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1 Introduction
Finite automata and regular languages are one of the oldest topics in formal languages
theory. The basic properties of this class of languages were investigated in 1950s and
1960s. Although regular languages are the simplest languages in Chomsky hierarchy,
some challenging problems are still open. The most famous is the question of how many
states are sucient and necessary for two-way deterministic automata to simulate twoway nondeterministic automata, which is connected to the well-known NLOGSPACE vs.
DLOGSPACE problem [1].
In last three decades, we can observe a new interest in regular languages which have
applications in software engineering, programming languages, and other areas of computer science. However, they are also interesting from the theoretical point of view [22].
Various properties of this class are now intensively studied. One of them is descriptional
complexity which studies the cost of description of languages by formal systems such as
deterministic and nondeterministic automata, or grammars.
Rabin and Scott in 1959 [31] dened nondeterministic nite automata (NFAs), described an algorithm known as the "subset construction" which shows that every n-state
nondeterministic automaton can be simulated by at most 2n -state deterministic nite
automaton (DFA). In 1962 Yershov [33] then showed that this construction is optimal.
Maslov [29] investigated the state complexity of union, concatenation, and star, and also
some other operations. Birget in [2, 3] examined intersection and union. He also considered the question of the size of nondeterministic automaton for the complement of a
language. The complement of a formal language L over an alphabet Σ is the language
Lc = Σ∗ \ L, where Σ∗ is the set of all strings over an alphabet Σ. The complementation
is an easy operation on regular languages represented by deterministic nite automata
(DFAs) since to get a DFA for the complement of a regular language, it is enough to
interchange the nal and non-nal states in a DFA for this language.
On the other hand, complementation on regular languages represented by NFAs is
an expensive task. We rst must apply the subset construction to a given NFA, and
only after that, we may interchange the nal and non-nal states. This gives an upper
bound 2n .
Sakoda and Sipser [32] presented an example of languages over a growing alphabet size
meeting this upper bound. Birget claimed the result for a three-letter alphabet in [3], and
later corrected this to a four-letter alphabet. Holzer and Kutrib [20] obtained the lower
bound 2n−2 for a binary n-state NFA language. Finally, binary n-state NFA languages
meeting the upper bound 2n were described by Jirásková in [24]. In the case of a unary
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alphabet, the complexity of complementation is in eΘ( n ln n) [20, 24].
Birget [2] described a lower-bound technique for proving minimality of NFAs. The
technique is known as a fooling-set method. Although in some cases there is a large gap
between the size of a fooling set and the size of minimal nondeterministic automaton
[23], in a many other cases, the fooling sets can be used to prove the minimality of
nondeterministic machines, and we successfully use this method throughout our thesis.
The systematic study of the state complexity of operations on regular languages began
in the paper by Yu et al. [34]. The nondeterministic state complexity of operations was
investigated by Holzer and Kutrib [20], and some improvements of their results can be
found in [24]. Some special operations were examined as well: proportional removals
in [10], shue in [8], and cyclic shift in [26].
Recently, researchers investigated subclasses of regular languages such as, for example,
prex- and sux-free languages [9, 15, 18], ideal languages [5], closed languages [6], bix-,
factor-, and subword-free languages [4], union-free languages [25], or star-free languages
[7]. In some of these classes, the operations have smaller complexity, while in the others,
the complexity of operations is the same as in the general case of regular languages.
Prex-free languages are used in codes like variable-length Human codes or country
calling codes. In a prex-code, there is no codeword which is a proper prex of any other
codeword. Therefore, a receiver can identify each codeword without any special marker
between words. This was a motivation for investigating this class of languages in last few
years [11, 12, 17, 19, 28].
The non-deterministic state complexity of operations on prex-free and sux-free languages was studied by Han et al. in [1517,19]. For the nondeterministic state complexity
of complementation, they obtained an upper bound 2n−1 + 1 in both classes, and lower
bounds 2n−1 and 2n−1 − 1 for prex-free and sux-free languages, respectively. The questions of tightness remained open. In the rst part of this thesis, we solve both of these
open questions, and we prove that in both classes, the tight bound is 2n−1 . To prove
tightness, we use a ternary alphabet. Hence the nondeterministic state complexity of
complementation on prex- or sux-free languages dened over an alphabet that contains at least three symbols is given by the function 2n−1 . We also show that this upper
bound cannot be met by any binary prex- or sux-free language. We get a similar result in the class of factor-free languages, and moreover we obtain the tight upper bounds
on the nondeterministic complexity of each considered operation in each of the four free
classes. We also study the unary free languages, and, besides some other results, we prove
√
that the nondeterministic state complexity of complementation is in Θ( n) in the each
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of the four classes of free languages.
Then we deal with the operations of intersection, union, concatenation, star, reversal,
and complementation on prex-, sux-, factor-, and subword-closed languages, and on
right (left, two-sided, and all-sided) ideal languages. In all cases, we get tight upper
bounds on the nondeterministic complexity for all operations. Except for three cases, our
witnesses are dened over small xed alphabets.
Finally, we use our results to show that the nondeterministic complexities of basic
regular operations, except for complementation, in the classes of prex-, sux-, factor-,
and subword-convex languages are the same as in the general case of regular languages.
As for complementation, the complexity in the class of sux-convex languages is 2n which
is one of the most interesting results of this thesis.

2 Aims
1. Summarize known results concerning deterministic and nondeterministic complexity
of basic operations in the class of regular languages and its subclasses.
2. Investigate properties of nondeterministic nite automata accepting languages in
some special subregular classes (prex-, sux-, factor-, and subword-free languages,
closed languages, convex languages and ideal languages).
3. Use the properties of nondeterministic automata to get nondeterministic complexity
of operations union, intersection, concatenation, star, reversal and complementation
in above mentioned subregular classes.

3 Main results
We present our main results on nondeterministic state complexity of basic regular operations as union, intersection, concatenation, (Kleene) star, reversal, complementation
in subclasses of regular languages. We consider these subclasses: prex (sux, factor,
subword) - free (closed, convex) and right (left, two-sided, all-sided) ideals.
For nding upper bounds we use properties of languages belonging to mentioned subclasses. For lower bounds we use very useful tools for estimation the number of states
in NNFAs based on fooling set techniques [2, 3, 14, 21]. Recall that set of pairs of strings
{(u1 , v1 ), (u2 , v2 ), . . . , (un , vn )} is called a fooling set for a language L if for all i, j in
{1, 2, . . . , n},
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(F1) ui vi ∈ L,
(F2) if i ̸= j , then ui vj ∈
/ L or uj vi ∈
/ L.

Let F be a fooling
set for a language L. Then every NNFA for the language L has at least |F| states.
Lemma 3.1 ( [2, Lemma 1], Lower bound method for NNFAs).

We use more variants of this method.
3.1

Free languages

A language is prex-free if it does not contain two distinct strings such that one of them is
a prex of the other. Sux-, factor-, and subword-free languages are dened analogously.
We use the notion of a free language for a language belonging to one of these four classes.
Table 1 provides an overview of complexities of operations on unary-free languages
and compares them to the known results on regular unary languages from [20]. Notice
that the exact complexity of concatenation in the case of regular languages is still not
known. Table 2 summarizes our results on the nondeterministic complexity of operations
on prex-, sux-, factor-, and subword-free languages and compares them to the results
on regular languages which are from [20,24]. Notice that the complexity of each operation
in each class is always smaller than in the general case of regular languages, except for
the reversal operation on sux-free languages. All our wittnes languages are dened over
small xed alphabet which are always optimal, except for intersection and complementation on subword-free languages where it remains open whether the upper bounds can be
met by subword-free languages dened over smaller alphabets. We conjecture that the
bound mn is assymptotically tight for intersection of binary subword-free languages.
We assume nondeterministic complexity of languages K, L are m, n, respectively in
the next tables.

K ∩L

K ∪L

KL

L∗

Unary free

m=n

max{m, n}

m+n−1

n−1

Unary regular [20]

mn;

m + n + 1;

≥m+n−1

n+1

gcd(m, n) = 1

gcd(m, n) = 1

Lc
√
Θ( n)
2Θ(

√
n log n)

≤m+n

Table 1: Nondeterministic complexity of operations on unary free languages.
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Class

Regular [20, 24]

Prex-free

Sux-free

Factor-free

Subword-free

K ∩L

mn

2

mn−(m+n−2)

2

.

2

mn−2(m+n−3)

2

.

m+n−5

K ∪L

m+n+1

2

m+n

2

m+n−1

2

m+n−2

2

.

2

KL

m+n

2

m+n−1

1

.

1

.

1

.

1

∗

n+1

1

n

2

.

2

n−1

1

.

1

R

n+1

2

n

1

n+1

2

n

1

.

1

2n

2

2n−1

3

.

3

2n−2 + 1

3

.

2n−2

L
L

Lc

Table 2: Nondeterministic complexity of operations on free classes. The dot means that
the complexity is the same as in the previous column.
3.2

Closed languages

A language L is prex-closed if w ∈ L implies that every prex of w is in L. Sux-,
factor-, and subword-closed languages are dened analogously.
We investigated the nondeterministic state complexity of basic regular operations on
the classes of closed languages. For each class and for each operation, we obtained the
tight upper bounds. To prove tightness we usually used a binary alphabet. In all the cases
where we used a larger alphabet for describing witness languages, it remains open whether
the obtained upper bounds can be met also by languages dened over smaller alphabets.
We also considered the unary case. Our results are summarized in the following tables.
The tables also display the size of alphabet used to describe witness languages.
Class
Prex-closed
Sux-closed
Factor-closed
Subword-closed
Unary closed
Regular
Unary regular

K ∩L
mn
mn
mn
mn
min(m, n)
mn
mn;
gcd(m, n) = 1

|Σ|
2
2
2
2
2

K ∪L
m+n+1
m+n+1
m+n+1
m+n+1
max(m, n)
m+n+1
m + n + 1;
gcd(m, n) = 1

|Σ|
2
2
2
2
2

K ·L
m+n
m+n
m+n
m+n
m+n−1
m+n
≥m+n−1
≤m+n

|Σ|
3
3
3
3
2

Table 3: The nondeterministic complexity of union, intersection, and concatenation on
closed languages. The results for regular languages are from [20].
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Class
Prex-closed
Sux-closed
Factor-closed
Subword-closed
Unary closed
Regular
Unary regular

L∗
n
n
1
1
1
n+1
n+1

|Σ|
2
2
1
1
1

LR
n+1
n+1
n+1
n+1
n
n+1
n

|Σ|
2
3
3
2n − 2
2

Lc
2n
1 + 2n−1
1 + 2n−1
1 + 2n−1
n−1
2n
√
2Θ( n log n)

|Σ|
2
2
2
2n
2

Table 4: The nondeterministic complexity of star, reversal, and complementation on
closed languages. The results for regular languages are from [20, 24].
3.3

Ideal languages

A language L over an alphabet Σ is a right (left, two-sided, all-sided) ideal if L = LΣ∗
(L = Σ∗ L, L = Σ∗ LΣ∗ , L = L Σ∗ , respectively).
We investigated the nondeterministic state complexity of basic regular operations on
the classes of ideal languages. For each class and for each operation, we obtained the tight
upper bounds. These bounds are the same as in the general case of regular languages for
intersection and star on all four classes, and reversal on left ideals, while in the remaining
cases the complexity is always smaller than for regular languages.
To prove tightness we usually used a binary alphabet which is always optimal. In all
the cases where we used a larger alphabet for describing witness languages, It remains
open whether the obtained upper bounds can be met also by languages dened over
smaller alphabets. We also considered the unary case. Our results are summarized in the
following tables.
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Class
Right ideal
Left ideal
Two-sided ideal
All-sided ideal
Unary ideal
Regular
Unary regular

K ∩L
|Σ|
mn
2
mn
2
mn
2
mn
2
max(m, n)
mn
2
mn;
gcd(m, n) = 1

K ∪L
|Σ|
m+n
2
m+n−1
2
m+n−2
2
m+n−2
2
min(m, n)
m+n+1
2
m + n + 1;
gcd(m, n) = 1

K ·L
m+n−1
m+n−1
m+n−1
m+n−1
m+n−1
m+n
≥m+n−1
≤m+n

|Σ|
1
1
1
1
2

Table 5: The nondeterministic complexity of intersection, union, and concatenation on
ideal languages. The results for regular languages are from [20].
Class
Right ideal
Left ideal
Two-sided ideal
All-sided ideal
Unary ideal
Regular
Unary regular

L∗
n+1
n+1
n+1
n+1
n−1
n+1
n+1

|Σ|
2
2
2
2
1

LR
n
n+1
n
n
n
n+1
n

|Σ|
1
3
1
1

Lc
2n−1
2n−1
2n−2
2n−2
n−1
2n

2

√
Θ( n log n)

|Σ|
2
2
2
2n−2
2

2

Table 6: The nondeterministic complexity of star, reversal, and complementation on ideal
languages. The results for regular languages are from [20].
3.4

Convex languages

A language L is prex-convex if u, w ∈ L and u is a prex of w imply that each string v
such that u is a prex of v and v is a prex of w is in L. Sux-, factor-, and subwordconvex languages are dened analogously. Except for complementation on factor- and
subword-convex languages, we always obtain tight upper bounds.
Tables 7 and 8 summarizes our results on convex languages. In the second table, the ·
means that the complexity is the same as in the previous column. This table also displays
the sizes of alphabet used for describing wittnes languages. Whenever the alphabet is
binary or unary, it is always optimal, otherwise we do not know whether the upper
bounds are tight also for smaller alphabets. The exact complexity of complementation in
the classes of factor-convex and subword-convex languages remains open.

7

K ∩L

K ∪L

KL

L∗

Lc

Unary convex

max{m, n}

max{m, n}

m+n−1

n−1

n+1

Unary regular [20]

mn;

m + n + 1;

≥m+n−1

n+1

gcd(m, n) = 1

gcd(m, n) = 1

2Θ(

√
n log n)

≤m+n

Table 7: Nondeterministic complexity of operations on unary convex classes.
Regular [20, 24]

Prex-

Sux-

Factor-

Subword-convex

K ∩L

mn

2

.

2

.

2

.

2

.

2

K ∪L

m+n+1

2

.

2

.

2

.

2

.

2

KL

m+n

2

.

3

.

3

.

3

.

3

L∗

n+1

1

.

2

.

2

.

2

.

2

LR

n+1

2

.

2

.

2

.

2

.

2n − 2

Lc

2n

2

.

2

.

5

≥ 2n−1 + 1

2

≥ 2n−1 + 1

≤ 2n

2n

≤ 2n

Table 8: Nondeterministic complexity of operations on convex classes. The · means that
the complexity is the same as in the previous column.

4 Conclusions
In this thesis, we studied the nondeterministic state complexity of basic unary and binary
operations on the subregular classes of free, closed, ideal, and convex languages. After
providing basic denitions and notations, we summarized the known results concerning
the complexity of basic operations on the above mentioned classes in the deterministic
case, and on the class of regular languages in the nondeterministic case. We described
upper and lower bound methods used throughout this thesis.
We examined the operations on the classes of prex-, sux-, factor-, and subword-free
languages, and we obtained tight upper bounds in each case. The most interesting result
of this part of the thesis is obtaining the complexity of complementation for prex-, sux, and factor-free languages. In each of these three classes, we described witness languages
over a ternary alphabet, and we were able to show that the upper bounds cannot be met
by any binary languages.
8

In the next parts we studied closed and ideal languages. For each of these eight subclasses, we again found the exact nondeterministic complexity of each considered operation. Except for three cases, all our witness languages are desribed over a xed alphabet
of size at most three, and moreover binary alphabets are always optimal.
For convex languages we used our previous results to show that the complexity of each
operation, except for complementation, in the class of convex languages is the same as
in the general case of regular languages. A careful reader might notice that the classes
of prex-free, prex-closed, and right ideal languages are subclasses of the class of prexconvex languages; and we have similar inclusions in the other three convex classes. In the
case of complementation on sux-convex languages, we obtained another very interesting
result of this thesis. We described a proper sux-convex language, that is, a sux-convex
language which is neither sux-free, nor sux-closed, nor left ideal, meeting the upper
bound 2n for its complementation. We had to nd such a special language because the
complexity of complementation on the classes of sux-free, sux-closed, and left ideal
languages is less than 2n .
Some problems remained open. For complementation on subword-free languages, we
dened witnesses over a growing alphabet. It is open whether the upper bound is tight for
some xed alphabet. In the classes of closed and ideal languages, some of our witnesses
were described over a ternary alphabet. We do not know whether or not a binary alphabet can be used to describe the corresponding witnesses. The exact nondeterministic
state complexity of complementation in the classes of factor-convex and subword-convex
languages remains open as well.
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