_1, for some i€ {1,...,n—2} and
U"(x,zy—1) = x. Then similarly as in the previous case we have U"(z;,z,—1) = z; and
thus the monotonicity implies that U"(z;,zx) = z; for all k € {i,...n — 1}. Moreover,
U"(a, zi) = z. Further, either U"(x,z;) = x, or U"(x,z;) = zj for some j € {i,...,n — 1}
since the claim holds for all (n — 1)-uninorms and i > 1. If U"(x, z;) = z;j then

zj=U"(x,z) = U'(x, U"(z,21)) = U"(U"(x,21), i) = U™ (2, z1) = zi

and similarly as before the monotonicity implies U"(a, x) = z;.
If U"(x,z;) = x then we get

U"(a,x) = U"(a, U"(zi,x)) = U"(U"(a,2),x) = U"(z;,x) = x.
Case 5: When U"(a,z,—1) = aand U"(x,2,-1) = z4—1. Then
U'(a,x) = U (U"(a,2p-1),x) = U"(a, U"(zp-1,%)) = U" (a4, 24-1) = a.

Case 6: When U"(a,z,_1) = aand U"(x,z,_1) = x.
If Un(a> x) 5 en then Un(aa en) = Un(Un(a) Zn—l); en) = Un(a) Un(zf’l—l) en)) =
U"™(a,zy—1) = a implies

a=U"a,z,_1) < U"a,x) = U (U"(a,a),x) = U"(a, U"(a,x)) < U"(a,e,) = a,

i.e. U"(a,x) = a. Now suppose that U"(a,x) > e,. Then U"(a,x) < U*(z,—1,%) = x.
If U"(a,x) < x then since S, is continuous there exists an x; € [e,, 1] such that
UM (U"(a,x),x1) = x and we get

U"(a,x) = U"(a, U"(U"(a,x),x1)) = UU (U (a,a),x),x1) = U"(U"(a,x),x1) = x.

Thus in both cases U"(a, x) € {a, x}.
If we summarize all cases we see that the claim holds for a < z,,_; and for all x € [0, 1]
and analogously for a > z,_; and for all x € [0, 1]. |

Assume an #n-uninorm U” € U,. Then Lemma 5.1 implies that for all i,j €
{0,1,...,n}, i <j, there is U"(zi,2j) = zx, were k € {i,...,j}. Then the associativity
implies U"(z;, zx) = z and U"(z;, zx) = 2.

Lemma 5.2: Let U": [0,1]> —> [0,1] be an n-uninorm and let U" € U,,. Assume that
U"(z1,2n—1) = zx forsomek € {1,...,n — 1}. Ifforanx € [0,z1] and a y € [z,—1, 1] there
is UM(x,y) = zm for somem € {1,...,n — 1} then m = k.
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Proof: 1f U"(z1,24—1) = zx for some k € {1,...,n — 1} then U*(z1,2x) = zx = U™ (2p—1,
zx) and due to the monotonicity of U” we know that zx is the annihilator of U" on
(21,241 ]2 . Moreover,

zr = U(z1,20) = U"(U"(e1,21), 2) = U"(e1, U" (21, 21)) = U"(e1, 21)

and similarly U" (e, zx) = zk. Thus the monotonicity implies U" (e1, e,) = zk. Assume that
foranx € [0,z1] and a y € [2,—1, 1] we have U"(x,y) = z;, for some m € {1,...,n — 1}.
Then

zZm = U'(x,y) = U (U"(x, e1), U"(en, y))
- Un(U"(x,}’)’ Un(el)en)) - Un(zm) Zk) = Zk>»

ie zy = z. |
From now on we will denote z = U"(zy,z,—1), where k € {1,...,n — 1}.

Lemma 5.3: Let U": [0,1]2 —> [0,1] be an n-uninorm and let U" € U,. Then
U™(x, zx) € {x,zx} forall x € [0, 1].

Proof: Since z is the annihilator of U” on [ey, e,]? the claim holds if x € [ej, e,] . Further
we will assume that x < e; as the case when x > e, is analogous. Then U" (x, zx) € [x, zk]
since

x=U"x,e1) < U"(x,z1) < UMz, 21) = 2.

First assume that U"(x, zx) > e7. Then
z1 = U'z1,e1) < UNz1, U (21, %)) = U (U™ (21, 2k), x) = U (2%, %)
and
zk = U (2, 21) < U2k, U™ (2k, %)) = U"(U" (2 2k), X) = U" (24, X) < 2k,

ie. U"(zk, x) = zx. Now assume U"(x, z;) < ey. If U"(x,z;) > x then since T is continu-
ous there exists an x; € [0, e;] such that U"(U"(x, z), x1) = x. Then

U"(x, z) = U"(U" (U™ (x, zk), x1)> z) = U"(U" (x, U" (2k 21))5 X1)
= UNU"(x,21), x1) = x.

Therefore U"(x, zi) = x. [ |

Remark 5.4: Since U"(x,zx) € {x,zx} for all x € [0, 1] the monotonicity of U” implies
that there exists an xp € [0,e;] and a yy € [es, 1] such that U"(x,zx) = x for all
x < xo and U™(x,z;) =z, for all xp < x <z, and U"(y,2zx) =y for all y > yy and
U"(y,zk) = zx for all zx < y < yo. Note that if xo < e; (yo > e,) then there are pos-
sible both cases U"(xp, zx) = xo as well as U"(xg,zxk) = zx (U"(y0,2k) = yo as well as
U™ (yo, k) = zk).
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Further, similarly as in the case of 2-uninorms, it is clear that xo and y, are idempo-
tent points. If x € Jxp, zx] and y € [zk,yo[ then U"(x, zx) = zx and U"(y, zx) = zx and the
monotonicity of U” implies U"(x, y) = zk.

Since xp (yo) is an idempotent point of U”, then U" restricted to [x0, 1] ([en, yo]z)
is isomorphic a t-norm Ty (t-conorm Sp). Similarly as in Lemma 3.5 we can show the
following result for the case when Ty has zero divisors (S has divisors of 1).

Lemma 5.5: Let U": [0,1]2 —> [0,1] be an n-uninorm and let U" € U,,. If there exist
X1, %2 € |x0,1] such that U"(x1,x2) = xo then U"(xo,zx) = zx. Similarly, if there exist
Y1, )2 € [O,yo[ such that U"(y1, y2) = yo then U"(yo, zx) = zk.

We will say that an n-uninorm belongs to Class 1 if U"(0,1) = 2z for some k
{1,...,n — 1}. Such an n-uninorm is a composition of a k-uninorm which acts on [0, z;]>
an (n — k)-uninorm which acts on [zg, 1]*> and U(x,y) = zx for all (x,y) € [0,z;] x
[k, 1] U [z, 1] x [0, z¢] . In exactly the same way as in Example 3.1 we can define 5 types
of n-uninorms related to an n-uninorm from Class 1 which differ only on the boundary of
the unit square. Such n-uninorms will play a major role in the further investigation. Due
to the lack of space we do not introduce exact definitions (as they are analogous to these in
Example 3.1) and for the respective n-uninorm we will only mention that it coincides with
the #-uninorm from Class 1 (possibly restricted to open or half-open unit square).

As it was in the case of 2-uninorms also in the case of n-uninorms, U" restricted to
[xo, yo]2 is isomorphic to one of such #-uninorms.

Further we will distinguish tree cases: either U"(xp, y0) = 2k, or U"(x0,y0) = xp, or
U"(x0, y0) = yo. Since the case when U"(xp,y0) = yo is analogous to the case when
U"(x0, y0) = x0, we will discuss only the first two cases. First we show that U” is closed
on ([0, x0[ U {U™ (x50, y0)} U ]y0, 1])%.

>

Lemma 5.6: Let U": [0,1]2 —> [0, 1] be an n-uninorm and let U" € U,,. Assume an a €
[0,x0] and a b € [yo, 1] , where a and b are idempotent points of U". Then U" is closed on
([0,a] U {z} U [b,1