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Classical Rényi relative a-entropies

For p, g probability measures over a finite set X, 0 < a # 1:

- log Z p(x)*q(x)'~

Da(pllq) ==

> unique family of divergences satisfying a set of postulates
> relative entropy as a limit « — 1

» fundamental quantities appearing in many information -
theoretic tasks

A. Rényi, Proc. Symp. on Math., Stat. and Probability, 1961.



Quantum extensions of Rényi relative a-entropies

p, o density matrices, 0 < o # 1

Standard:

Da(pllo) = log (Tr p%o*~*)

a—1

D. Petz, Rep. Math. Phys., 1984

Sandwiched:

~ 1 e 1-a o
D.(pllo) = B log Tr [(U 2a PO 2a ) ]

M. Miiller-Lennert et al., J. Math. Phys., 2013
M. M. Wilde et al., Commun. Math. Phys., 2014




What is a "good” divergence?

Divergence = a measure of statistical "dissimilarity” of two states

Properties
» strict positivity: D(p|lo) > 0 and D(p|lo) =0iff p=0c

» data processing inequality:

D(pllo) = D(®(p)|[®(c))

for any quantum channel ¢
> + other

Operational significance

» relation to performance of some procedures in information -
theoretic tasks



Quantum Rényi relative a-entropies

Standard version D,:

Properties!
» similar to classical, but not for all values of «
» data processing inequality only for a € (0, 2]

Operational significance?'3

» known only for o € (0, 1): error exponents in quantum
hypothesis testing

!D. Petz, Rep. Math. Phys., 1984
2K. M. R. Audenaert et al., Commun. Math. Phys., 2008
3F. Hiai, M. Mosonyi, and T. Ogawa, J. Math. Phys., 2008



Quantum Rényi relative a-entropies

Sandwiched version D,

Properties*

> again similar to classical, but not for all «

» data processing inequality with respect to quantum channels,
but only for 1/2 < a #1

Operational significance®

» known only for o > 1: strong converse exponents in quantum
hypothesis testing

*R. L. Frank and E. H. Lieb, J. Math. Phys., 2013
®M. Mosonyi, and T. Ogawa, Commun. Math. Phys., 2017



Quantum relative entropy as limit value

For both D, and D,, the quantum (Umegaki) relative entropy
appears as a limit for o — 1:

lim Da(pllo) = lim Da(p]o)
= Di(pllo) := Tr p(log(p) — log(o))

» a significant quantity in quantum information theory



Extension to von Neumann algebras

p, o normal states on a von Neumann algebra M

Standard: uses relative modular operator

Dao(pllo) =

1
o—1 Iog<£aa Ag,gg£a>

D. Petz, Publ. RIMS, Kyoto Univ., 1985

» standard form (M, H,J,H), & € H™T vector representative
» good properties for a € (0, 2]
> error exponents in quantum hypothesis testing®

®V. Jaksic et al., Rev. Math. Phys., 2012



Extension to von Neumann algebras

Sandwiched: uses weighted L,-norms

Da(pllo) =

1 g lIn(p)5q

where || - || is the
» Araki-Masuda Ly-norm and p = 2a, a € (1/2,1) U (1,00)’
(Araki-Masuda divergences)

» Kosaki Ly-norm and p = o > 18

Operational significance

» Conjecture: strong converse exponents

M. Berta, V. B. Scholz, and M. Tomamichel, Ann. H. Poincaré, 2018
8AJ, arXiv:1609.08462, to appear in Ann. H. Poincaré, 2018



Haagerup L,-spaces

For 1 < p < o0, Lp(M) - Haagerup L,-space:

» Banach space of (unbounded) operators;

v

duality, Holder inequality, ...;

M =~ L(M);

the predual M, >~ L1(M): p+— h,, Trh, = p(1) ;
L>(M) a Hilbert space: (h, k)= Trk*h

v

v

v

Standard form: (A(M), Lo(M), J, Lo(M)7T):
Ax)h=xh, Jh=Hh,  xeM, he Ly(M).

hfl)/2 - (unique) vector representative of p € M in
Ly(M)T.




Kosaki L,-spaces with respect to a faithful normal state

Let o be a faithful normal state. We use complex interpolation:

> continuous embedding
M = L1(M),  x— hY/?xhi/?
> interpolation spaces
Lp(M, o) = Cy/p(M, L1(M)) with norm [|-[| 5, 1< p < o0
» for 1/p+1/q =1, the map
i Ly(M) = Li(M), k> hY/29kn/2a

is an isometric isomorphism of L,(M) onto L,(M, o).



A definition of D,,, o > 1

Extension to non-faithful o: by restriction to support s(c) = e

Lo(M,0) ={he L1(M), h=ehe € L(eMe,0|epe)}

For normal states p, 0 and 1 < a < o0:

. 225 log(|lhpllas) if hy € La(M, o)
Do(pllo) =
00 otherwise.




Properties of Da, a>1

» Extension: for density matrices, D, coincides with the
sandwiched Rényi relative entropy

» Strict positivity:
Do(pljo) > 0, with equality if and only if p = 0.
» Monotonicity: if p # ¢ and D,(p||o) < oo, then
o — Dy(pllo) is strictly increasing for o € (1,al.

» Order relations: extension to M, satisfies:
if po < p and og < o, then

Dalpollo) < Dalpllo),  Dalplioo) > Dalplo).

» Joint lower semicontinuity on M



Properties of Da, a>1

> Generalized mean: if p = p1 @ p2, 0 = 01 B 02, then

exp{(a — 1)Da(pllo)} = exp{(a — 1)Da(p1lo1)}
+exp{(a — 1)Da(pr]lo1)}-

» Joint quasi-convexity: (p, o) — exp{(a — 1)Da(p, )}
is jointly convex.



Relation to the standard version D,

For s(p) <s(o), p>1,

_ — 2
()P AL 2P 2157 < MIhllf o < AR h 13

p,o o

(the upper bound is an extension of the Araki-Lieb-Thirring
inequality?:19). Using this, we obtain:

For normal states p,o, a > 1:

D> 1/a(pllo) < Dalpllo) < Da(pllo)-

9H. Kosaki, Proc. Amer. Math. Soc., 1992
10\, Berta, V. B. Scholz, and M. Tomamichel, Ann-H. Poincaré, 2018



Limit values

lim Da(pllo) = Di(pllo)
Jim_Da(pllo) = Doo(pllo)

Araki relative entropy:

1/2 1/2 )
D (pl|o) = { <hp/ 7|0g(Ap,o)hp/ ), if s(p) 3_5(‘7)
00 otherwise

relative max entropy:

Doo(pllo) :=inf{A >0, p < 2*c}



Positive trace-preserving maps

®: L1(M) — Li1(N) positive, trace-preserving. Let o = ®(0).
» & is a contraction L1(M) — L1(N).

> O(hy*xhi/?) = hLPyhE? for some y € N and
®Lixry

is a positive unital normal map M — N - Petz dual!!
» & restricts to a contraction Lo (M, 0) = Loo(N, 00).
» By Riesz-Thorin:

® restricts to a contraction L,(M, o) — Ly(N, 0q) for
alll < p <.

UD. Petz, Quart. J. Math. Oxford, 1988



Data processing inequality

For a > 1, normal states p, o, positive, trace-preserving ®:

Da(pllo) = Da(®(p)||®(0))

Consequently, by the limit o — 1:

For normal states p, o,

D1(pllo) = Di(®(p)||(c))

holds for any positive trace-preserving map ®.

first observed for M = B(H), H separable, by A. Miiller-Hermes, D. Reeb, Ann.
Poincaré, 2017




The Araki-Masuda norms

The Araki-Masuda L,-norm:

» for 2< p< oo, €€ Lh(M)T,

l€lpy = sup  [IAYZTHPE|,
weMt w(l)=1
if s(we) < s(o) and is infinite otherwise
> for 1 < p <2,

[IS

= inf 18Y571Pe]2
weMT w(1)=1,s(w)>s(we)

M. Berta, V. B. Scholz, and M. Tomamichel, Ann. H. Poincaré, 2018



The Araki-Masuda norms

» can be defined for any *-representation of M on a Hilbert
space H and any vector £ € H

» depends only on the vector state
We = < 'g’ £>
» duality relation: for 1/p+1/g=1

(0. &)1 < InllpFllelgss  &mneH

» if 1 < p <2, thereis a (unique) element 79 € H such that
Inollg’ =1 and

(m,m0) = |Inllay

M. Berta, V. B. Scholz, and M. Tomamichel, Ann. H. Poincaré, 2018



The Araki-Masuda divergences

Our setting: the standard form (A(M), La(M), *, Lo(M)T):

For normal states p, o and a € [1/2,1) U (1, 00):

o~ 2a
M (pllo) =

2a,0

I h1/2 AM
2o/ A,)

M. Berta, V. B. Scholz, and M. Tomamichel, Ann. H. Poincaré, 2018



D, and DAM

» Forl < a< oo:
Da(pllo) = DM (pllo)

1—a
> For1/2 < a < 1: h?* hy/? € Lya(M) and

2

~ = i-a
Da(pllo) := DM (pllo) = log || > hy/?|2a

a—1




Data processing inequality for D,, a € [1/2,1)

We have to assume that ¢ : L;(M) — L;(N) is trace preserving
and completely positive (= a quantum channel).

» Stinespring representation: ®* = T*x(-)T, 7 a normal
*_representation, T isometry

» if p=w,, DPI for is equivalent to

170120500 = lInl2as
fora € [1/2,1) and

”TT/”20¢¢ < HUHZQU

for o > 1.

M. Berta, V. B. Scholz, and M. Tomamichel, Ann. H. Poincaré, 2018



Data processing inequality for D,, a € [1/2,1)

Let p=2a, 1/p+1/q=1. Let ny € H be such that HnoﬂqA”y =1
and [|n[|3% = (n,70), then

&Y = (To, Too) < | TollA% o | Troll 2%,
< | Tl 2%,

since ||T170|| <1 by DPI for a > 1.

M. Berta, V. B. Scholz, and M. Tomamichel, Ann. H. Poincaré, 2018



Sufficient (reversible) channels

Let
» &: [1(M) — Li(N) be a channel
» p,o normal states, with s(p) < s(o).

® is sufficient with respect to {p, o} if there exists a recovery
map:
a channel V : L;(N) — L1(M), such that

Vod(h)=h,  Wod(h,)=h,.

D. Petz., Commun. Math. Phys., 1986



Characterizations of sufficient channels

» Universal recovery map:
Let ®, := (®%). (Petz dual), then ¢, o ®(h,).

.

o is sufficient with respect to {p, o} if and only if

Oy 0 ®(h,) = h,

D. Petz, Quart. J. Math. Oxford, 1988

» A conditional expectation:

There exists a conditional expectation E : M — M
such that 0 o E = ¢ and @ is sufficient with respect to
{p,c} if and only if

pokE=np.




Characterization of sufficient channels by divergences

A divergence D characterizes sufficiency if
D(®(p)[|®()) = D(pllo) < oo

implies that @ is sufficient with respect to {p,o}.

The following divergences characterize sufficiency:

» D; (Araki relative entropy)
» D, for a € (0,1) (standard Rényi relative entropies)

D. Petz, Commun. Math. Phys., 1986
AlJ, D. Petz, IDAQP, 2006




Characterizations of sufficient channels by Da

The sandwiched Rényi relative entropies f)a characterize suf-
ficiency, for v € (1/2,1) U (1, 00).

AJ, arXiv:1609.08462, to appear in Ann. H. Poincaré, 2018
AJ, arXiv:1707.00047

» For o > 1: the assumption
Da(®(p)[#(0)) = Da(pllo) < 00 =

hy, € Lo(M, o) and @ is a contraction preserving its norm;

» For o € (1/2,1): Stinespring representation, duality relations.



The case v = 2

An easy proof for Ds:

» Ly(M, o) is a Hilbert space
» &, is the adjoint of ® : Ly(M,0) — La(N, d(0))

By well known properties of contractions on Hilbert spaces:

&, 0 d(h,) = hy.



The case o > 1: Two lemmas

Let 7 be a normal state, s(7) < s(o). Put
he(z) = K1=2)2p2 p(1=2)/2 0 < Re(z) < 1,

h-(1/p) € Lp(M, o) for p > 1.

It {|®(hr(1/P))lp0(0) = [1h=(1/P)llp,o for some p = po > 1,
then the equality holds for all p > 1.

Let h, = th-(1/p), p > 1, t > 0. Then ® is sufficient with
respect to {p, o} if and only if it is sufficient with respect to

{r,0}.




The case o > 1: Proof

By assumption,
» h, = th.(1/ca) for some t > 0 and a normal state 7

> [|®(h-(1/a)la,0(0) = I1h-(1/c)]
Then

> ([ ®(h(1/2))ll2,0(s) = [Ih-(1/2) ]2,

a,o

!

» & is sufficient with respect to {¢, 0}, he = sh;(1/2)

!

» & is sufficient with respect to {7,0}

!

» & is sufficient with respect to {p,o}.



The case a € (1/2,1)

Proof: Put p:=2a > 1.
> htlj/p*l/zh,},/2 € Lp(M), so that
h;/pfl/2h;/2 = h/Py

for some 7 € M and u € M (polar decomposition)
> put = he2, o = hy/P2hY 97 (1)71/9, then

7] f)‘, = (n,m0) < HTU\ G)HTTIOI q,q>(g)
< H TU‘ p,d(c) — Hn‘ p,

so that
I T0ll5 %) = lmollgs (= 1)



The case a € (1/2,1)

> this implies
Do+ (®(w)[[#(0)) = Das(wllo) < o0

for w =wy, and o* = q/2 > 1

» hence @ is sufficient with respect to {w, o}, and also {7,0}
since h, = th.(1/a*)

> we infer po E = p from

hi/”*l/zh;ﬁ — hi/pu.



